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PREFAGE

Handbook means reference book listing brief facts on a
subject. So, to facilitate the students in this we have
released this Handbook of Mathematics. This book has
been prepared to serve the special purpose of the students,
to rectify any query or any concern point of a particular
subject.

This book will be of highly use whether students are
looking for a quick revision before the board exams or just
before other examinations like Engineering Entrances or
any similar examination, they will find that this handbook
will answer their needs admirably.

This handbook can even be used for revision of a subject
in the time between two shift of the exams, even this
handbook can be used while travelling to Examination
Centre or whenever you have time, less sufficient or more.

The format of this handbook has been developed
particularly so that it can be carried around by the
students conveniently.

The objectives of publishing this handbook are :

To support students in their revision of a subject just
before an examination.

To provide a focus to students to clear up their doubts
about particular concepts which were not clear to them
earlier.

To give confidence to the students just before they
attempt important examinations.

However, we have put our best efforts in preparing this
book, but if any error or what so ever has been skipped
out, we will by heart welcome your suggestions. A part
from all those who helped in the compilation of this book
a special note of thanks goes to Mr. Ashwani of Arihant
Publications.

Authors
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Sets and Relations

Set

Set is a collection of well defined objects which are distinct from each
other. Sets are usually denoted by capital letters A, B,C,... and
elements are usually denoted by small letters a, b, c,... .

If @ is an element of a set A, then we write a [0 A and say a belongs to A
or a is in A or a is a member of A. If a does not belongs to A, we write
a OA.

Standard Notations

N : A set of all natural numbers.

w : A set of all whole numbers.

Z : A set of all integers.

Z* 1 Z~ : A set of all positive/negative integers.

Q : A set of all rational numbers.

Q" / Q™ : A set of all positive/negative rational numbers.
R : A set of all real numbers.

R*/ R™ : A set of all positive/negative real numbers.

C . A set of all complex numbers.

Methods for Describing a Set

(1) Roster Form / Listing Method / Tabular Form In this
method, a set is described by listing the elements, separated by
commas and enclosed within braces.

e.g. If Ais the set of vowels in English alphabet, then
A={a,e,i,0,u}

(i1) Set Builder Form / Rule Method In this method, we write

down a property or rule which gives us all the elements of the set.

e.g. A={x:x1s a vowel in English alphabet}

Types of Sets
(i) Empty/Null/Void Set A set containing no element, it is denoted
by @or { }.
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(i1) Singleton Set A set containing a single element.
(111) Finite Set A set containing finite number of elements or no
element.

Note : Cardinal Number (or Order) of a Finite Set The number of
elements in a given finite set is called its cardinal number. If A is a finite
set, then its cardinal number is denoted by n (A).

(iv) Infinite Set A set containing infinite number of elements.

(v) Equivalent Sets Two sets are said to be equivalent, if they
have same number of elements.

If n(A) = n(B), then A and B are equivalent sets.

(vi) Equal Sets Two sets A and B are said to be equal, if every
element of A is a member of B and every element of Bis a member
of A and we write it as A=B.

Subset and Superset

Let A and B be two sets. If every element of A is an element of B, then
A is called subset of B and B is called superset of A and written as
AOB or BO A

Power Set

The set formed by all the subsets of a given set A, is called power set of
A, denoted by P(A).

Universal Set (U)

A set consisting of all possible elements which occurs under
consideration is called a universal set.

Proper Subset
If A is a subset of B and A # B, then A is called proper subset of B and
we write it as A O B.

Comparable Sets
Two sets A and B are comparable, if A Bor B[O A.

Non-comparable Sets

For two sets A and B, if neither A B nor B A, then A and B are
called non-comparable sets.

Disjoint Sets
Two sets A and B are called disjoint, if An B= @.1i.e. they do not have
any common element.
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Intervals as Subsets of R
(1) The set of real numbers x, such that a < x< b 1s called a closed
interval and denoted by [a, b] i.e. [a,b] ={x:xOR, & x b}.
(i1) The set of real number x, such that a < x < b is called an open
interval and is denoted by (a, b)
ie. (a,b)={x:x0R,x < b}
(i1i) The sets [a,b)={x:x OR,c » b}and
(a,b]={x:x0R,a< < b} are called semi-open or
semi-closed intervals.

Venn Diagram

In a Venn diagram, the universal set is represented by a rectangular
region and its subset is represented by circle or a closed geometrical
figure inside the rectangular region.

Operations on Sets

1. Union of Sets

The union of two sets A and B, denoted by A [0 B, is the set of all those
elements which are either in A or in B or both in A and B.

A U
B

Laws of Union of Sets
For any three sets A, B and C, we have

(1 Alp= A (Identity law)
uo4Ae U (Universal law)
n) AOA A (Idempotent law)
ivi AOB Bl A (Commutative law)

W (ADOBOD € A B 0O (Associative law)
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9. Intersection of Sets

The intersection of two sets A and B, denoted U
by A n B, is the set of all those elements A B
which are common to both A and B.

If A, A,,..., A, is a finite family of sets, then
their intersection is denoted by

'r’ilAiorAln A,n..n A

n-e

Laws of Intersection
For any three sets, A, B and C, we have

1 Anoe=0 (Identity law)
) Un A=A (Universal law)
1) An A=A (Idempotent law)
iv) An B=Bn A (Commutative law)
V) (An B nC=An (Bn C) (Associative law)

(vi) An(BOC¥ (Ah BO (4 C)
(intersection distributes over union)
vii) AOD(B Cxr (A B @A O

(union distributes over intersection)

3. Difference of Sets

For two sets A and B, the difference A - B is the set of all those
elements of A which do not belong to B.

A B U

Symmetric Difference

For two sets A and B, symmetric difference is the set (A— B) 0 (B- A)
denoted by AA B.
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Laws of Difference of Sets
(a) For any two sets A and B, we have
i) A-B=An B (i) B-A=Bn A’
(i) A-BOA (ivy B-AOB
(V) A-B=A =« AnB=9¢
vi)(A-B)OB Al B
(vil) (A-B)n B=¢
i) (A-B OB A (A0 B (A B)
(b) If A, Band C are any three sets, then
1) A-(BnC)=(A-B 0OA C)
(i) A-(BOCF (A Bn (& C)
(i1 An(B-C)=(An B -(An O)
iv) An(BAC)=(An B A(An C)

4. Complement of a Set A U

If A is a set with U as universal set, then
complement of a set A, denoted by A’ or A€ is the

setU - A.
Properties of Complement of Sets are
GO AY=A=U-A (law of double complementation)
(i) () ADA= U
b)An A =90 (complement laws)
@) () @' =U
bU' =09 (laws of empty set and universal set)

(v) (A0 By= U- (A1 B)

(vii)

(viii)

Important Points to be Remembered

Every set is a subset of itself i.e. A A for any set A.

Empty set @is a subset of every seti.e. @ OA, for any set A.

For any set Aand its universal setU, AU

If A= @ then power set has only one element, i.e.n(P(A)) =1.

Power set of any set is always a non-empty set.

Suppose A ={1, 2}, then P(A) ={{1}, {2}, {1, 2}, @}.

(@) ATP(A) (b) {AY OP(A)

If a set Ahasn elements, then P(A) has 2" elements.

Equal sets are always equivalent but equivalent sets may not be equal.

(ix) The set {@}is not a null set. It is a set containing one element @.
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Results on Number of Elements in Sets
1) n(AO Br n(Ay n(Br n(An B)
(1) n(A QO B n(A} n(B),if A and B are disjoint sets.
@111) n(A- B)=n(A) -n(A n B)
@iv) n(B-A)=n(B)-n(An B)
(v) n(AA B)=n(A) + n(B) - 2n(A n B)
VM) n(AUBR & nAd nB n@®» n(A B
-n(BnC)-n(An C)+n(An Bn C)
(vil) n (number of elements in exactly two of the sets A, B, C)
=n(An B)+nBnC)+n(Cn A)-3n(An Bn C)
(viil) n (number of elements in exactly one of the sets A, B, C)
=n(A) + n(B) +n(C) -2n(A n B)
-2n(Bn C)-2n(An C)+3n(An Bn C)
ix) n(A'0OB ¥ n(Ah BF n(Uy nh B
x) n(A'n B )= n(AO0 B n(Uy n(Al B)

Ordered Pair

An ordered pair consists of two objects or elements grouped in a
particular order.

Equality of Ordered Pairs
Two ordered pairs (a,, ) and (ay, b,) are equal iff a; = a, and b, = b,.

Cartesian (or Cross) Product of Sets

For two non-empty sets A and B, the set of all ordered pairs (a, b) such
that a 0 A and b 0B is called Cartesian product A x B, 1.e.

AxB={(a,b):a0A and b OB}

Ordered Triplet

If there are three sets A, B, C and a0A, &1 Bandé¢ C,then we form
an ordered triplet (a, b, ¢). It is also called 3-triple. The set of all
ordered triplets (a, b, ¢) is called the cartesian product of three sets
A, B and C.

le. AxBxC={(a,b,c):alA, 6] Bandld C}
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Diagramatic Representation of
Cartesian Product of Two Sets

We first draw two circles representing sets A A B
and B one opposite to the other as shown in the
given figure and write the elements of sets in
the corresponding circles.

Now, we draw line segments starting from each
element of set A and terminating to each
element of set B.

Properties of Cartesian Product
For three sets A, Band C,
@ n(Ax B)=n(A)xn(B)
(i) A x B= @ if either A or Bis an empty set.
(i) Ax(BOCF (& B (A ©O)
@iv) Ax(BnC)=(AxB)n(AxC)
(V) Ax(B-C)=(AxB) -(A x(C)
Vi) (AxB)n(CxD)=(AnC)x(Bn D)
(vil) Ax(BOC'E (& Bp (& O
(vili) Ax(B'n C' Y= (Ax B)O (& C)
(ix) f ADBand C O D,then(AxC)O(Bx D)
(x) If A0 B,then Ax AO(A B)n (B< A)
(xi) If AOB,then AxCUOBx C for any set C.
(xil) Ax B=BxA - A=B
(xiii) If A# B,then Ax BZBx A
(xiv) Ifeither A or Bis an infinite set, then A x B is an infinite set.

(xv) If Aand Bbe any two non-empty sets having n elements in
common, then A x Band B x Ahave n?elements in common.

Relation

If A and B are two non-empty sets, then a relation R from A to B is a
subset of A x B.

If RO Ax B and (a,b)0R, then we say that a is related to b by the
relation R, written as aRb.

If RO Ax A, then we simply say R is a relation on A.
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Representation of a Relation

(1) Roster form In this form, we represent the relation by the set
of all ordered pairs belongs to R.
e.g. Let R is a relation from set A={-3,-2,-1,1, 2, 3} to set
B=1{1,4,9,10}, defined by aRb = a®=b,
Then, (-3)°=9,(-2)* =4,(-1)* =1, (2)* = 4,(3)* =9.
Then, in roster form, R can be written as

R={(-1,1),(-2,4),(1,1),(2,4),(- 3,9),(3,9)}

(i1) Set-builder form In this form, we represent the relation R
from set A to set B as
R={(a,b): adA, ] B and the rule which relate the elements
of A and B}
e.g. Let R is a relation from set A={1, 2, 4, 5} to set

B= %1 l = *D such that

R= E(l’l)’ @5@@4 i@@ é%

Then, in set-builder form, R can be written as
R=Ha,b):a0A & Bandd ~H
U al]

Note We cannot write every relation from set A to set B in set-builder form.

Domain, Codomain and Range of a Relation

Let R be a relation from a non-empty set A to a non-empty set B. Then,
set of all first components or coordinates of the ordered pairs belonging
to R is called the domain of R, while the set of all second components
or coordinates of the ordered pairs belonging to R is called the range
of R Also, the set Bis called the codomain of relation R.

Thus, domain of R ={a:(a,b) DR} and range of R ={b:(a, b) DR}

Types of Relations
(1) Empty or Void Relation As @ [0 Ax A, for any set A, so @is a

relation on A, called the empty or void relation.

(ii) Universal Relation Since, Ax AOAxX A, so AxA is a
relation on A, called the universal relation.

(iii) Identity Relation The relation I, ={(a,a):a 0A} is called
the identity relation on A.

(iv) Reflexive Relation A relation R on a set A is said to be
reflexive relation, if every element of A is related to itself.

Thus, (a,a) R[] A Ris reflexive.
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(v) Symmetric Relation A relation R on a set A is said to be
symmetric relation iff (a,b) JR] (b,a)0R0 a,b A

1.e. aRbO bRA) alb A

(vi) Transitive Relation A relation R on a set A is said to be
transitive relation, iff (a, b)) JR and (b,¢) O R

O (a,c)0RO a,bld A

Equivalence Relation

A relation R on a set A is said to be an equivalence relation, if it is
simultaneously reflexive, symmetric and transitive on A.

Equivalence Classes
Let R be an equivalence relation on A (# @). Let aJA.

Then, the equivalence class of a denoted by [a] or (a) is defined as the
set of all those points of A which are related to a under the relation R.

Inverse Relation

If A and B are two non-empty sets and R be a relation from A to B,
then the inverse of R, denoted by R}, is a relation from B to A and is
defined by R™' ={(b, a):(a, b) OR}.

Composition of Relation

Let R and S be two relations from sets A to B and B to C respectively,
then we can define relation SoR from A to C such that
(a,c)dSoR= [ B such that (a, b)) OR and (b, ¢) OS.
This relation SoR is called the composition of R and S.

1) RoS # SoR (i) (SoR) ! = R'0S ! known as reversal rule.

Important Results on Relation
(1) If R and S are two equivalence relations on a set A, then R n S
is also an equivalence relation on A.

(i1) The union of two equivalence relations on a set is not
necessarily an equivalence relation on the set.

(iii) If Ris an equivalence relation on a set A, then R™! is also an
equivalence relation on A.

(vi) Let A and Bbe two non-empty finite sets consisting of m and n
elements, respectively. Then, A x B consists of mn ordered
pairs. So, the total number of relations from A to B is 2"™.

(v) If a set Ahas n 2elements, then number of reflexive relations
from Ato Ais 2" ™.



Functions and
Binary Operations

Function

Let A and B be two non-empty sets, then a function f from set A to set
Bis a rule which associates each element of A to a unique element of B.

It is represented as f: A - Bor A D-( B and function is also called the

mapping.

Domain, Codomain and Range of a Function

If f: A - Bis a function from A to B, then
(1) the set Ais called the domain of f(x).

(i1) the set Bis called the codomain of f(x).

(111) the subset of B containing only the images of elements of A is
called the range of f(x).

Range

Domain

Codomain

Characteristics of a Functionf: A . B
(1) For each element x (0 A, there is unique element y [0 B.
(i1) The element y 0 Bis called the image of x under the function f.
Also, y is called the value of function f at xi.e. f(x) = y.

(11) f: A - Bis not a function, if there is an element in A which has
more than one image in B. But more than one element of A may
be associated to the same element of B.

@iv) f:A - Bis not a function, if an element in A does not have an
image in B.
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Identification of a Function from its Graph

Let us draw a vertical line parallel to Y-axis, such that it intersects the graph of
the given expression. If it intersects the graph at more than one point, then the
expression is a relation else, if it intersects at only one point, then the
expression is a function.

V.
0] (if)

In figure (i), the vertical parallel line intersects the curve at two points, thus the
expression is a relation whereas in figure (i), the vertical parallel line intersects
the curve at one point. So, the expression is a function.

Types of Functions

1. One-One (or Injective) Function
A mapping f:A - B is a called one-one (or injective) function, if
different elements in A have different images in B, such a mapping is
known as one-one or injective function.

Methods to Test One-One

(1) Analytically If f(x;) = f(xy) O x =%, A f
or equivalently x; # x, E
O fx) # f(xp), O xp, x O A,

then the function is one-one.

(i) Graphically If every line parallel to X-axis cuts the graph of
the function atmost at one point, then the function is one-one.

(i11) Monotonically If the function is increasing or decreasing in
whole domain, then the function is one-one.
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Number of One-One Functions

Let A and B are finite sets having m and n elements respectively, then

. . >
the number of one-one functions from A to Bis ] Pp,nzm

0o0,n<m
Qz(n -D(n-2)...(n =-(m =1)),n=2m
=0
E 0, n<m

2. Many-One Function

A function f:A - B is called many-one function, if two or more
than two different elements in A have the same image in B.

Method to Test Many-One

(1) Analytically Ifx; #x, 0 f(x;F f(xy)for some x;, x, 0 A, then
the function is many-one.

(i) Graphically If any line parallel to X-axis cuts the graph of
the function atleast two points, then the function is many-one.

i -T]--/ff‘;)
!

Y’

(111)) Monotonically If the function is neither strictly increasing
nor strictly decreasing, then the function is many-one.

Number of Many-One Function
Let A and B are finite sets having m and n elements respectively, then
the number of many-one function from A to B is
= Total number of functions — Number of one-one functions
_Hn™-"P,ifnzm

0 n™, ifn<m
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3. Onto (or Surjective) Function

If the functionf: A [3» B s such that each element in B (codomain) is
the image of atleast one element of A, then we say that f is a function
of Aonto B. Thus, f:A 3. B is onto iff f(A)= B.

ie. Range = Codomain

Note Every polynomial function f : R - R of odd degree is onto.

Number of Onto (or Surjective) Functions

Let A and B are finite sets having m and n elements respectively, then

number of onto (or surjective) functions from A to B is
Bnm ="C(n =)™ +"Cy(n =2)™ ="Cy(n =3)" +...,n <m

=0n!, n=m
%O, n>m

4. Into Function

If f: AL Bis such that there exists atleast one A ; B
element in codomain which is not the image of Y
any element in domain, then f is into. ——

Thus, f: A B, is into iff f(A)O B
i.e. Range O Codomain

Number of Into Function
Let A and B be finite sets having m and n elements respectively, then
number of into functions from A to Bis

_ B”Cl(n D" ="Cy(n =2)" +"Cy(n =3)"..., n<m

m
0 n-—, n>m

5. One-One and Onto Function (or Bijective)

A function f: A - Bis said to be one-one and onto (or bijective), if [ is
both one-one and onto.
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Number of Bijective Functions
Let A and B are finite sets having m and n elements respectively, then

. . Lifn=m
number of onto functions from A to Bis [] . .
00,if n>morn<m

Equal Functions

Two functions f and g are said to be equal iff
(1) domain of f = domain of g.
(i1) codomain of f = codomain of g.
(11) f(x) = g(x) for every x belonging to their common domain and
then we write f = g.

Real Valued and Real Functions

A function f: A - Bis called a real valued function, if B< R and it
is called a real function if, A< R and B< R.

1. Domain of Real Functions

The domain of the real function f(x) is the set of all those real numbers
for which the expression for f(x) or the formula for f(x) assumes real
values only.

2. Range of Real Functions
The range of a real function of a real variable is the set of all real
values taken by f (x) at points of its domain.

Working Rule for Finding Range of Real Functions

Let y = f(x) be a real function, then for finding the range we may use
the following steps

Step I Find the domain of the function y = f(x).
Step I Transform the equation y = f(x)as x = g(y).

i.e. convert x in terms of y.

Step III Find the values of y from x = g(y) such that the values of x
are real and lying in the domain of f.

Step IV The set of values of y obtained in step III be the range of
function f.
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Standard Real Functions and their Graphs

1. Constant Function

Let ¢ be a fixed real number. The function which associates each real
number x to this fixed number ¢, is called a constant function.
1e. y=f(x)=cfor all xOR.

0,c) y=c

Domain of f(x) = R and Range of f(x) ={c}.
2. ldentity Function

The function which associates each real number x to the same number
x, 1s called the identity function.
Le. y = f(x) =x,d] R.

Domain of f(x) = R and Range of f(x)= R

3. Linear Function
If @ and b are fixed real numbers, then the linear function is defined as

y=f(x)=ax +b. The graph of a linear function is given in the
following diagram, which is a straight line with slope tana.

Y YA
y=ax+b, y=ax+hb,a<0,b>0

/ 220 N
(0, b) (0, b)\
//40 > X X' < o) G\VAX
y

4 Y'Y
Domain of f(x) = R and Range of f(x) = R.

X' <
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4. Quadratic Function
If a,band c are fixed real numbers, then the quadratic function is
expressed as

y=f(x)=ax? +bx +c,a 20

_ Q‘ bg 4ac - b*
| y=ax+—O + —
2a 4a

which represents a downward parabola, if a < 0 and upward parabola,
b 4ac-b* D

if > 0 and vertex of this parabola is at D—— —_—

2a 4a |]

Y Y | 4ac—b2)
y y 0

4a
y=ax2+bx+c,a>0 A

X0 /_\ > X

b
2a

X’:O\/X

] A ] y=ax?+bx+c,a<0
y' =b 4ac—b2) v
U2a’  4a
Domain of f(x) =R
0 20
Rangeoff(x)is%-00,M 1fa<0and%m7 ool if a> 0.
4a O O 4a

5. Power Function
The power function is given by y = f(x) =x",n OI,n# 1,0.

The domain and range of y = f(x), is depend on n.
(a) If n is positive even integer, i.e. f(x) = 22, x*,

Y _oon " .
y = x", nis positive even integer

X'< Ol
Y’

Domain of f(x) = R and Range of f(x) =0, »)
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(b) If n is positive odd integer, i.e. f(x) = x>, 2, ...

YA y = x", nis positive odd integer
) / ° ~
Y'y
Domain of f(x) = R and Range of f(x)= R

(¢) If n is negative even integer, i.e. f(x)=x~ %, x™%,...

YA y= x" nis negative even integer

X'< lo
4

Domain of f(x) = R —{0} and Range of f(x) = (0, »)

(d) If nis negative odd integer, i.e. f(x)=x" 1, x72,...

YA y = x", nis negative odd integer

X' \o X
Y
M

Domain of f(x) = R —{0} and Range of f(x) = R — {0}

6. Square Root Function

Square root function is defined by y = f(x) = Jx,x20.
Y

y=Ix

Domain of f(x) = [0, ©) and Range of f(x) = [0, )

17
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7. Modulus (or Absolute Value) Function
Modulus function is given by y = f(x) =|x|, where |x| denotes the
absolute value of x,

. Oux,ifx=0
ie. lxl=0 . .
rx,ifx<0

Y

y=_X,X<0 1 y= X,XZO
X' > X
(0]
V

Domain of f(x) = R and Range of f(x) = [0, o).

8. Signum Function

Signum function is defined as follows
y:f(x)zgj,lfxio or @la,lfxio

g)’ ifx=0 EO, ifx=0

Symbolically, signum function is denoted by sgn (x).

Thus, y = f(x) = sgn (x)
0-1,ifx<0

where, sgn (x) = E 0,ifx=0
H 1,ifx>0

Domain of sgn (x) = R and Range of sgn (x) ={-1,0, 1}
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9. Greatest Integer Function/Step Function/

Floor Function
The greatest integer function is defined as y = f(x) = [x]

X' «—F+———0—+—+—+—>X

y'

where, [x] represents the greatest integer less than or equal to x. In
general, if n < x<n +1 for any integer n, [x] = n.

Thus, [2.304] =2, [4] =4 and [~ 8.05] =—9

X [x]
O<sx<l1 0
l<sx<?2 1
-1<x<0 -1
-2<x<-1 -2

Domain of f(x) = R and Range of f(x) = I, the set of integers.
Properties of Greatest Integer Function
@ [x+n]l=n+[x],n 0OI
@) [~x]=~[x],x 01
]

@) [-x]=-[x] -1,x OI
) x]z2n0 =2 n,@ I
™ x]>n02 » 1,81 I
Vi) [x]snO % m 1,m I
(vi)) [x]<n 0O % n,nl I
(viil) [x+y]=[x] +[y +x —[x]]forall x, yOR
(x) [x+y]=[x] + [y]

+1|:|+|] 0, n-10

D —
) [x]*'g = Qf nH g+ - E—[nx],nDN.
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10. Least Integer Function/Ceiling
Function/Smallest Function

The least integer function is defined as y = f(x) = (x), where
(x) represents the least integer greater than or equal to x.

Y
3
2T o—e
3 2 -
S 1 23 4
o—e -
o—e -2
v

Thus, (3.578)= 4, (0.87) = 1, (4) =4, (- 8.239) = -8, (=0.7) =0

In general, if n is an integer and x is any real number such that
n<x<n+1, then(x)=n +1

O flx)=(x)=[x] +1
x (x)
-1<x<0 0
O<x<l 1
l<x<g?2 2
2 <x<3 3
-2 <x<-1 -1

Domain of f = R and Range of f=1

11. Fractional Part Function

It is defined as f(x) = {x}, where {x} represents the fractional part of x,
lLe,if x=n +f, where n Ol and 0< f<1, then {x} = f

e.g. {0.70=07,{3' =0,{ - 36} =04
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Properties of Fractional Part Function
@) {x} =x - [x]
(i) {x}=x,if0sx<1
(i) {x} =0,if x0T
@1v) {—x} =1 —{«a},1if x OI

12. Exponential Function
Exponential function is given by y = f(x)=a", where a>0,a #1.

The graph of the exponential function is as shown, which is increasing,
if @ >1 and decreasing, if 0< a <1.

Y
y=aX a>1 4
y=a’|0<a<1
X X X' X
(@) (@)
Y’ Y’

0} (i)
Domain of f(x) = R and Range of f(x) =(0, «)

13. Logarithmic Function
A logarithmic function may be given by y= f(x)=log,x, where
a>0,a#1land x>0.

The graph of the function is as shown below, which is increasing, if
a>1 and decreasing, if 0< a <1.

y Vy=logs x,a>1 Y
| y=logg x,0<a<1

> X .
°|[ o SRRC 0o .

Y Y’
(i)

X'

M
(i)
Domain of f(x)=(0, ©) and Range of f(x)=R
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Operations on Real Functions

Let f:A - Band g: A - B be two real functions, then
(1) Addition The addition f + gis defined as
f+g:A [ Bsuchthat (f +g)(x) = f(x) + g(x).
(1) Difference The difference f — gis defined as f — g: A - Bsuch
that (f - g)(x) = f(x) — g(x).
(ii1) Product The product fgis defined as
fg:A [, B such that (fg) (x) = f(x) g(x).

Clearly, f £ g and fg are defined only, if f and g have the same
domain. In case, the domain of f and g are different, then

domain of f + gor fg = domain of f n domain of g.

(iv) Multiplication by a Number (or a Scalar) The function cf,
where c1is a real number is defined as

c¢f:A B, such that (¢f) (x) = ¢f (x).

(v) Quotient The quotient ! is defined as
8

! : A - Bsuch that z(Jc) = M, provided g(x) # 0.
g g 8(x)
Composition of Two Functions

Letf:A - Bandg:B [ C be two functions. Then, we define
gof :A -  C, such that

gof (x)=g(f(x)), 01 A
g C

J T B

gof

A

Important Points to be Remembered
(i) If f and gare injective, thenfogand gof are injective.
(i) If f and gare surjective, then fogand gof are surjective.
(iii) If f and gare bijective, thenfog and gof are bijective.
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Inverse of a Function

Let f: A - B is a bijective function, i.e. it is one-one and onto
function. Then, we can define a function g:B [» A, such that
f(x)=y 0O g(y)=x, which is called inverse of f and vice-versa.
Symbolically, we write g = f!

A B

g=f"
A function whose inverse exists, is called an invertible function or
inversible.
(i) Domain (f71) = Range (f)
(i) Range (f')=Domain (f)
(ii) If f(x) = y, then f1(y) = x and vice-verse.

Periodic Functions
A function f(x) is said to be a periodic function of x, if there exists a
real number 7" > 0, such that

f(T" + x) = f(x), O] Dom(f).
The smallest positive real number 7, satisfying the above condition is
known as the period or the fundamental period of f(x).

Testing the Periodicity of a Function

(1) Put f(T + x) = f(x) and solve this equation to find the positive
values of T independent of x.

(1) If no positive value of T independent of x is obtained, then f(x)
is a non-periodic function.

(ii1) If positive values of T" which is independent of x are obtained,
then f(x)1is a periodic function and the least positive value of T
is the period of the function f(x).
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Important Points to be Remembered

(i) Constant function is periodic with no fundamental period.
(i) Iff(x)is periodic with period T, then % and 4/f(x) are also periodic with
X

same period T.
(iii) If f(x) is periodic with period T; and g(x) is periodic with period T, then
f(x) + g(x) is periodic with period equal to
(a) LCM of {T;, T, }, if there is no positive k, such thatf(k + x) =g(x)
and g(k + x) =f(x).

(b)%LCM of {T;, T, }, if there exist a positive numberk such that

f(k + x) =g(x) and gk + x) =f(x)
(iv) Iff(x)is periodic with period T, thenkf (ax + b) is periodic with period L,

la]
where a, b,k ORand a,k #0.
(v) Iff(x)is a periodic function with period T and g(x) is any function, such
that range of f 0 domain of g, then gof is also periodic with period T.

Even and Odd Functions
Even Function A real function f(x) is an even function, if f(-x) = f(x).
0Odd Function A real function f(x) is an odd function, if f(-x) = — f(x).

Properties of Even and Odd Functions
(1) Even function * Even function = Even function.
(i1) Odd function + Odd function = Odd function.
(ii1)) Even function x Odd function = Odd function.
(iv) Even function x Even function = Even function.
(v) Odd function x Odd function = Even function.

(vi) gof or fogis even, if both f and g are even or if f is odd and gis
even or if fis even and gis odd.

(vil) gof or fogis odd, if both of f and g are odd.
(viii) If f(x)is an even function, then di f(x) or J’ f(x) dx 1s an odd
x
function and if f(x)is an odd function, then di f(x) orJ' f(x) dxis
x

an even function.
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(ix) The graph of an even function is symmetrical about Y -axis.

(x) The graph of an odd function is symmetrical about origin or
symmetrical in opposite quadrants.

(x1) An every function can never be one-one, however an odd
function may or may not be one-one.

Binary Operations

Let S be a non-empty set. A function * from S xS to S is called a binary
operation on S ie.* :S xS - S is a binary operation on set S.

Note Generally binary operations are represented by the symbols *, [, ... etc.,
instead of letters figure etc.

Closure Property

An operation * on a non-empty set S is said to satisfy the closure
property, if
aS, 81 8 d#b S,0a, bOS

Also, in this case we say that S is closed under =*.
An operation * on a non-empty set S, satisfying the closure property is
known as a binary operation.

Some Particular Cases

(i) Addition is a binary operation on each one of the sets NV, Z, @, R
and C, i.e. on the set of natural numbers, integers, rationals,
real and complex numbers, respectively. While addition on the
set S of all irrationals is not a binary operation.

(i) Multiplication is a binary operation on each one of the sets N, Z,
@, R and C, ie. on the set of natural numbers, integers,
rationals, real and complex numbers, respectively. While
multiplication on the set S of all irrationals is not a binary
operation.

(ii1) Subtraction is a binary operation on each one of the sets Z, @, R
and C, i.e. on the set of integers, rationals, real and complex
numbers, respectively. While subtraction on the set of natural
numbers is not a binary operation.

(iv) Let S be a non-empty set and P(S) be its power set. Then, the
union, intersection and difference of sets, on P(S) is a binary
operation.
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Division is not a binary operation on any of the sets N, Z, @, R
and C. However, it is a binary operation on the sets of all
non-zero rational (real or complex) numbers.

Exponential operation (a, b) - a®is a binary operation on set N

of natural numbers while it is not a binary operation on set Z of
integers.

Properties of Binary Operations

®

(ii)

(iii)

Commutative Property A binary operation«on a non-empty
set S is said to be commutative or abelian, if

axb=b=xa, Oa, b OS.
Addition and multiplication are commutative binary operations

on Z but subtraction is not a commutative binary operation,
since 2—-3%3-2.

Union and intersection are commutative binary operations on

the power set P(S) of S. But difference of sets is not a
commutative binary operation on P(S).

Associative Property A binary operation = on a non-empty set
S is said to be associative, if (a* b)*c=ax (b*c),0a, b, cOS.
Let R be the set of real numbers, then addition and
multiplication on R satisfies the associative property.
Distributive Property Let+ and o be two binary operations on
a non-empty sets. We say that * is distributed over o, if
ax(boc)=(a*b)o(a*c),0a, b, cOS also (called left
distributive law) and (boc)xa=(b+xa)o (cxa),Ja, b, cOS
also (called right distributive law).

Let R be the set of all real numbers, then multiplication
distributes over addition on R.

Since, a [(b+c)=ab+a & Oa, b, cOR.

Identity Element
Let * be a binary operation on a non-empty set S. An element e 0 S, if it
exist, such that axe=exa=qa,0aS, iscalled an identity elements
of S, with respect to *.

For addition on R, zero is the identity element in R.

Since,

a+0=0+a=qa,dalR
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For multiplication on R, 1 is the identity element in R.
Since, ax1=1xa =a,0 a0OR

Let P (S) be the power set of a non-empty set S. Then, @is the identity
element for union on P (S), as Alg =p O A A,0 AOP(S)

Also, S is the identity element for intersection on P(S).
Since, AnS=AnS=A, 0 AOP(S).

For addition on N the identity element does not exist. But for
multiplication on N the identity element is 1.

Inverse of an Element

Let « be a binary operation on a non-empty set S and let e be the
identity element.

Suppose al1S, we say that a is invertible, if there exists an element
bOS such that a*b=b *xa=e

Also, in this case, b is called the inverse of a and we write, a > = b
Addition on N has no identity element and accordingly N has no
invertible element.

Multiplication on N has 1 as the identity element and no element other
than 1 is invertible.

Important Points to be Remembered

If S be a finite set containing n elements, then

2
(1) the total number of binary operations on Sis n”" .

(i1) the total number of commutative binary operations’ on S is
nh (n+1)/ 2.
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Complex Number

A number of the form z = x + iy, where x,y R, is called a complex
number. Here, the symbol i is used to denote +/—1 and it is called 1ota.
The set of complex numbers is denoted by C.

Real and Imaginary Parts of a Complex Number Let z =x + iy
be a complex number, then x is called the real part and y is called the
imaginary part of z and it may be denoted as Re(z) and Im(2),
respectively.

Purely Real and Purely Imaginary Complex Number A complex
number z is a purely real, if its imaginary part is 0.

i.e. Im (z) = 0. And purely imaginary, if its real part is O i.e. Re(z) = 0.

Zero Complex Number A complex number is said to be zero, if its
both real and imaginary parts are zero.

Equality of Complex Numbers

Two complex numbers z; =a; +ib, and z, = a, +ib, are equal, iff
a, = ay and b, = b, i.e. Re(z;) = Re(z,) and Im (z7) =Im (2y).

lota

Mathematician Euler, introduced the symbol i (read as iota) for /-1

with property i2 +1=0. i.e. i = - 1. He also called this symbol as the

imaginary unit. Integral power of iota (i) are given below.
i=+-1,i% =-1,i =-i,i* =1

An + . A + An+ . dn +
SO, l4n 1:l,14n 2:—1,l4n3:—l,l4n 4:1

E(—l)’”z, ifn is an even integer
In other words, i" =] n-1
H

-1) TD', ifn 1s an odd integer
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Algebra of Complex Numbers

1. Addition of Complex Numbers
Let z; =x, +iy; and z4 = x5 + iy, be any two complex numbers, then

their sum will be defined as
21+ 29 = (% +iyp) H(xg +iyg) =(xp +x5) +i(y; +2)
Properties of Addition of Complex Numbers
(1) Closure Property Sum of two complex numbers is also a
complex number.
(i) Commutative Property z, +z,=2, +2z,02,2,,2, OC
(iii) Associative Property (z; +z,) + 25 =2, +(25 +23),
02z,29,2, 0C
(iv) Existence of Additive Identity z+0=z=0+z
Here, 0 1s additive identity element.
(v) Existence of Additive Inverse z+(-z2)=0=(—z +2)
Here, (-z) is additive inverse or negative of complex number z.

2. Subtraction of Complex Numbers
Let z; = x; +iy; and 29 = x4 + iy, be any two complex numbers, then
the difference z; - 2z, is defined as
21— 2y = (g +iyy) —(xg +iyy)
= (% = x9) iy ~¥2)

Note The difference of two complex numbers z, - z,, follows the closure
property, but this operation is neither commutative nor associative, like in real
numbers. Also, there does not exist any identity element for this operation and

so inverse element also does not exists.

3. Multiplication of Complex Numbers
Let z; =x;, +iy; and z4 = x5 + iy, be any two complex numbers, then

their multiplication is defined as
2125 = (% + iyp) (X +iys) =(x1%5 —¥1Y9) +ilx1yg +X5)7)
Properties of Multiplication of Complex Numbers
(1) Closure Property Product of two complex numbers is also a

complex number.
(ii) Commutative Property zz, =z,z, O0z,z{] C.
(iii) Associative Property (z; z,) z3 = 2z,(25 25) O 2y, 29, 20 C.
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(iv) Existence of Multiplicative Identity zO0=z=10[%

Here, 1 is multiplicative identity element of z.

(v) Existence of Multiplicative Inverse For every non-zero
complex number z there exists a complex number z; such that
zlE =1=7z &

Then, complex number z; is called multiplicative inverse element
of complex number z.

(vi) Distributive Property For each z,, z,, 2z, OC
(a) z1(29 + 23) = 2129 + 2125 [left distribution]
(b) (29 + 23)21 =292 + 252, [right distribution]

4. Division of Complex Numbers
Let z; = x; + iy, and 2z, = x5 + iy, be two complex numbers, then their
division 2L is defined as
=)
2z _ (g +iyy) (X + 31s) Hilxey) —%Y)

2y (% +1yy) xg + y%

provided, z, # 0.
L z
Note The division of two complex numbers =, follows the closure property, but
2y
this operation is neither commutative nor associative, like in real numbers. Also,
there does not exist any identity element for this operation and so inverse
element also does not exists.

Identities Related to Complex Numbers

For any complex numbers z,, z,, we have
() (2, +25)* =27 +222, +25
(i) (2, — 29)” = 21 ~ 22,2, +25
(i) (z, + 2,)° = 20 + 3272, + 32,25 +25
(v) (2, — 2, = 25 - 3272, + 32,25 -2}
(V) 2 = 25 = (21 +2,) (2 ~2p)
These identities are similar as the algebraic identities in real numbers.
Conjugate of a Complex Number

If z = x + iy is a complex number, then conjugate of z is denoted by Zz,

ie. zZ=x-1y
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Properties of Conjugate of Complex Numbers
For any complex number z, z;, z,, we have

@)=z

(i) z+z =2Re(2),z +z =0 = zis purely imaginary.
@111) z -z =2i Im(2)],z -z =0 = z1is purely real.
(v) 212272 +2,

(V) 21723572, 2;
(vi) 21 Fp =2, [F,

o z
(vii) %@; 21, #0
2 =)

(Vill) 2 25 £ 25 29 = 2Re(Z; 25) = 2Re(z; 25)
(ix) (2)" =(z")
(x) If z=f (), thenz = f(z))

a Qg Qg a @2 @
xi) If z={b by, b|,thenz=|b b, b
G G G 6 C G

where, a; ,b;,¢; ;(1 = 1,2, 3) are complex numbers.

(xii) zZ ={Re (2)}? +{Im (2)}?

Reciprocal/Multiplicative Inverse of a Complex Number

31

Let z = x + iy be a non-zero complex number, then the multiplicative

inverse

2_1:1_ 1 _ 1 XTw

z x+iy x+iy x-—1iy

[on multiply and divide by conjugate of z = x + iy]

_x-y o oox L U=y)

x2+y2 x2+y2 x2+y2

Modulus (or Absolute value) of a Complex Number

If z = x + iy, then modulus or magnitude of z is denoted by | z| and is

given by |z] = ya? + 32

Geometrically it represents a distance of point z(x, y) from origin.

Note In the set of non-real complex number, the order relation is not defined i.e.
z,>2z, or z,<Z, has no meaning but |z|>|z,| or | z|< |z, | has got its

meaning, since | z;| and | z, | are real numbers.
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Properties of Modulus of Complex Numbers
@) 1z1=20
(1) (a)lz| =0,iff z=01.e. Re(z) =0=Im(z) (b)|z|>0,iffz#0
@11i) —|z |<Re(z)<|zland —|z|<Im (2)<| z|
i) |zl =1zl =[-z] =| -Z|
v) 2z =| 2|

(Vi)|2122|:|21||22|

In general, | z2,2925... 2, | =1 2111 2511 25]...1 2,, |
Rl |21| .
(vil) |—|=——,provided z, # 0

z9| lzgl

(vill) | 27 £ 24| <l 24| +] 24|
In general,|z; £z 25 £ ... £ 2, I<| 2| +|2y] +l2g| +... +]| 2, |
(ix)lz, £ 25121211 —12,ll
® 12" =]z]"
i) [z, — 124l Iz + 251 <l 2| +]2,] i.e. greatest and least possible
value of |z, + z 4| is| 2| +] 25| and || z,| —|z 4| respectively.
(x11) 2129 + 2129 = 2| z/|| 241 cos (B, — B,) = 2Re(z, 2,)
2 _ — —
(xii) [z; + 2,17 =(z1 +245) (21 +Z5)
—15 2 2 - =
_lzll +|22| +2122 +2221
=12,1? +12,1* + 2 Re(z; Z,)
—1.2 2
=|z|* +12y51% + 2] 211 241 cos (B; = 0)
: 2 _ S = \=142 2 z 43
&1v) 12, = 251" = (21 —29)(Z; —Z5)=|2)|" +| 2" = (2125 +7125)
=]z 1% +| 251> - 2Re(z, Z,)
—1 .2 2
=|zl* +1zy51 7 =212 | 24 cos (8, —6,)
2 2 _ 2 2
(xv) 121 + 251 7 12 = 29" =2{| 2" +] 2"}
. 2 2
(xvi) | 2, + 24l |

z . . .
=]z 1" +| .22|2 = ZLis purely imaginary.

29
(xvil) | az, = bzy|*+] bz, + azy|? =(a® +b%)(12,1? + 2,|*) where a, bOR.

(xviii) z is unimodulus, if |z| =1
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Argand Plane and Argument
of a Complex Number

Argand Plane

Any complex number z = x +iy can be represented geometrically by a
point (x, ¥) in a plane, called Argand plane or Gaussian plane.

Y
2]
x Z (x+iy)orz (x, y)
> 1
® 1
£ :
1Y
£ 0 1
of x M X
Real axis

There exists a one-one correspondence between the points of the plane
and the members of the set C of all complex numbers.

The length of the line segment OP is the modulus of z,
ie.|z|=length of OP = \/x? + y2.

Argument

The angle made by the line joining point z to the origin, with the
positive direction of real axis is called argument of that complex
number. It is denoted by the symbol arg (z) or amp (2).

arg (z2) =0 =tan™! %@

Argument of z is not unique, general value of the argument of z is
2nT + 8 where n is an integer. But arg (0) is not defined.

A purely real number is represented by a point on real axis.

A purely imaginary number is represented by a point on imaginary
axis.

Principal Value of Argument

The value of the argument which lies in the interval (= 1, 1] is called
principal value of argument.
(1) If x> 0and y> 0,then arg (z) =0
(1) If x<O0and y>0,then arg (2) = 1— 6
(1) If x<O0and y< 0, then arg (2) =— (11— 6)
@iv) If x> 0and y< 0,then arg (z) = -6
Y

X

where, 8 = tan™"
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Properties of Argument

. _._ O m if z 1s purely negative real number
@ arg(z)=[Q .
[Targ(z), otherwise

(1) arg(z,z) = arg(z,) +arg(zy) + 2kmM,(k =0,10r —1)
In general,
arg (z;2925... 2,) = arg (z;) + arg (z,) + arg(zy)
+...+arg(z,) + 2k, (k is an integer)

0
(ii1) arg é%%: arg (z;) — arg(z,) + 2km(k =0,10r —1)
2
(iv) arg(z;29) = arg(z;) — arg(z,) +2km,(k =0,10r —1)
(v) arg %@: 2arg(z)+2km,(k=0,10r - 1)
(vi) arg (z") = n arg (2) + 2kT (kis an integer)

0 0
(vii) If arg %@; 0, then arg F1H= 2kt - @ (k= 0.1 or-1)
1 Lk, U

(viil) If arg (2) =00 zis real
. O m,if arg (z) >0
(ix) arg (2) —arg(-2)=0Q _ .
1, if arg (z2)<0
(x) Ifl2, + 251 =12, — 24l, then
0 T
ar %DD arg(z,) — arg (z,) =—
gDZZD g(z)) — arg (29) 5
(x1) Ifl 2y + 24l =1 2| +|25], then arg (z;) = arg (z,)
(xi) If|z—1|:|z+1|,thenarg(z):il2T
k-10_m _
(xii1) If arg EleE_E’ then|z|=1
(xiv) (a) If z=1 +cosB +1i sin § then
0 0
arg(z)=—and|z| =2 cos —
g(2) 5 lz| 5
(b)If z=1 +cosB —i sin 6, then
0 0
= —-_ d =92 —
arg (2) zan | z] cos2
(¢)Ifz=1-cosB +1isin 6, then

arg(z):g—gandlzl =Zsin§e
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(d)Ifz=1-cosB —1i sin 6, then
6 T . 0
= - d =9 —
arg (2) D) and]| z| s1n2
(xv) Iflz]<1,lz4 <1, then
@12, - 2> <(12] =125))* +[arg (2, —arg(z,)]*

) 12, + 2,2 < (1 2] +] 2] )? - [arg(z;) - arg(2,)]?

Polar Form of a Complex Number

If z=x+iy is a complex number, then z can be written as
z=r(cosB +isin 0), where 8 = arg (z) and r = \x? + y? this is called
polar form.

Y

P y)

5]

x
of———--—

v
If the general value of the argument is considered, then the polar form
of zis z =r [cos (2nTi + O) + i sin (2nTT + 0)], where n is an integer.

Eulerian Form of a Complex Number

If z = x + iy is a complex number, then it can be written as

z=re®

where, r= ‘ z‘ and 6 = arg (2)
This is called Eulerian form and ¢®= cos8 + i sin8 and

e %=cos0—isinb.

De-Moivre’s Theorem

A simplest formula for calculating powers of complex numbers in the
standard polar form is known as De-Moivre’s theorem.

If n OI (set of integers), then (cos® +isin®)" = cosnb + i sinnb and if

n 0@ (set of rational numbers), then cosnB +isinnb is one of the
values of (cos0 + i sin©)".
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Properties of De-Moivre’s Theorem

() If £1is a rational number, then
q

(cos® +isin@)P'7 = %0529 +i sinBGﬁ
q q
G) —— 1 —(cosB+isin6) ! =cosB—isinb

cosO+i1sinb

(iii) More generally, for a complex number z = r(cos8 + i sin 8) =re’

z" =r"(cos® + i sin 6)"

=r"(cos nb + i sin nO) =r"e"®

(iv) (sin© + i cos B)" = %:OS Lhr _ n9D+ i sin Chtt _ ne[lj
Fo°Hz ™ He ~™H

(v) (cos6; +isin6;)(cos B, +isin 6,)...(cosB, +1sinb,)
=cos(® +6,+...+6,) +isin(6, +6, +... +06,)
(vi) (sin®+ icos0)" Zsinnb=*icosnb

(vii) (cos® + isin )" #cosnBO+isinn@

Note
() cosO+isin0=1 (i) cos Tt +isin 1= -1
(iif) cos M+ jsin =g (iv) cos M —jsin M= -
2 2 2 2
Cube Roots of Unity
Cube roots of unity are 1, w, w?
where (Jo:_—1+iﬁ:ei2"/3 and wzz_—l—ﬁ
2 2 2 2

arg (w) = 2—;[ and arg (w?) = 4—;

Properties of Cube Roots of Unity

0 ifr .
@) 1+ +@? = E , 1.fr 1's not a m'ultlple of 3.
03, if r is a multiple of 3.

() w’ =1

(111) wSr :17 w3r+1 3r+2

=wand w =w?, wherer O1.
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(iv) Cube roots of unity lie on the unit circle ‘2 ‘ =1 and divide its
circumference into 3 equal parts.

(v) It always forms an equilateral triangle.
(vi) Cube roots of —1are -1, - w, —w>.

Some Important Identities
(i) x* +x +1=(x —w(x —of)
(i) x> —x +1=(x + W (x + )
(i) x* +xy +y* =(x —y0)(x —yaur)
(iv) x*> —xy +y* =(x +wy)(x +yaf)
v) x> +y? =(x +iy)(x —iy)
i) x° +y =(x +y)(x +yw)(x +yuf)
(vii) x =(x —y)(x —yw)(x —yof)
(viii) X2 +y? + 22 —xy —yz —zx =(x +yw +zF)(x +yud +z
or (xw+yof +2)(x 3 +y w+2)
or xw+y +za) (xS +y +z

(ix) x> +y> +2 =3xyz =(x +y +2)(x + @y + f2)(x + oFy + @)

nth Roots of Unity

The nth roots of unity, it means any complex number z, which satisfies
the equation z" =1 or z = ()"

or zzcos@+isin&n, where £=0,1,2,...,(n - 1)
n n
Properties of nth Roots of Unity
(i) nth roots of unity form a GP with common ratio ¢'>™".
(i1) Sum of nth roots of unity is always 0.
(111) Sum of pth powers of nth roots of unity is n, if p is a multiple of n.

(iv) Sum of pth powers of nth roots of unity is zero, if p is not a
multiple of n.

(v) Product of nth roots of unity is (-1)" ~*

(vi) The nth roots of unity lie on the unit circle|z| =1 and divide its
circumference into n equal parts.
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Square Root of a Complex Number
If z=x +1iy, then

+ -0
\/;=1/x+iy:i%/|zl x+i\/|z| x[lfory>0
8 2 2 g
0 —xU
=+ |2|+x_i\/|z| x[;fory<0
2 2 0

Logarithm of a Complex Number
Let z = x + iy be a complex number and in polar form of z is re®, then
log(x + iy) = log (re’®) =log (r) +i8

=log (yx? + y*) +i tan_lg

or log(z) = log (1 z|) +iamp(z),

In general, z =re!®*2nm

log (z) = log| z| +iarg(z) +2nTU

Geometry of Complex Numbers

1. Geometrical Representation of Addition

If two points P and @ represent complex numbers z; and z,,
respectively, in the argand plane, then the sum z; + z, is represented
by the extremity R of the diagonal OR of parallelogram OPR@ having
OP and OQ as two adjacent sides.

g R(ay + ap, by + b))
Q(az,bz)
5 N
(a4,b1)
X
O L K M

2. Geometrical Representation of Subtraction

Let z, = a; +ib, and z, = a, + ib, be two complex numbers represented
by points P (a,, ) and Q(a,, b,) in the argand plane. @' represents the
complex number (-z,). Complete the parallelogram OPRQ' by taking
OP and OQ' as two adjacent sides.
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Y
Q(az, bo)
P(a1v b1)
XY O III X
» -“*R(aj —ap, by —by)
Q’(, do, *bg) .

YV
The sum of z; and -z, is represented by the extremity R of the
diagonal OR of parallelogram OPRQ'. R represents the complex

number z; — 2.
3. Geometrical Representation of Multiplication

R has the polar coordinates (ryr5,6; +6,) and it represents the complex

numbers z;2,.
4. Geometrical Representation of the Division

’ Py

. O .
R has the polar coordinates % ,0, — GQEand it represents the complex
2

number z,/z,.
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5. Geometrical Representation of the Conjugate
of Complex Numbers

If a point P represents a complex number z, then its conjugate z is
represented by the image of P in the real axis.

Yo P y)

Yy’

Geometrically, the point (x, — y) is the mirror image of the point (x, y)
on the real axis.

Concept of Rotation

Let z,, z, and z; be the vertices of a AABC described in anti-clockwise
sense. Draw OP and OQ) parallel and equal to AB and AC, respectively.
v C(z3)

B
Qzs=21)  A(zy) #2)

N NPz, - 24) X

@)

Then, point P is z, — 2; and @ is 25 — z;. If OP is rotated through angle
o in anti-clockwise, sense it coincides with OQ.

-z 0
O amp %MDZG

D52 _lej

Applications of Complex Numbers
in Coordinate Geometry

Distance between Complex Points
(1) Distance between the points A(z,) and B(z,)1s given by
AB=|z, -zl = (5, 1) +(3; - 3)°

where, z; =x; +iy; and z, = xy + 1y,.
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(i1) The point P (z) which divides the join of segment AB internally in
the ratio m : n is given by

_mzy + nz
m+n
If P divides the line externally in the ratio m : n, then
L= Mmey—nz
m-n

Triangle in Complex Plane
(1) Let ABCbe a triangle with vertices A (z,), B(z5)and C(z5),then
(a) Centroid of the AABC is given by
z :l(z1 tzgtzg)
3
(b) Incentre of the AABC is given by

O bz, + cz4
at+tb+c

(i) Area of the triangle with vertices A(z,),B(z,) and C(z;) is

given by
g |72 %2
zg zZ3 1

For an equilateral triangle,
2, .2, .2 _
2y tzy tzi mzyzy t232) t212

(i11) The triangle whose vertices are the points represented by
complex numbers z,, 2, and z; is equilateral, if

1 + 1 + 1 -0

B9 T2 R3 TR R TR

1e. 2L 4 2E + 2 =229 +292 232

Straight Line in Complex Plane
(1) The general equation of a straight line is az + az + b = 0,where a
is a complex number and b is a real number.

(i1) The complex and real slopes of the line az + az + b =0 are — 2
a

all

and - 220

L - all
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(iii) The equation of straight line through z; and z, is
z =tz; +(1 - t)zy, where ¢ is real.

(iv) If z; and z, are two fixed points, then| z — z,| =| 2 — z, | represents
perpendicular bisector of the line segment joining 2z, and z,,.

(v) Three points z;, z, and z; are collinear, if

z; z; 1
Z9 29 1|=0
zg zZ3 1

This is also, the equation of the line passing through z;,z, and z;
and slope is defined to be @
21T g

(vi) Length of Perpendicular The length of perpendicular from a
|az, +az; + bl

2| al
(viil) The equation of a line parallel to the line az +az +b=0 is

az+az + A =0, where A R.

point z; to az + az + b =01is given by

(viii) The equation of a line perpendicular to the line az + az + b =01s
az —az + i\ =0, where A O R.

(ix) The equation of the perpendicular bisector of the line segment

joining points A (z;) and B(z,) is
- 2 2
2(7 — 29) + 2(2; —25) :‘21‘ _‘22‘

(x) If z 1s a variable point in the argand plane such that arg (z) = 6,
then locus of z is a straight line through the origin inclined at an
angle 6 with X-axis.

(xi) If z is a variable point and z; is fixed point in the argand
plane such that (z — z;) =6, then locus of z is a straight line
passing through the point z; and inclined at an angle 6 with the
X-axis.

(xi1) If zis a variable point and z;, z, are two fixed points in the argand
plane, such that

(@ |z =2zl +lz —2z4| =l2; —2z4l, then locus of z is the line
segment joining z; and z,.

(b) llz =zl =1z =24l =l2; —z4l, then locus of z is a straight line
joining z; and z, but z does not lie between z; and z,.
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(c) arg bD O or 1, then locus z is a straight line passing
— 2,0

through z; and z,.
(x1ii)
LY Q(ze™)

v
(a) ze'® is the complex number whose modulus is |z| and
argument 0 + q.
(b) Multiplication by e™™ to z rotates the vector OP in clockwise
sense through an angle a.
(xiv) If z;,2, and z; are the affixes of the points A, B and C in the
argand plane, then

(a) DBAC: arg hm

[ky — 20
23-2 |23~ 2 .
28 %L =128 *li(cosa + isina), where o = OBAC.
22 &

(b)

22773

xv) If z;, 25,25 and z, are the affixes of the points A, B,C and D,
respectively in the argand plane.

-z U
(a) ABis inclined to CD at the angle arg %%
47 33

(b) If CD 1s inclined at 90° to AB, then arg hzg g
3
Circle in Complex Plane
(1) An equation of the circle with centre at z, and radius r is
|z =2z =7 or 22 — 202 — 2z + 202, -1 =0
(@) |z — 2ol <r, represents interior of the circle.
(b) 1z — 24l >r, represents exterior of the circle.
(©) ‘ z2-2 ‘S r is the set of points lying inside and on the circle

‘ z-2 ‘ =r. Similarly,

z - 20‘27" is the set of points lying

outside and on the circle ‘z - zo‘ =r.
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(d) General equation of a circle is
zz+az+az+b=0
where, a i1s a complex number and b is a real number. Centre
of the circle = —a

Radius of the circle =./a@ — b or | a|>~ b
(e) Four points z;,z,, 2, and z, are concyclic, if
(24— 21)(23 —23)
(z4-23)(z0— 24
lz -z O Circle, if k% 1
=k0O O . . .
[z =z, OPerpendicular bisector, if =1

is purely real.

(ii)

(ii1) The equation of a circle described on the line segment joining z,
and z, as diameteris(z —z,) (2 —2,) +(z —24)(z —2;) =0.
@iv) arg 2TA B, then locus is the arc of a circle for which the
Z 22
segment joining z; and z, is a chord.
(v) If z; and z, are the fixed complex numbers, then the locus of a

-z 0
point z satisfying arg %E: +11/ 21s a circle having z; and z,
-2,

at the end points of a diameter.

+104
(vi) If arg %E: g, then z lies on circle of radius unity and centre

as origin.
(vii) If| z - 21|2+| z - 22I2 =z —zzlz, then locus of z is a circle with 2z
and z, as the extremities of diameter.

Conic in Complex Plane
Let z; and z, be two fixed points, and k& be a positive real number.
1) If k>|zy —z4l, then |z — 24| +|z — 2, =k represents an ellipse
with foci at A(z;) and B(z,) and length of the major axis is k.

@) If k<lz; —z4, then|lz -zl =]z — z,l| =k represents hyperbola
with foci at A(z;) and B(z,).

Important Points to be Remembered

() - a x/-b #Jab
Ja x /b =+/ab is possible only, iff atleast one of the quantity
either a or b is/are non-negative. e.g. iZ =~/-1 x/-1 #/1
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(1) i 1s neither positive, zero nor negative.
(ii1) Argument of 0 is not defined.

(iv) Argument of purely imaginary number is g or — g

(v) Argument of purely real number is 0 or Tt

+4a’+4
(vi) If |z + L. a, then greatest value of | z| = % and least
z
—a++a’+
value of | z| :%H

(vii) The value of il = ¢~ 2

(viil) The non-real complex numbers do not possess the property of
order,
i.e.x + iy <(or)> ¢ + id is not defined.
(ix) The area of the triangle on the argand plane formed by the

. .1
complex numbers z, iz and z + iz is §| z|2.

(x) If w; and w, are the complex slope of two lines on the argand
plane, then the lines are

(a) perpendicular, if w; +w, = 0.
(b) parallel, if w; = w,.



Theory of Equations
and Inequations

Polynomial

An algebraic expression of the form a, + a;x + ayx®+...+a,x", where

n ON, is called a polynomial. It is generally denoted by p(x), g(x),
f(x), g(x) etc.

Real Polynomial

Let a4, a,a,,...,a, be real numbers and x is a real variable, then,
f(x)=a, + qx +a2x2 +... +a,x" is called a real polynomial of real

variable x with real coefficients.

Complex Polynomial
If a4,0;,0a,,...,a, be complex numbers and x is a varying complex
number, then f(x) = ay + ax + axx® +... +a, _;x" "' +a,x" is called a

complex polynomial or a polynomial of complex variable x with complex
coefficients.

Degree of a Polynomial
A polynomial f(x)=a, +ax + agx® +a3x3 +... +a,x", real or complex
is a polynomial of degree n, if a, # 0.

Some Important Deduction
(1) Linear Polynomial A polynomial of degree one is known as
linear polynomial.
(i1) Quadratic Polynomial A polynomial of second degree is
known as quadratic polynomial.
(ii1)) Cubic Polynomial A polynomial of degree three is known as
cubic polynomial.

(iv) Biquadratic Polynomial A polynomial of degree four is
known as biquadratic polynomial.
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Polynomial Equation

If f(x) is a polynomial, real or complex, then f(x)=0 is called a
polynomial equation.

Quadratic Equation

A quadratic polynomial f(x) when equated to zero is called quadratic
equation.

le. ax® + bx + ¢ =0, where a,b,cdR and a # 0.

Roots of a Quadratic Equation

The values of variable x which satisfy the quadratic equation is called
roots of quadratic equation.

Solution of Quadratic Equation

1. Factorisation Method
Let ax® + bx + ¢ =a(x —a) (x — B) = 0. Then, x = o and x = B will satisfy
the given equation.

2. Direct Formula
Quadratic equation ax? + bx + ¢ = 0 (a # 0) has two roots, given by

G_—b+\/b2—4ac B_—b—1/b2—4ac
2a o 2a

_=b++vD ,_-b-+D
a= ’B_
2a 2a

where, D = A = b? - 4ac is called discriminant of the equation.

or

Above formulas also known as Sridharacharya formula.

Nature of Roots
@) Let quadratic equation be ax? + bx + ¢ =0, whose discriminant
is D.
Also, let a,b,c0R and a # 0. Then,
(a) D< 00 Complex roots
(b) D> 00 Real and distinct roots

(¢) D =00 Real and equal roots asa =3 = —2i
a
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Note Ifa, b, c 0Q,& 0, then
(@ D >0andD is a perfect square.
0 Roots are unequal and rational.
(b) D>0,a=1b,c O/ andD is a perfect square.
O Roots are integral.
(¢) D >0andD is not a perfect square.
O Roots are irrational and unequal.

(i) Conjugate Roots The irrational (complex) roots of a quadratic
equation, whose coefficients are rational (real) always occur in
conjugate pairs. Thus,

(a) if one root be a + i3, then other root will be a — if3.
(b) if one root be a + \/E, then other root will be a — \/E
(iii) Let D, and D, are the discriminants of two quadratic equations.
(@) If D, + D, 2 0, then atleast one of D; and Dy 2 0
Thus, if D, <0, then D, >0, if D, <0, then D, >0 or D, and
D, both can be non-negative (means positive or zero).
(b) If D, + D, <0, then atleast one of D; and D, <0

Thus, if D; >0, then D, <0, if D, > 0, then D, <0 or D; and
D, both can be negative.

Roots Under Particular Conditions

For the quadratic equation ax® + bx + ¢ = 0.

(1) If a> 0and b = 0, roots are real/complex according as ¢ <0 or ¢> 0.
These roots are equal in magnitude but of opposite sign.
(1) If ¢ = 0, one root is zero, other is — b/ a.
@i11) If b = ¢ =0, both roots are zero.
(iv) If a = ¢, roots are reciprocal to each other.
V) Ifa >0, e< OB O Roots are of opposite sign.
a<0, c¢>00

>0, b>0, ¢c>0 . .
(vi) If “ ¢ ED Both roots are negative, provided D = 0
a<0, b<0, c<0Q

win) 6970 050 e> 00 o roots are positive, provided D= 0
a<0, b>0, c<0f
(viii) If sign of @ = sign of b # sign of ¢
O Greater root in magnitude is negative.
(ix) If sign of b = sign of ¢ # sign of a
O Greater root in magnitude is positive.

x) Ifa+b+c¢ =00 One root is 1 and second root is c/a.
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Relation between Roots and Coefficients

1. Quadratic Equation
If roots of quadratic equation ax® + bx + ¢ =0(a #0) are o and B, then
b _ _ coefficient of x

Sum of roots =S =a +p=—— = oeclent ot

a coefficient of x
tt

Product of roots = P =a [P = ¢ _ constant term

a coefficient of x>
VD

Also, [a =B | =—
lal
2. Cubic Equation

If a,B and y are the roots of cubic equation ax® + bx? + cx +d =0.

Then, Z a=a+p +y:_9
a

= =°

> OB =of +Py +ya=—
0(By=—g
a

3. Biquadratic Equation
If a,B,y and 0 are the roots of the biquadratic equation
ax? + bx® + cx? +dx +e =0, then

S;=a+p +y +6:—é,
a

S, =ap +ay +ad + Py +B5+V5:(—1)2£ _c
a a
or  Sy=(@+B)(y+d+ap+yd="
a
S =0y + Byd+ yda+ aBé:(—1)3§ =9
a a

or SS:aB(y+6)+yaq+B):_g
a

and S,=aBrymd=(-1)*%=¢
a a
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Symmetric Roots
If the roots of quadratic equation ax® + bx + ¢ =0(a #0) are a and B,
then

() @ -p)= W m +r

Zac

(i) a® +p? =(a +p)* - 20B =

2_
(i) a? -p? =(a +B)W_+b b 4ac 11;\2/5

(IV) C(3 +B3 :(ﬂ +B)3 —BGB(G +B) = _b(b2(;33(10)

2 2 _
() o - =@ -B)’ +3ap@ —p) == T TN Tdac
a

(i) at +B* ={@ +B)’ ~20B}” ~ 1 P> = Wﬁz-%ﬁ
a

a
2 _ 2 _
(i)t —BY = @ B @? +p) = 2720000~ dac
a

b - ac

(vii)) a® +ap +B* =(a +B)* -ap =

(o &+ B o0 B _(@+B)’ -2aB _ b - 2ac
ap et ac

() a’B+BZa=aB@ +B) = —2<
a

) %D N %DZ a +[3 _ (@ +p%? - 20 2B _ 0°D + 2d°c?

G2BZ a202

Formation of Polynomial Equation from Given Roots
If a,, ay, aj,..., a, are the roots of an nth degree equation, then the
equation is x" —S;x" 1 +S,x" % = Syx" P .. H -1)"S, =0, where S,
denotes the sum of the products of roots taken n at a time.

1. Quadratic Equation

If a and B are the roots of a quadratic equation, then the equation is
x%- 8,x+S, =0, where S, = sum of roots and S, = multiplication of roots.

ie. x? = (a+B)x+ap =0.
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2. Cubic Equation
If a, B and y are the roots of cubic equation, then the equation is
x* = Sx? +Syx —S; =0

ie. K —(@+B+yw? +H(aB+By +ya )y —afy D

3. Biquadratic Equation

If a,8,yand d are the roots of a biquadratic equation, then the
equation is
x* =86 +Syx” —Syx +S, =0
ie. at-(@+B+y+x> +Hap +By +yd+ad +Pd+ oy’
—(oBy +aBd +Byd + ydgx +afyd H

Equation in Terms of the Roots of another Equation

If a,B are roots of the equation ax®+ bx +c¢ =0, then the equation
whose roots are

@) -o,-B0ax: b & 0 [replace x by -]
() a™”,B";n OND a(x'"¥ b('%) = 0 [replace x by xV"]
(ii) ko, kB O ax* kbt k% 0 [replace x by x / ]
(v) B+ o, k+B 0 alx - k> +b(x —k) +¢ =0 [replace x by (x — k)]
W) %,% O Kax% kbt & 0 [replace x by kx]
i) oa/" BY" n OND a(x™) + b(x") +¢ =0 [replace x by x™ ]

The quadratic function f(x)=ax?+2hxy +by? +2gx +2fy +¢ is
always resolvable into linear factor, iff
abe + 2fgh — af* - bg® —ch® =0
a h g
or h b f|=0
g f c

Condition for Common Roots in Quadratic Equations

1. Only One Root is Common
If a is the common root of quadratic equations a;x* + bx + ¢, =0 and
agx® + byx + ¢y =0, then a,0%+ ba + ¢, = 0 and a,a®+ bya + ¢y = 0.
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By Cramer’s Rule
2

a _ a 1
- b a —q a b
—cy by Ay T Cy a, by
a? a 1
01‘ = =
bicy = byey  agey — ey arby —aghy
ayC — a4 C Cy — by
0 a = %4 0'1221312 29 o 20

@by = azby  aye — a0

Hence, the condition for only one root common is

(qay = Cza1)2 =(bey = byey)(ayby —agby)

2. Both Roots are Common
The required condition is

ay by ¢

(1) To find the common roots of two equations, make the coefficient
of second degree term in the two equations equal and subtract.

The value of x obtained is the required common root.

(i) Two different quadratic equations with rational coefficient can
not have single common root which is complex or irrational as

imaginary and surd roots always occur in pair.

Properties of Polynomial Equation

1. Let f(x) = Obe a polynomial equation, then we have the following

results.

(1) f(a)f(b)< 0, then atleast one or in general odd number of

roots of the equation f(x) = 0 lies between a and b.

Y =
vA fa)=+ve , fla)=+ve

f(b) = ~ve fib) = ~ve
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(1)) f(a)f(b)> 0, then in general even number of roots of the
equation f(x) = 0 lies between a and b or no root exist.

(111) f(a) = f(b), then there exists a point ¢ between a and b such
that /' (¢)= 0,a< c<b.
2. Repeated roots A polynomial equation f(x) = 0 has exactly n
roots equal to a if f(@) = f' @)= f"@)...= f*'@)=0and

(@)% 0.
(i) If the roots of the quadratic equation a,x* + byx + ¢, =0,
ayx? + byx + ¢, =0 are in the same ratio %.e. % - aﬁ@ then
Bi B
E - %G
b; ) asey

(1) If one root is %k times the other root of the quadratic equation
ax® + bx + ¢ =0 ,then

R+ _ b
k ac’

Quadratic Expression

An expression of the form ax? + bx + ¢, where a,b,¢c0R and a # 0 is
called a quadratic expression in x.

1. Graph of a Quadratic Expression

We have,
y=ax? +bx +c =f(x)
0
y:a +iD2—£D
2a 4a2@
D_n0.b0
| +—=ax +—
J 4a ﬁc 2aE
Let y+£:Yandx+i:X
4a 2a
2 2 Y
Y=alX*0OX= —
a

(1) The graph of the curve y = f(x)is parabolic.

(1) The axis of parabola is X =0 or x + 2i =0 1.e., parallel to
a

Y-axis.
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@i11) If @ > 0, then the parabola opens upward.

If a < 0, then the parabola opens downward.

X-axis
a>0,D<0 ////—\\\\\3<QD<O

X-axis

2. Position of y = ax? + bx +c with Respect to Axes
(1) For D > 0, parabola cuts X-axis and has two real and distinct
-b+D

points i.e. x =

2a
a<0 D>0
\ / X-axis
X-axis / \
0

a>0 D>
(i1) For D = 0, parabola touch X-axis in one point, x = — 2i
a
0 =
K / / N o
> X-axis / \
a>0 D=0

(i11) For D < 0, parabola does not cut X-axis (i.e. imaginary value
of x).

a<o0
U N -
X-axis /\

a>0 D<0

3. Maximum and Minimum Values of Quadratic
Expression

(1) If a > 0, quadratic expression has least value at x = ;—b This least

a
_ 2
dac = b7 =- 42 But their is no greatest value.

value is given by
4a a
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(11) If a < 0, quadratic expression has greatest value at x = — —Zb .This
a
2
dac=b" _ _ 42 But their is no least

greatest value is given by
4a a

value.

4. Sign of Quadratic Expression
(1) a>0and D <0, so f(x)> 0 for all x DR i.e. f(x)is positive for all
real values of x.
(i) a<0and D <0, so f(x)< 0for all x R i.e. f(x)is negative for all
real values of x.
@i11) a>0and D =0, so f(x)= 0 for all x DR i.e. f(x)is positive for all
real values of x except at vertex, where f(x) = 0.
@iv) a<0and D =0, so f(x)< 0 for all x DR i.e. f(x)1s negative for all
real values of x except at vertex, where f(x) = 0.
v) a>0and D>0
Let f(x) = 0 have two real roots a and 3 (a <), then f(x)> 0 for
x0€ o ,af] (@ )and f(x)< 0 for all x O(a,P).
(vi) a<0and D>0

Let f(x) = 0 have two real roots o and 3 (0 <), then, f(x)< 0 for
all x0¢ o ,a)X] (& )and f(x)> 0for all x O(a,B).

5. Intervals of Roots
In some problems, we want the roots of the equation ax?® + bx + ¢ =0 to
lie in a given interval. For this we impose conditions on a, b and c.

. b
Since, a # 0, we can take f(x) =x? + —x + <
a a
(1) Both the roots are positive i.e., they lie in (0, ), iff roots are real,
the sum of the roots as well as the product of the roots is positive.

fe.  a+B="C>0andap =< >0with b’ - 4ac> 0
a a

Similarly, both the roots are negative i.e. they lie in (- o, 0), iff
roots are real, the sum of the roots is negative and the product of
the roots is positive.

ie. o +pB :_—b<0anda[3:£>0withb2—4aczO
a a
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(i) Both the roots are greater than a given number k, iff the
following conditions are satisfied

D> O,_—b> kand af(k)> 0
2a

RNV Y

I
|
1
k  (=bl2a) k

(i11) Both the roots are less than a given number k, iff the following
conditions are satisfied

D> 0,22 < kand af(k)> 0
2a

(iv) Both the roots lie in a given interval (%, k), iff the following
conditions are satisfied

D2 0,1 <2<y and af(h)> 0,af(l) >0
a
or f(k) O (k) >0

| | \\ //
X' \. : X X' : (_bl/za) : X
ka

ki (-bl2a) ke kq |

(v) Exactly one of the roots lie in a given interval (&, k), iff D > 0 and
f(ky) f(ky) < 0.

N NPV N S

k1 1 1 k2

(vi) A given number k lies between the roots, iff af(k)< 0 and D > 0.

A

Note The roots of the equation will be of opposite sign, iff 0 lies between the
roots.
O af(0)<0, D >0
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Descarte’s Rule of Signs

The maximum number of positive real roots of a polynomial equation
f(x) = 0 is the number of changes of sign in f(x).

The maximum number of negative real roots of a polynomial equation
f(x) = 0 1s the number of changes of sign in f(-x).

Lagrange’s Identity
If a1, a9, 05, b, by, b OR, then
(af + a3 +a) (] +b5 +b)) ~(anby +ashy +ayby)”
= (aby = ashy)® +(aby —agby)” +(azby —ayby)?

Important Points about Roots of Algebraic Equation

(i) Anequation of degree n has n roots, real or imaginary.
(i) Irrational roots of a polynomial equation with rational coefficients, always
occurs in a pair, e.g. if 2+ J3is aroot, then 2 —+/3 is also its root.
(iii) Imaginary roots of a polynomial equation with real coefficients always
occur in a pair e.q. if (+/2 ++/3i)is a root, then (v'2 =+/31) is also its root.

(iv) An odd degree equation has atleast one real root whose sign is opposite
to that of its last term (constant term), provided that the coefficient of
highest degree term is positive.

(v) Every equation of an even degree whose constant term is negative and
the coefficient of highest degree term is positive has atleast two real
roots, one positive and one negative.

(vi) If an equation has only one change of sign, then it has one positive root.

(vii) If all the terms of an equation are positive and the equation involves
no odd powers of x, then all its roots are complex.

(viii) Ifall the terms of an equation are positive and equation involves only odd
power of x, then O is the only real root.

Inequality
A statement involving the symbols >, <, < or = is called an inequality
or inequation.

Here, the symbols < (less than), > (greater than), < (less than or equal
to) and = (greater than or equal to) are known as symbol of
inequalities.

e.g. b< T, x<2, x+y=>11

Types of Inequalities

(1) Numerical inequality An inequality which does not involve
any variable is called a numerical inequality.
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e.g. 4>2 8<21
(i1) Literal inequality An inequality which have variables is
called literal inequality.
e.g. x<T7,y21l,x—-y<4
(ii1) Strictinequality Aninequality which have only <or >1is called
strict inequality.
e.g. 3x+y<0 x>7
(iv) Slack inequality An inequality which have only
> or < is called slack inequality.
e.g. 3x+2y<0,y=24

Linear Inequality

An inequality is said to be linear, if the variable (s) occurs in first
degree only and there is no term involving the product of the variables.
eg ax+b<0,ax+by+c>0, ax< 4

Linear Inequality in One Variable

A linear inequality which has only one variable, is called linear
inequality in one variable.

e.g. ax+ b<0,wherea#0

Linear Inequality in Two Variables

A linear inequality which have only two variables, is called linear
inequality in two variables.

e.g. 3x+11y<0, 4t+3y>0

Concept of Intervals on a Number Line

On number line or real line, various types of infinite subsets, known as
intervals, are defined below

Closed Interval
The set of all real numbers x, such that a<x< b, is called a closed
interval and is denoted by [a, b].

On the number line, [a, b] may be represented as follows

asxs<b

Open Interval
The set of all real numbers x, such that a<x<b, is called an open
interval and is denoted by (a, b) or ]a, b .
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On the number line, (a, b) may be represented as follows

a<x<b
— ©o

a b

Semi-open or Semi-closed Intervals
Here, (a,b] ={x:a<x<b,x OR} and [a,b)={x:a<x<b,x OR}
are known as semi-open or semi-closed intervals.

a<xs<b
— o0 <)
a (@, b] b
asx<b
— 0 [
a [a, b) b

Solution of an Inequality

Any solution of an inequality is the value(s) of variable(s) which makes
it a true statement.

1. Addition or Subtraction

Some number may be added (or subtracted) to (from) both sides of an
inequality i.e. if a > b, then for any number c,

a+c>b+cora-c>b-c

2. Multiplication or Division
Let a, b and ¢ be three real numbers, such that a > b and ¢ # 0.

@ If ¢>0, theng>éand ac> be.
c c

(1) Ifa>band c<0, theng<éandac< be.
c c

Solution Set

The set of all solutions of an inequality is called the solution set of the
inequality.

Algebraic Solution of Linear Inequalities in One Variable

Any solution of an linear inequality in one variable is a value of the
variable which makes it a true statement.

e.g. x = 11is the solution of the linear inequality 4x + 7> 0.
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Solution of System of Linear Inequalities in One Variable

The common point which satisfy both the inequations is said to be the
solution of system of equation.

Important Point to be Remembered
ax® +bx +¢

2

To find the values attained by rational expression of the form
GLX°+bx t ¢

for real values of x, proceed as follows
(a) Equate the given rational expression to y.

a
(b) Obtain a quadratic equation in x by simplifying the expression.
(c) Obtain the discriminant of the quadratic equation.
(d) Put discriminant = 0 and solve the inequation for y.

The values of y, so obtained determines the set of values attained by the
given rational expression.

Inequation Containing Absolute Value
G)lxl<aF & % a(e 0)
@) |xlcsal & £ a(a>0)
@) |x|>a 0l £ - aorx>a(a>0)
V) |lxlz2a0 x<-aorx=a(a>0)
Important Inequalities
1. Arithmetic, Geometric and Harmonic Mean Inequalities
G) If a, b> 0, then 2 bodabs 2
2 (1/ a)+(1/ b)
@) If @; > 0,where i =1,2,3,..., n, then

+ +...0t n
HQTB T T s (g Th, O...0a, )" 2
1 2 n
n 1 1 1
e e ST
4 an
(i) Ifaq,a,,...,a, are n positive real numbers and m,, ms,..., m, are

n positive rational numbers, then
1

mya,t+ mqyay t...tm,a, S (al'"l Dﬁl;nQ 0 Dlm”)ml + mg +.tmy,
> ..La,

m; + my +...+m,

ie. Weighted AM = Weighted GM
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—

i)
(ii)
(iii)

(iv)

(vi)

(vii)

(viii)

(ix)

(xi)

(xii)

Important Points to be Remembered
Ifa>bandb >c, thena>c.Generally,ifa, >a,,a, >a;,...,a,_, >a,, then
a, >a,.
Ifa>b,thenaxc>b+c,0d R
b

(@ Ifa>bandm>0,am >bm,g >—
m m

(b) If a>bandm <0, bm>am,£>g

m m
Ifa>b>0,then
(@ a >b7 (b)[a] > 6] @L<t
a b
Ifa<b <0, then
@ o >b? (b) [a] > b] ©L>1
a b

If a <0 <b, then

(a)a® >b?,if|a| >|b|

(b) a® <b?,if|a| <|b|

If a <x <b and g, b are positive real numbers, then a* <x? <b?

If a <x <band ais negative number and b is positive number, then
@ 0<x><b?,if |b|>[a|

(b)0<x*><d,if |a|>|b|
Ifg>0,then
b

(@)a>0, ifb>0

(b)a<0,ifb<0

If a; >b, >0, wherei=1,2,3,...,n,then
G,05...a, >bbb;...b,

If a; >b;, wherei =1,2,3,...,n,then

at+a,+a;+...+a, >b +b, +... +b,

If 0 <a <1and nis a positive rational number, then

(@0<a"<1  (b)a">1




Sequences
and Series

Sequence

Sequence is a function whose domain is the set of natural numbers or
some subset of the type {1,2,3,...,k}. We represents the images of
1,2,8,...,n,..as fi,fo, f-es f,--., where f, = f(n).

In other words, a sequence is an arrangement of numbers in definite
order according to some rule.

e A sequence containing a finite number of terms is called a finite
sequence.

e A sequence containing an infinite number of terms is called an
infinite sequence.

e A sequence whose range is a subset of real number R, is called a
real sequence.

Progression
A sequence whose terms follow a certain pattern is called a progression.

Series

If a,,09,05,...,q,,... 1s a sequence, then the sum expressed as

a +a, tag +...+a,+.. 1is called a series.

e A series having finite number of terms is called finite series.

e A series having infinite number of terms is called infinite series.

Arithmetic Progression (AP)

A sequence in which terms increase or decrease regularly by a fixed
number. This fixed number is called the common difference of AP.
eg.a, a+d, a+2d,.. is an AP, where a = first term and d = common
difference.
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nth Term (or General Term) of an AP
If a is the first term, d is the common difference and [/ is the last term
of an AP, i.e. the given AP is a,a +d,a + 2d,a + 3d,..., [, then

(a) nthtermis givenbya, =a +(n —1)d

(b) nthterm of an AP from the last termis givenbya, =1 —-(n —1)d

Note
() a +a,=a+l
i.e. nth term from the begining + nth term from the end

= first term + last term
(i) Common difference of an AP

d=a,-a,_4,0n>1
(i) 8 = [k +3pesd k<

Properties of Arithmetic Progression
(1) If a constant is added or subtracted from each term of an AP, then
the resulting sequence is also an AP with same common
difference.

(1) If each term of an AP is multiplied or divided by a non-zero
constant %, then the resulting sequence is also an AP, with

common difference kd or 2 respectively, where d = common

difference of given AP.

(i) Ifa,,a, ,, and q, , , are three consecutive terms of an AP, then
2an+1 =a, ta, .,

(iv) If the terms of an AP are chosen at regular intervals, then they
form an AP.

(v) If a sequence is an AP, then its nth term is a linear expression in
n, i.e. its nth term is given by An + B, where A and B are
constants and A = common difference.

Selection of Terms in an AP
(1) Any three terms in AP can be taken as
(a=-d),a, (a+d)
(1) Any four terms in AP can be taken as
(a-3d),(a-d),(a +d),(a +3d)
(i11) Any five terms in AP can be taken as
(a-2d),(a -d),a,(a +d),(a +2d)
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Sum of First n Terms of an AP
Sum of first n terms of AP, is given by

S, :%[m +(n -1)d] =" [a + 1], where [ = last term
Note
(i) A sequence is an AP iff the sum of its first n terms is of the form
An? + Bn,where Aand Bare constants and common difference in such
case will be 2A.
(i) a, =S, =-S,_qie.
nth term of AP = Sum of first n terms — Sum of first (n — 1) terms

Arithmetic Mean (AM)
(1) Ifa, Aand b arein AP, then Ais called the arithmetic mean of a

and b and it is given by A = a ; b
1) Ifay,ay,as,...,a, are n numbers, then their AM is given by,
A= a tay,+..ta,
n
(i) Ifa, Ay, Ay, As, ..., A, ,bare in AP, then
(@ A, Ay A,,... A, are called n arithmetic mean between a
and b, where
A=a+d-= na+b
n+l
(n-1)a +2b
=a+2d =—""—
4 n+1l
A, :a+nd:a+nb andd:b_a
n+l n+l

(b) Sum of n AM’s between a and b is nA

fe. A +A,+A, +.. +A =nA where A= 2*0
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Important Results on AP
(i) Ifa,=qganda, =p,thena,,,=0,a, =p+q-r
(i) Ifpa, =qa, thena,, ,=0
(i) Ifa,=—anda, =—, thena,, =1
p

(iv) IfS,=qandS,=p, thenS, . =—(p +q
(v) IfS, =S, thenS,, =0
(vi) If a®,b% and c? are in AP, then
1 1 1 a b c
. , and , ,
b+cc+aa+b b+c c+a a+b
(vii) If ay, ay,.., a, are the non-zero terms of an AP, then

1 1 1 n-1
—+ + ot =

GG, Gad3 430, dp1G, &4,

both are also in AP.

Geometric Progression GP

A sequence in which the ratio of any term (except first term) to its just
preceding term is constant throughout. The constant ratio is called
common ratio ().

. a
Le. “ntl = On21
an

If a 1s the first term, r is the common ratio and [ is the last term of a
GP, then the GP can be written as a, ar, ar?,...,ar™ %, ... L

nth Term (or General Term) of a GP

If a is the first term, r is the common ratio and [ is the last term, then
(i) nth term of a GP from the beginning is given by a,, = ar” ~*

(1) nth term of a GP from the end is given by a,, =

n-1
(iii) The nth term from the end of a finite GP consisting of m terms
isar™ ",
@) a,aqa, =al
i.e. nth term from the beginning x nth term from the end
= first term x last term

Properties of Geometric Progression

(1) If all the terms of GP are multiplied or divided by same non-zero
constant, then the resulting sequence is also a GP with the same
common ratio.

(1) The reciprocal of terms of a given GP also form a GP.
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(i11) If each term of a GP is raised to same power, then the resulting
sequence also forms a GP.
@iv) If the terms of a GP are chosen at regular intervals, then the
resulting sequence is also a GP.
) If a;,a4,05,....,a, are non-zero and non-negative term of a GP,
then log a;, loga,, log a; ,... ,log a, are in an AP and vice-versa.

(vi) If @, b and ¢ are three consecutive terms of a GP, then b? = ac.

Selection of Terms in a GP

(1) Any three terms in a GP can be taken as a ,aand ar.
r

(i1) Any four terms in a GP can be taken as ,ar and ar®.

’

‘Qxco‘g
REESIEE

,a,ar and ar’.

’

(ii1) Any five terms in a GP can be taken as

~
Do

Sum of First n Terms of a GP
(1) Sum of first n terms of a GP is given by
Oa@-r")

0 — Jifr <1
0 1-r
S, =Hat" =1 ity >1
o r-1"~
a
H na, ifr=1
.. _a-lIr _Ir-a
@) S, = ,r<lorS, = ,r>1
1-r r—1

where, [ = last term of the GP

Sum of Infinite Terms of a GP

@G) If |r|<1, then S, = —2%

1-r
(1) If |r|=1,then S, does not exist.

Geometric Mean GM
(1) Ifa,G, barein GP, then G is called the geometric mean of @ and
b and is given by G = Jab.
(i) GM of n positive numbers q,,a,,0;,...,a, are given by
G =(q,ay...a,)""
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i) Ifa,G,,Gy,Gs,...,G,, bare in GP, then
@) G;,Gy,G;,...,G,, are called n GM’s between a and b, where

Glzar:a%giﬂ,

n 1
G, =ar" = a%@nﬂ and r = %@nﬂ

(b) Product of n GM’s,
G, x Gy x Gy x... xG, =G", where G =+/ab

Important Results on GP
1
n=-qlp—q
() Ifa,=xanda, =y, thena, = _ Hp q
0" PO

(i) ifa,,,=panda,_, =q,then

m
o
n=+pganda, =p%5 ’
(iii) If a, band c are the pth, gth and rth terms of a GP, then
a?77 " xb" P xcPTI =1

(iv) Sum of nterms ofb + bb + bbb +.

n_
n_gEhom L Db—12 o
90 9

(v) Sum of ntermsof OB+ 0[Bb + 0[Bbb +...is

_bd (=100
—th-——0b=12,...,9
Gn “9Q 9 Et

=

ifa,, a,,0,...,a,and b, b, bs,..., b, are in GP, then the sequence
a,xb,a, £b), a; = by...willnot be a GP.

If pth, gth and rth term of geometric progression are also in geometric
progression, then p, g and r are in arithmetic progression.

(vi

=

(vii

Ifa, band care in AP as well as in GP, thena =b =c.

=

(viii

If a, b and care in AP, then x?, x® and x€ are in geometric progression.

<

(ix
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Harmonic Progression (HP)
A sequence q,,a,, 0,..., Q,,,... of non-zero numbers is called a Harmonic

Progression (HP), if the sequence € i l ,i,... is in AP.

a’ay o a,
nth Term (or General Term) of Harmonic Progression

(1) nth term of the HP from the beginning
1

1 m-pHL - 18

a i, ~ o
_ a; Gy

ag+(n—-1)(a —ay)

(i1) nth term of the HP from the end
1 a aql

*‘(”‘1)37 1|] aay —l(n —1)(q —ay)

where [ is the last term.

a, =

-
a, =

11 _1 1. 1 1
(ii1) — + =+ = +
a, a, a | Firsttermof HP Last term of HP
@iv) a, = ;, if a,d are the first term and common difference
+(n -1)d

of the corresponding AP.
Note There is no formula for determining the sum of harmonic series.

Harmonic Mean

(1) If a,H and b are in HP, then H is called the harmonic mean of
2ab

a+b

a and b and is given by H =

(i) Harmonic Mean (HM) of a;, a5, a,..., @, is given by

1_101 .1 .1 10
— == Lt

H nlo a o an
i) If a,H,,H,,H,,.....,H,,b are in HP, then
(a) H,,H,,H,,...,H,

are called n harmonic means between a and b, where
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H, = (n + l)ab7
a+nb
(n +1)ab

" 2a+(n-1b
(n+1)ab
3a+(n-2)b

2

5 =

_ (n+1)ab _ (n +1)ab
" na+(n-(n-1)>b na+b
1 1 1 1 n 2ab

(b) —+ —+—+..+—— =— where H =
H, H, H; H, H atb

n

Important Results on HP

() IfinaHP,a,, =nanda, =m, then
_ mn _ _mn

[ 'amn_1'ap_
m+n p

(i) IfinaHP,a,=qgranda, =pr,
thena, =pq

(iii) If His HM between a and b, then
(a) (H=2a)(H = 2b) =H?

1 + 1 1 + 1

(b)

H-a H-b a b
H+a H+b
. _

=2
H-a H-b

(0

Properties of AM, GM and HM between Two Numbers

1. If A, G and H are arithmetic, geometric and harmonic means of
two positive numbers a and b, then

(i)A:a"'b’G:m’H: 2ab
a+b
(i) A=G=H
(i) G = AH and so A,G,H are in GP.
04, ifn=0
n+l n+l
(iv) w:@;, T
0H, ifn=-1
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2. If A,G,H are AM, GM and HM of three positive numbers
a, b and ¢, then the equation having a, b and ¢ as its root is
3
x® - 3Ax* +£3¢—G3 =0
H

where, A= %M, G = (abe)"?

o110

O-+—+-0

and l_ma b cp
H o 3 ¢

O O

3. If number of terms in AP/GP/HP are odd, then AM/GM/HM of
first and last term is middle term of progression.

4. If A, Ay be two AM’s, G;, Gy be two GM’s and H,, H, be two HM’s
between two numbers ¢ and b, then

GGy, _ A+ A
H\H, H,+H,

Arithmetic-Geometric Progression

A sequence in which every term is a product of corresponding term of
AP and GP is known as arithmetic-geometric progression.

The series may be written as
a,(a+d)r,(a+2d)r?(a+3d)r®,... [a +(n ~1)d]r"!
a . dr(1-r""1 _Ha+(n-1dir"

Then, S, = Jifr#1
1-r 1-r)? 1-r
Sn:%[2a+(n—1)d],ifr:1
Also, S, = a +L2,if|r|<1
1-r (1-r)

Method of Difference

Let a; + a4 + a3 +... be a given series.

Case 1 If a, — a;,a5 —a,,... are in AP or GP, then a, and S, can be
found by the method of difference.

Clearly, S

or S, = a taytag +...ta, ; ta,

L =a ta, tay ta, +... +a,
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So, S,-8, =q; +(a, —ay) +(az —ay) +(a, —a3) Ha, -a,_;)-a,
a a, =a; t(ay —ap) +(as —ay) +... +(a, —-a,_;)
0 a, =ay +T) +T, +T; +... +T, _,

where, 17,7y, T;,... are terms of new series and S,, = Za,,

Case II It is not always necessary that the sequence of first order of
differences i.e. ay —a;,a3 —ay,...,a, —a,_;,... is always in AP or in
GP. In such cases, we proceed as follows.

Let a,=T,,ay —a; =Ty,a3 —ay =13,...,a, —a,_, =T,
So, a, =T +Ty, +...+T, ..@)
a, = TV+Ty +...+T,_, +T, ...(11)
On subtracting Eq. () from Eq. (i1), we get
T, =T, +(Ty = T) +(Ty =Ty) +... +T, ~T,_))
Now, the series (T, = T7) + (T3 - T,) +... +(T,, —T,_,)1is series of second
order of differences and if it is either in AP or in GP, then a, = XT,.

Otherwise, in the similar way, we find series of higher order of
differences and the nth term of the series.

Exponential Series

The sum of the series 1+l+l +i +l +... © is denoted by the
1 2! 3! 4!

number e.

O e:1+1+1+1+1+

1 2! 3! 4
(i) elies between 2 and 3.

(1) e is an irrational number.

2 3

Gi)e" =1+ +X +% 4 o xOR
11 2! 3!
2 3

@iv) e’ ==X X oo, x OR
11 2! 3!

a
(v) For any a > 0, a* = e" 8¢

2 3
=1+ x(log, a)+%(loge a)? +%(loge aP +.. 0, x0OR
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Logarithmic Series
N log (1 0 ! 1 <1
+x)=x -+ -2+ -1<
@) log,(1+x)=x 5 o . oq ( x<1)

z< 1>”‘1x—< 1<x<1)

n=1
2 .3 4
(i) log, (l—x):—x—x2 —% —% - q(-1gx<1)
R
O —loge(l—x):x+—+E +Z+ (-1gx<1)
O 3 5 O
(111)loge§J§:2D»c+xf+xf+ o] (-1<x<1)
x 0 3 5 O
1 1 1 1
iv) log,2=1--+--—+=- -,
(iv) log, st3 17
Some Important Series
1 —ze=
()nZO n! nz:1 (n-1)! Zh (n - k!
= 1 1 1 1 o
R A TR TR
o021 1011 o
(ii1) nzzm—a ETRY =e -2
= 1 1 1 1
1 =— — =e -1
( )nZO (n+1)! 1! 2! 3!
1 1 1 1
\4 = =— +—+— + 0 =¢ —2
©) Z: (n +1)! Zo(n+2)! 21 3! 4!
S S e+el _ 2 1
+— + 4, = =
) z (2 )' 2! 4! 6! 2 nzﬂ (2n - 2)!
_ -1 )
(vii) z RN N +..=£7¢ - z !
(2n—1)' 1! 3! 5! 2 =0 2n +1)!
w _ g, @) (@) | (a0 (ax)"
(viil) e™ =1 +-—= + +... + +... ©

1! 2! 31 !
(lx)znl: :zni
n=0 =1
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=) 2 00 2
n n
(x) —=2e= —
nZO n! nz=1 n!
o 3 00 3
. n n
x) Y —=be=y —
nZO n! nzl n!
o0 4 ) 4
i) Y P —15e= > n
n=o ! n=1 1 !
n n n
i) Y (¢, £8)=Y @, 3 b
r=1 r=1 r=1

(xiv) i ka, = kiar
r=1 r=1

n

(xv) Z k=Fk+Fk +...ntimes = n.k, where kis a constant.
r=1

_n(n+1)

n
(xvi) r=1+2+...+n
rZI 2

(xvii) Sum of first n even natural numbers.
Le.2+4+6+... +2n =n(n +1)

(xviil) Sum of first n odd natural numbers.
ie.1+3+5+...+(2n 1) =n?

o _n(n+1)(2n +1)

(xix) r2=12+22+32 +... +n
2 6

n h(n + 1T
(xx) PP+ +3 + w0 =
2 H 2 H

4 _n(n+1)(6n° +9n% +n -1)

(xxi) rt=1t+2t+3  +.. +n
r=1 30

(xxi1) Sum of n terms of series
12-22+38% -4 +5% -6 +7% -8% +...

Case I When nisodd = nn+1)
Case Il When niseven = w

n
(xxiii) 2 Zai a;=(aq +ay +... +a,)’ —(af +a3 +.. +a))
i<7=1

73



Permutations and
Combinations

Fundamental Principles of Counting

There are two Fundamental Principles of Counting

1. Multiplication Principle

If first operation can be performed in m ways and then a second
operation can be performed in n ways. Then, the two operations taken
together can be performed in mn ways. This can be extended to any
finite number of operations.

2. Addition Principle

If an operation can be performed in m ways and another operation,
which is independent of the first, can be performed in n ways. Then,
either of the two operations can be performed in m + n ways. This can
be extended to any finite number of mutually exclusive events.

Factorial

For any natural number n, we define factorial as
n!or |[n =n(n-1)(n-2)...3x2x1
The rotation n ! represent the present of first n natural numbers.

Important Results Related to Factorial
@@ 0!'=1!=1
(1) Factorials of negative integers and fractions are not defined.
@) n!l=nm-1)!=nn -1)(n -2)!

@iv) n—'!: nn -1)(n =2)---(r +1)
r!

(v) n!+ 1is not divisible by any natural number between 2 and n.
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Exponent of a Prime p in n!
If p is prime and p” divides n!, then maximum exponent of prime p in

n!is given by
(hO, On O, On 0O

B BB BeH B

Permutation

Each of the different arrangement which can be made by taking some
or all of a number of things is called a permutation.

Mathematically The number of ways of arranging n distinct
objects in a row taking r (0<r < n) at a time is denoted by P(n ,r)
or"P.

!

Le. "P. .= n
(n-r)!

Properties of Permutation
@ "P,=n(n-1)(n -2)...1 =n!
(i) "P,= oy
n!

Gii) "P, = n

@v) "P,_y=n!

™ "P=n07'P_=n(n-1)0 P _,=n(n-1)(n-2)0 °P,_,
(i) "R 4r TP ="P

r
n

(Vii)n ' =n-r+1
r—1

Important Results on Permutation
(1) The number of permutations of n different things taken r at
a time, when each thing may be repeated any number of times
isn'.
(i1) The number of permutations of n different objects taken r at a

time, where 0<r<n and the objects do not repeat, is
n(n —1)(n - 2)...(n —r +1),which is denoted by " P, or P(n,r).

(ii1) The number of permutations of n different things taken all at a
timeis "P, = n!.
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(iv) The number of permutations of n things taken all at a time, in
which p are alike of one kind, q are alike of second kind and r are
alike of third kind and rest are different is

n!
plg'r!
(v) The number of permutations of n things taken all at a time, in
which p, are alike of one kind p, are alike of second kind, p; are
alike of third kind,..., p, are alike of rth kind and

Pt Dyt st tp, =nis

n!
1 p ! p! '
oo !l p!

Restricted Permutation
(1) Number of permutations of n different things taken r at a time,

(a) when a particular thing is to be included in each arrangement
isr P _,.

(b) when a particular thing is always excluded is " ~ 1Pr.

(1) Number of permutations of n different objects taken r at a time in
which m particular objects are always

(a) excluded="""P, (b) included ="""P, _, xr!

(iii) Number of permutations of n different things taken all at a

time, when m specified things always come together is
m!(n—-m+1)!.

(iv) Number of permutations of n different things taken all at a time,

when m specified things never come together is
n!l-m!x(n-m+1)!.
(v) Number of permutations of n different things, taken r at a time,

when p(p<r)particular things are to be always included in each
arrangement is pl{r —(p - 1)} O7PP_,,.

Circular Permutation
In a circular permutation, firstly we fix the position of one of the
objects and then arrange the other objects in all possible ways.
(1) Number of circular permutations of n different things taken all
at a time is (n — 1)!. If clockwise and anti-clockwise orders are
taken as different.
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(i) Number of circular permutations of n different things taken all
at a time, when clockwise or anti-clockwise orders are not

different = %(n — )1

(111) Number of circular permutations of n different things taken r at

a time, when clockwise or anti-clockwise orders are taken as
n

different is

r

(iv) Number of circular permutations of n different things, taken r at

a time, when clockwise or anti-clockwise orders are not different
n
r

is
2r

(v) If we mark numbers 1 to n on chairs in a round table, then n
persons sitting around table is n!.

Combination

Each of the different groups or selections which can be made by some
or all of a number of given things without reference to the order of the
things in each group is called a combination.

Mathematically The number of combinations of n different things
taken r at a time is

!
C(n,r)or "C, orD D1e nc=—""__0<r<n

H B " rln-r)!
Properties of Combination
M "Co="C, =
@) "C,=n
@i) "C, ="C,_,
(iv) If "C, = "C,, then eitherr = porr + p=n
"P,
!
i) "C, +"C,_, ="*1C,

W) "C, =

i) nO7'C,_;=(n -r +1) "C,_,
n(n=1) ,-

r (r-1) "
(ix) "Cy+"Cy +"Cy +... +"C, =

no,-
(viii) ”C,Z;" c._, =



78  Handbook of Mathematics

(x) "Cy+ "Cy+"C, +...="C, +"Cy +... =2" 1
(Xl) 2n+ICO + 2n+1cv1 + 2n+lc2 +.. +2n+1 Cn :22n
(Xll) nCn + n+lcn + n+QCn +.. +2n_1Cn :2ncn+1
(xiii) If n is even, then the greatest value of "C, is "C, .

(xiv) If n is odd, then the greatest value of "C, is "C, )
2

Important Results on Combination
(1) The number of combinations of n different things taken r at a
time allowing repetitions is " " ~*C.,.

(i1) The total number of combinations of n different objects taken r at
a time in which

(a) m particular objects are excluded ="~ ™C,.
(b) m particular objects are included ="~ "C, _,

Important Points to be Remembered
1. Number of Functions

(i) If a set A has m elements and set B has n elements, then
(a) number of functions from A to Bis n™.
(b) number of one-one function from A to Bis " P, , m< n.

(¢c) number of onto functions from A to B is
n™ ="Ci(n -1)" +"Cy(n =2)™...;m <n.
(d) number of increasing (decreasing) functions from A to B is
> MS I
(e) number of non-increasing (non-decreasing) functions from A
to Bis """ "1C,,.

() number of bijective (one-one onto) functions from A to B is
n!, if m=n.
2. Use in Geometry
(1) Given, n distinct points in the plane, no three of which are
collinear, then the number of line segments formed = "C,,.

(i1) Given, n distinct points in the plane, in which m are collinear
(m = 3),then the number of line segments is (" C, — "C,) + 1.

(i11) Given, n distinct points in the plane, no three of which are
collinear, then the number of triangle formed = "C;
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(iv) Given, n distinct points in a plane, in which m are collinear
(m = 3), then the number of triangle formed = "C; - "C;

(v) The number of diagonals in a n-sided closed polygon = "C, — n
(vi) Given, n points on the circumference of a circle, then

(a) number of straight lines = "C,

(b) number of triangles = "C,

(c) number of quadrilaterals = "C,

n
(vil) Number of rectangles of any size in a square of n X n is Z r® and
r=1
n
number of square of any size is Z rZ.
r=1
(viii) In a rectangle of n x p(n < p), numbers of rectangles of any size

is "*1c, 0°*'C, [br njp(n +1)(p+1) and number of squares of

n
any size is Z(n +1-r)(p+1-r).
r=1

(ix) Suppose n straight lines are drawn in the plane such that no two
lines are parallel and no three lines are concurrent, then number
of parts which these divides the plane is equal to 1 + z n.

3. Prime Factors
Any natural number > 1, can be expressed as product of primes.

Let n= p'* py2 pi? ... pi’, where
p;,1=1,2,3,...,r, are prime numbers.
a;,1=1,2,3,...,r, are positive integers.

(1) Number of distinct positive integral divisors of n
(including 1 and n)is

@, + 1)@, + 1)@y +1)... @, +1).
11) Sum of distinct positive integral divisors of n 1s
(i) 8 £ dist; . 1 divi i
G770 (A2 (AT D (-
p-1 Py~ 1 py 1 p -1

(i11) Total number of divisors of n (excluding 1 and n), is
(a; + D@y, + D@y +1)...0, +1) -2
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(iv) Total number of divisors of n (excluding 1 or n), is
0;+D@, +DOg +1)...0, +1) -1

(v) The number of ways in which n can be resolved as a product of
two factors is

(a) %(O(1 + 1)@, + D@y +1)... @, +1),if n is not a perfect square.

(b) %[(al F 1)@y +1)@s +1)... @, +1) +1], if n is a perfect

square.

(vi) The number of ways in which 7 can be resolved into two factors
which are prime to each other is 2" !, where r is the number of
different factors in n.

4. Integral Solutions
(i) The number of integral solutions of
X, + %, +... +x, =n,where x;, %,,... £, 2 0is "*"'C _; or
nrelg
(i) Number of integral solutions of

- o -1
X% +xy +... tx, =n, where x, Xg,...,%, 21, is C._;.

5. Sum of Digits
(1) Sum of the numbers formed by taking all the given n digits
= (Sum of all the n digits) x (n —1)!x (111......1).
Nt

n-times
(i1) The sum of all digits in the unit place of all numbers formed with
the help of a, a,,...,a, all at a time (repetition of digits is not

allowed) is (n = 1)!(ay + ay +... +a,).
(i11) The sum of all digits of numbers that can be formed by using the
digits a4, a,,..., a, (repetition of digits is not allowed) is

" -10
(n -1 +ay +... +an)WD
O 0

6. Arrangements

(1) The number of ways in which m (one type of different things) and
n (another type of different things) can be arranged in a row so
that all the second type of things come together is n !(m + 1),
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(i1) The number of ways in which m (one type of different things) and
n (another type of different things) can be arranged in row so that
no two things of the same type come together is

2x m!n!, provided m =n

(i11) The number of ways in which m (one type of different things) and
n (another type of different things) (m = n), can be arranged in a
circle so that no two things of second type come together
(m-1)!™P, and when things of second type come together
=m!n!

(iv) The number of ways in which m things of one type and n things of
another type (all different) (m = n), can be arranged in the form of
a garland so that all the second type of things come together, is

1n!
M1 andifno two things of second type come together, is
(m-1!™P,
2

(v) If there are [ objects of one kind, m objects of second kind,
n objects of third kind and so on. Then, the number of possible
arrangements permutations of r objects out of these objects
= Coefficient of x" in the expansion of

0 2 ZDD 2 m ]
ro+ 2+ 4 +ipo+E+E 4 42O
g 1! 2! l'gg 1! 2! m!Q

2 n ]

|:1+£+x7 LD

o 1! 2! n!g

7. Dearrangements
If n distinct objects are arranged in a row, then the number of ways in

which they can be dearranged so that no one of them occupies the
1 1 1
+

place assigned to it 1is n!%—— = -
1! 2! 3!

w2 and it is
n!H

denoted by D (n).

8. Selection

There are two types of selection, which are as follows

1. Selection from Different Items

(i) The number r of ways of selecting at least one item from n
distinct items is 2" - 1.
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(i1) The number of ways of answering one or more of n questions is
2" - 1.

(ii1)) The number of ways of answering one or more of n questions
when each question has an alternative = 3" - 1.

2. Selection from Identical Items
(1) The number of ways of selecting r items out of n identical items
is 1.
(1) The number of ways of selecting zero or more items out of n
identical items is (n + 1).

(i11) The number of ways of selecting one or more out of p+q +r
items, where p are alike of one kind, g are alike of second kind
and rest are alike of third kind, i1s [(p + 1)(¢ + 1)(r +1)] - 1.

(iv) The number of ways of selecting one or more items from p
identical items of one kind; g identical items of second kind; r
identical items of third kind and other n are distinct, is

(p+D(g+D(r +1)2" -1

(v) The number of ways of selecting r items from a group of n items in
which p are identical n> p +r, is
"TPCL+ "TPCL_ +"TPC g+ +"TPC ifr< p

n—-p n-p, n-p, n—-p
and "PC. + "TPC_ +"TPC_, +.. +"TPC, ),

ifr>p
(vi) If there are m items of one kind, n items of another kind and so
on. Then, the number of ways of choosing r items out of these
items = coefficient of x” in
Q+x+x?+. +x™) A +x +x2 +... +x")...

(vii) If there are m items of one kind, n items of another kind and so
on. Then, the number of ways of choosing r items out of these
items such that atleast one item of each kind is included in every
selection = coefficient of x” in

2+ (x a2

(x+x +..+x")..

Division into Groups

There are two types of division into groups, which are as follow

1. Division of Distinct Items into Groups
(1) The number of ways in which (m + n) different things can be
divided into two groups which contain m and n things
respectively
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_(m+n)!
" m'n!
This can be extended to (m + n + p) different things divided into
three groups of m, n and p things respectively. In this case,
(m+n + p)!
m!n!p!

,where m#n

number of ways , where m Zn # p.

(1) The number of ways of dividing 2n different elements into two

(2n)!

n2’

groups of n objects each is when the distinction can be

(n
made between the groups, i.e. if the order of group is important.

This can be extended to 3n different elements divided into

!
3 groups of n objects each. In this case, number of ways = ESr'L))?’..
n!

(111) The number of ways of dividing 2n different elements into two
groups of n objects when no distinction can be made between the
groups i.e. order of the group is not important is

(2n)!
21(n)?
This can be extended to 3n different elements divided into
3 groups of n objects each.

(3n)!
3l(n )
(iv) The number of ways in which mn different things can be divided
equally it into m groups each containing n objects, if order of the
group is not important is

In this case, number of ways =

(mn)!
(n)"m!

(v) If the order of the group is important, then number of ways of
dividing mn different things equally into m distinct groups each
containing n objects is

(mn)!
()"
(vi) The number of ways of dividing n different things into r groups is
1

0 " =TC(r =1)" +7Cy(r —2)" ="Cs(r =3)" +...].
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(vii) The number of ways of dividing n different things into r groups
taking into account the order of the groups and also the order of
things in each group is

AP = +1)(r +2)...(r +n —1).

2. Division of Identical Items into Groups

(i) The number of ways of dividing n identical items among r
persons, each of whom, can receive 0, 1, 2 or more items (< n) is
n+r—IC )

1

Or The number of ways of dividing n identical items into r groups, if
blank groups are allowed is "*"7'C,_,.

(i) The number of ways of dividing n identical items among r
persons, each one of whom receives at least one item is " 'C,_;.

Or The number of ways of dividing n identical items into r groups
such that blank groups are not allowed is "™'C,_;.

(ii1) The number of ways of dividing n identical things among r
persons such that each gets 1, 2, 3, ... or & things is the coefficient

of x™ ~" in the expansion of (1 + x +x% +... +x*7 1),

(iv) The number of ways in which n identical items can be divided
into r groups so that no group contains less than m items and
more than k(m < k) is coefficient of x" in the expansion of

m+1

(x™ +x +.. xRy



Binomial Theorem
and Principle of
Mathematical Induction

An algebric expression consisting of two terms with positive and
negative sign between them is called binomial expression.

Binomial Theorem for Positive Integer

If n is any positive integer, then

(x+a)" ="Copx" +"Cix" ta+ "Cox" "2 +..+"C, a".
n
Le. (x+a)' = z "C.x" "a" ...Q)
r=0
where, x and @ are real numbers and " C, "C;, "C,,..., "C, are called

binomial coefficients.

Also, here Eq. (1) is called Binomial theorem.
"C, :ni!for 0O<r<n.
rli(n -r)!
Properties of Binomial Theorem for Positive Integer
(1) Total number of terms in the expansion of (x + a)” is (n + 1) i.e.
finite number of terms.

(i1) The sum of the indices of x and a in each term is n.

(i11) The above expansion is also true when x and a are complex
numbers.

(iv) The coefficient of terms equidistant from the beginning and the
end are equal. These coefficients are known as the binomial
coefficients i.e. "C, ="C,_,,r =0,1,2,..., n.

(v) The values of the binomial coefficients steadily increase to
maximum and then steadily decrease.

(vi) In the binomial expansion of (x + a)", the r th term from the end

is (n —r + 2)th term from the beginning.



86 Handbook of Mathematics

(vil) If n is a positive integer, then number of terms in (x + y + 2)" is

(n+1)(n +2)
5 :

Some Special Cases
(1) (x_ a)n - nCO Xt =7 lxn—la + nCan—QaZ _ nCan—3a3
+..+(=1)" "C, a"

le.(x—a)' = 2(_1);» "C. " W
r=0

(i) (1+x)" ="Cy +"Cx +"Cox® +...+ "C, x" +... +"C, x"
n

Le. 1+x)" = Z "C, &
r=0

(i) 1 - x)" = "Cy = "Cyxx +"Coxr® ="Cyx® +... +(1) "C, x
+.o.+ (=D "Cx"

le.

(1-x)" = i(—l)’ "C, &
r=0

(iv) The coefficient of x” in the expansion of (1 + x)" is " C, and in the

expansion of (1 - x)" is (-1)" "C,.

"Cyx " 2a +...)

n-3 3 )

W) (@) (x+a)" +(x—a)" =2("Cyx"a’ +
a’ t...

b)(x+a)" —(x —a)" =2("Cx"a+ "Cyx
(vi) (@) If n is odd, then (x+a)" +(x —a)" and (x + a)" —(x —a)"

both have the same number of terms equal to %1@
(b) If n is even, then (x + a@)" +(x —a)" has % + 1@ terms.

and (x + )" —(x —a)" has %Q terms.

General Term in a Binomial Expansion

(i) General term in the expansion of (x + a)" is
]’Vr‘-*‘1 = l’lCr xn—r ar‘

(11) General term in the expansion of (x — a)” is
Tr+1 :(_1)7‘ nCr xn—r ar
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(ii1) General term in the expansion of (1 + x)” is
T ="Cx"

(iv) General term in the expansion of (1 — x)" is
T..,=(CD" "C.x"

Some Important Results
(1) Coefficient of x™ in the expansion of szp + %g is the coefficient
x
np-m

of T .
ptq

" +1, Wherer =

(11) The term independent of x in the expansion of %zxp + %g is the
x
np
ptq
(ii1) If the coefficient of rth, (r + 1) th and (r + 2) th term of (1 + x)" are
in AP, then n?-(4r +1)n +4r% =2

(iv) In the expansion of (x + a)",

coefficient of 7, , ;, where r =

Tr+1_n—r+1xa

T r x

r

() (a) The coefficient of x" ~! in the expansion of

@-D(@-2)...(x—n)= _w

() The coefficient of " ~! in the expansion of

n(n +1)
2

(vi) If the coefficient of pth and gth terms in the expansion of (1 + x)"
are equal, then p+q=n +2.

(x+1)(x+2)...(x +n) =

(vii) If the coefficients of ™ and x” * ! in the expansion of EJ + %g are

equal, then n =(r +1)(ab +1) - 1.

(viil) The number of terms in the expansion of
(0 +xg +...+x,) is " 7IC, .

Middle Term in a Binomial Expansion
(1) If n is even in the expansion of (x + a)"or (x — a)”, then the

middle term is % + 1§th term.
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(i) If nis odd in the expansion of (x + a)” or (x — a)”, then the middle

(n+1) (n +3)

terms are e th term and th term.

Note When there are two middle terms in the expansion, then their
binomial coefficients are equal.

Greatest Coefficient
Binomial coefficient of middle term is the greatest binomial coefficient.
(1) If n is even, then in (x + @), the greatest coefficient is " C,,,.

(1) If n is odd, then in (x + @), the greatest coefficient is " C, _;
0 0 2

b

Greatest Term

In the expansion of (x + a)",

. +1 . .
@G) If n is an integer = p (say), then greatest terms are

x+1

a
T,andT,.;.

p

.. +1 . . . . +1
(1) If n is not an integer with m as integral part of n

X X
Zi+1 —+1
a a

, then

T, +11s the greatest term.

Divisibility Problems
From the expansion, (1 +x)" =1 + "Cjx + "Cox® +..+"C, x"
We can conclude that
(i) 1 +x)" -1="Cx +"Cyx*+..+"C,x" is divisible by x i.e. it is a

multiple of x.

or 1+x)" -1=M(x)
(i) (1+x)" =1 -nx ="Cyx® +"Cyx® +..+"C,x" =M(x")
(i) (142" - 1-nx - 27D 2 2 ng i ingpie 4000 = M ()
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Important Results on Binomial Coefficients
If C,,C,,C,,....,C, are the coefficients of (1 + x)", then
(l) nCr + ncr_l - n+1Cr

.. "C n
(11) — I =-—
Cr—l r
n
-r+
(iii) G, _n-r+1
n r
r-1

@v) Cy+C +Cy +... +C, =27
(V) Co+Cy+C, +..=C, +Cy +Cy5 +.. =2" 7!

i) Cy=Cy +C, —Cy +.. =(2)" cos%ﬂ

Wil) C; = C; +Cs = C, +.. =(2)" sin%ﬁ

(viii) Cy = C; +Cy =C5 +... +(=1)" C, =0

(ix) C, - 2[C, +3 [T, —... =0

(x) Cy+2[C, +3[Cy + ... +(n +1) @, =(n +2)2"7"
(xi) C,C, +CC,, ,+.+C, _,C, =2"C

|
- 2nC — (2n)

T (n=r))(n +7)!

!
(xii) C2 +C2 +C2 +..+C2 =2C, :22’3))2'
n.

89

oo ifn is odd.
02—02+02_02 +..+ _1n [CDZ - )
(xii1) Cy - C; 2 — 3 (-1 n E(—l)"/z 0'C,,q,if n is even.

xiv) G - 2C,° +3C2 ... +(-1)" n [@>

n+l _
(xv) Co+g+§+...+ G -2 L
2 3 n+l (n+1)

n

=(-1)?

,when n is even.

G
3

%3+...+(—1)” IO

n+1_n+1

(xvi) C, - El +
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(xvii) C, +% +% G LG :%g

2 2"
A § - T
(xviii) Z(—l) CoO+—5 + 5 + -5 +-.-uptom terms
= o2 27 27 2 O
_ 2mn - 1
9" (2" - 1)

Multinomial Theorem
For any n ON,

. n!
@) (x +x)" = z xt g
191
ntr=n -T2

n

.. n!
@11) (g +xg +...+x,)" =

rytrgttr =n

n,.re T
rlr 72 k
1- 2-... kc

(111) The general term in the above expansion is
!
n. x}"l xr2 xrk
171 gL TR
gl r!
(iv) The greatest coefficient in the expansion of (x; + x;, +... +x,,)" is
n!

(@) "lg+ D
respectively, when n is divided by m.

where q and r are the quotient and remainder

Some Important Results

(1) If nis a positive integer and a,, a,, ..., a,, 0C,then the coefficient

of x” in the expansion of (a; + ayx + azx® +... +a,, x™ ~1)" is

n’! ny ny n
z ﬁal xa2 ...am'”.
nlnyl.on,,!

(i1) Total number of terms in the expansion of (a +b+c +d)" is
(n+1)(n+2)(n +3)
5 .

R-f Factor Relations

If WA+ B)" =1 +f where I and n are positive integers, n being odd
and 0< f<1, then (I + f)f =k", where A- B>=k>0and VA - B<1.
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Binomial Theorem for Any Index

If n is any rational number, then
n(n-1) 24 n(n-1)(n _2)x3 .
12 128

(1) In the above expansion, if n is any positive integer, then the
series in RHS is finite and if n is negative/ rational number, then
there are infinite number of terms exist.

(i1) General term in the expansion of (1 + x)" is
nn-1)(n-2)...[n - -1)] ,

r! *
(ii1) Expansion of (x + a)” for any rational index

Q+x)" =1+nx + Llxl<1

Tr+1:

. a
Case I When x>aie. —<1
x

In this case, (x + a)" :%Q+Z%’l :x”Q+%g
§1+nﬂ%+n(n_l)%g ”(”_1)(n—2) %g

Case IT When x<aie. 2 <1
a

In this case, (x + a)" :Eﬂ@+2%ﬂ :a”§+§g
%ung’hn(n-l)%g n(n—1)<n—2)%@3

(iv) 1-x" =1 +nx+n(n+1)x2+ n(n+1)(”+2)x3 +
1

123
+ nn+1)(n+2)...(n+r —l)x, +
_
V) A+x)" =1-nx Ll +1)x2— n(n+1)(n+2)x3 +
2! 3!
F(-1) nn+1)(n+2)...(n +r _l)xr .
r!

i) (1-x)" =1 - nx +n(n—1)x2_ n(n—l)(n—g)x3 .
+(-1) n(n—-1)(n —2‘)...(n —-r +1)xr+...
ri
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(i) @ +x) =1 —x +a% =& +... H D)« +..

2 3

(i) 1 —x) ' =1 +x +a% +x° +.. 2" +..

(x) Q+x)2=1-2x +3x2 —42® +... H(A) ¢ +D)a" +..
x) 1-2)2=1+2x +3x2 +44° +.. +0 +1)x" +..

xi) 1+x)2=1-3x +6x% -102° +... ®

(xiD) (1 -2)2 =1 +3x +6x2 +10x° +...

(xiii) (1 +x)" =1 +nx, if x2, %7, ... are all very small as compared to x.

Principle of Mathematical Induction

In an algebra, there are certain results that are formulated in terms of
n, where n is a positive integer. Such results can be proved by specific
technique, which is known as the principle of Mathematical Induction.

Statement
A sentence or description which can be judged either true or false, is
called the statement.
e.g. (1) 3 divides 9.
(11) Lucknow is the capital of Uttar Pradesh.

1. First Principle of Mathematical Induction

Let P(n) be a statement involving natural number n. To prove
statement P(n) is true for all natural number, we follow following
process

(1) Prove that P(1)is true.
(11) Assume P(k)1s true.
(i11) Using (i) and (ii) prove that statement is true for n = & + 1,
i.e. P(k+1)is true.

This is first principle of Mathematical Induction.

2. Second Principle of Mathematical Induction
In second principle of Mathematical Induction following steps are used:
(1) Prove that P(1)is true.
(i1) Assume P(n)1is true for all natural numbers such that 2< n < k.
(i11) Using (i) and (i1), prove that P(k + 1) is true.



Matrices

Matrix

A matrix is a rectangular arrangement of numbers (real or complex)
which may be represented as

Elnu Qg Gz e Qg O
A= far @22 Q23 %2n
O.oo e s O

H”ml A Apg .- amnB

Matrix is enclosed by [ ] or ().
Compact form the above matrix is represented by [a;],, x, or A=[a;].

Element of a Matrix

The numbers a,;, a;s,... etc., in the above matrix are known as the
element of the matrix, generally represented as @;;, which denotes
element in ith row and jth column.

ij

Order of a Matrix
In above matrix has m rows and n columns, then A is of order m x n.

Types of Matrices
(i) Row Matrix A matrix having only one row and any number of
columns is called a row matrix.
(i1) Column Matrix A matrix having only one column and any
number of rows is called column matrix.
(111) Null/Zero Matrix A matrix of any order, having all its elements
are zero, 1s called a null/zero matrix, i.e. a; = 0,004, j.
(iv) Square Matrix A matrix of order m X n, such that m =n, is
called square matrix.
(v) Diagonal Matrix A square matrix A= [a;], «, 1s called a
diagonal matrix, if all the elements except those in the leading
diagonals are zero, i.e. a;; = O for i # j. It can be represented as

A=diag [a); ag9... Ay |-
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(vi) Scalar Matrix A square matrix in which every non-diagonal
element is zero and all diagonal elements are equal, is called
scalar matrix, 1.e. in scalar matrix, a; =0, for i # jand a; = k, for
i=J

(vii) Unit/Identity Matrix A square matrix, in which every
non-diagonal element is zero and every diagonal element is 1, is
called unit matrix or an identity matrix,

_[O,wheni#j
,wheni=j

Le. ay
(viii) Rectangular Matrix A matrix of order m x n, such that m # n,
is called rectangular matrix.
(ix) Horizontal Matrix A matrix in which the number of rows is less
than the number of columns, is called horizontal matrix.
(x) Vertical Matrix A matrix in which the number of rows is
greater than the number of columns, is called vertical matrix.
(xi) Upper Triangular Matrix A square matrix A= [q; is
called a upper triangular matrix, if a; =0,0i> j.

n xn

(xi)) Lower Triangular Matrix A square matrix A= [q; is

called a lower triangular matrix, if a; = 0,0 i< j.

nxn

(x111)) Submatrix A matrix which is obtained from a given matrix by
deleting any number of rows or columns or both is called a
submatrix of the given matrix.

(xiv) Equal Matrices Two matrices A and B are said to be equal, if
both having same order and corresponding elements of the
matrices are equal.

(xv) Principal Diagonal of a Matrix In a square matrix, the
diagonal from the first element of the first row to the last
element of the last row is called the principal diagonal of a

matrix.
o 2 30

eg. If A= % 6 5% then principal diagonal of Ais 1, 6, 2.
g 128

(xvi) Singular Matrix A square matrix A is said to be singular
matrix, if determinant of A denoted by det (A) or| Al is zero, i.e.
| A] =0, otherwise it is a non-singular matrix.
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Algebra of Matrices
1. Addition of Matrices

Let A and B be two matrices each of order m x n. Then, the sum of
matrices A + B is defined only if matrices A and B are of same order.

If A= [aij]an and B = [blj]m xn* Then, A+ B= [aij +bij]m><n'

Properties of Addition of Matrices
If A, B and C are three matrices of order m x n, then
(1) Commutative Law A+B=B+ A
(i) Associative Law (A+B)+C=A +(B +(0)
(i11) Existence of Additive Identity A zero matrix (0) of order
m X n (same as of A), is additive identity, if
A+0=A=0+A
(iv) Existence of Additive Inverse If A is a square matrix, then
the matrix (— A) is called additive inverse, if
A+(-A)=0=(-A) +A
(v) CancellationLaw A+ B=A+C 0O B C [left cancellation law]
B+ A=C+A0 B C [right cancellation law]

9. Subtraction of Matrices

Let A and B be two matrices of the same order, then subtraction of
matrices, A — B, is defined as

L,

where A = [aij]m xn sB: [bi']m xn

m Xn?

3. Multiplication of a Matrix by a Scalar

Let A=[a;],, x, be a matrix and %k be any scalar. Then, the matrix
obtained by multiplying each element of A by k is called the scalar
multiple of A by & and is denoted by kA, given as
RA = [ka;],, «
Properties of Scalar Multiplication
If A and B are two matrices of order m x n, then
(1) (A+ B)=FkA + kB

(i1) (& + ky)A=kA + kA

(iil) kkyA = ky(RyA) = ky(ky A)

iv) (= R)A = —(RA) =k( - A)
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4, Multiplication of Matrices

Let A={a;], «, and B=[b;], ., are two matrices such that the

number of columns of A is equal to the number of rows of B, then
n

multiplication of A and B is denoted by AB, is given by c;; = Z Qb
k=1

where ¢;; is the element of matrix C and C = AB.

eg. If A= [ aZDand B= L then

@3 %H B’s sz

_nbtay by a by tay b0

AB
b +a, b a3b2+a4b4H

Properties of Multiplication of Matrices
(i) Associative Law (AB)C = A(BC)
(i1) Existence of Multiplicative Identity A1 = A=1[A,
where, I is called multiplicative Identity.

(111) Distributive Law A(B+C)=AB+ AC

(iv) Cancellation Law If A is non-singular matrix, then
AB=ACO B C [left cancellation law]
BA=CAO B C [right cancellation law]

(v) Zero Matrix as the Product of Two Non-zero Matrices
AB =0, does not necessarily imply that A =0 or B= 0O or both A
and B=0.

Note Multiplication of diagonal matrices of same order will be
commutative.

Important Points to be Remembered
(i) If A and B are square matrices of the same order, say n, then both the
product AB and BA are defined and each is a square matrix of order n.
(i) In the matrix product AB, the matrix A is called premultiplier (prefactor)
and B is called postmultiplier (postfactor).

(iii) The rule of multiplication of matrices is row columnwise (or - | wise) the
first row of AB is obtained by multiplying the first row of A with first,
second, third,... columns of B respectively; similarly second row of A with
first, second, third, ... columns of B, respectively and so on.




Matrices 97

Positive Integral Powers of a Square Matrix
Let A be a square matrix. Then, we can define
({) A" *'= A" (A, where n ON.
() A" DA =A™
@Gii) (A™)* =A™ Om, ] N

Matrix Polynomial
Let f(x) = agx” + a;x" ' +a,x" "% +... +a,. Then,

f(A)=ayA" +a;A" "% +... +a, I, is called the matrix polynomial.

Transpose of a Matrix

Let A=la;],, «,, be a matrix of order m x n. Then, the n x m matrix
obtained by interchanging the rows and columns of A is called the
transpose of A and is denoted by A’ or A”.

A= A" = [a;]

nxm

Properties of Transpose
For any two matrices A and B of suitable orders,

() (AY=A () (A+B'=AtB
(iii) (RA) = kA’ (iv) (ABY = B A
) (A") = (A" )" (i) (ABCY=C'B A

Symmetric and Skew-Symmetric Matrices

(1) A square matrix A = [a;] is said to be symmetric, if A’ = A.

| nxn
Le.a; =aj ,0iand}.

(i1) A square matrix Ais said to be skew-symmetric, if A' = - A,
Le.a; =-aj,Uiand}.

Properties of Symmetric and
Skew-symmetric Matrices

(1) Elements of principal diagonals of a skew-symmetric matrix are
all zero. i.e. q;; =—a; 0 2a7 0 or a; =0, for all values of i.

(1) If A is a square matrix, then
(a) A+ A'is symmetric. (b) A—- A'is skew-symmetric matrix.

(111) If A and B are two symmetric (or skew-symmetric) matrices of
same order, then A + Bis also symmetric (or skew-symmetric).
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@iv) If A is symmetric (or skew-symmetric), then kA (kis a scalar) is
also symmetric (or skew-symmetric) matrix.

(v) If A and B are symmetric matrices of the same order, then the
product AB is symmetric, iff BA = AB.

(vi) Every square matrix can be expressed uniquely as the sum of a
symmetric and a skew-symmetric matrix.

i.e. Matrix A can be written as %(A + A" +% (A- A"

(vil) The matrix B’ ABis symmetric or skew-symmetric according as A
is symmetric or skew-symmetric matrix.
(viii) All positive integral powers of a symmetric matrix are symmetric.
(ix) All positive odd integral powers of a skew-symmetric matrix are
skew-symmetric and positive even integral powers of a
skew-symmetric are symmetric matrix.
(x) If A and B are symmetric matrices of the same order, then
(a) AB - BAis a skew-symmetric and
(b) AB + BA is symmetric.

(xi) For a square matrix A, AA' and A' A are symmetric matrix.

Elementary Operations (Transformations of a Matrix)
Any one of the following operations on a matrix is called an elementary
transformation.
(1) Interchanging any two rows (or columns), denoted by
R, — Rj orC; —— Cj.
(1) Multiplication of the element of any row (or column) by a
non-zero scalar quantity and denoted by
R; - kR; or C; - kC;.
(i11) Addition of constant multiple of the elements of any row to the
corresponding element of any other row, denoted by
R; -~ R, +kR; or C; - C; +kC;.

Elementary Matrix

A matrix obtained from an identity matrix by a single elementary
operation is called an elementary matrix.

Equivalent Matrix

Two matrices A and B are said to be equivalent, if one can be obtained
from the other by a sequence of elementary transformation.

The symbol = is used for equivalence.
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Trace of a Matrix
The sum of the diagonal elements of a square matrix A is called the
trace of A, denoted by trace (A) or tr (A).
Properties of Trace of a Matrix
(1) Trace (A = B) = Trace (A) + Trace (B)
(1) Trace (RA) = k Trace (A)
(i11) Trace (A')= Trace (A)
@iv) Trace(I,)=n
(v) Trace (0)=0
(vi) Trace (AB) # Trace (A) x Trace (B)
(vii) Trace (AA")=0

Conjugate of a Matrix

The matrix obtained from a matrix A containing complex number as its
elements, on replacing its elements by the corresponding conjugate
complex number is called conjugate of A and is denoted by A.

Properties of Conjugate of a Matrix
Let A and B are two matrices of order m x n and & be a scalar, then

() (A)= A () (A+B=A+B
(i) (AB)= AB (iv) (kA)= kA
(v) (A")=(A)"

Transpose Conjugate of a Matrix

The transpose of the conjugate of a matmx A is called transpose
conjugate of A and is denoted by A® or A",

ie. (A)=(Ay = A%or A"

Properties of Transpose Conjugate of a Matrix
1A AH) = A () (A+B) =A" +B
(iii) (kA)" = kA" (iv) (AB) =B"A"
v) (A") =(A")"
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Some Special Types of Matrices

1. Orthogonal Matrix
A square matrix of order n is said to be orthogonal, if AA'=1, = A" A

Properties of Orthogonal Matrix
(1) If A is orthogonal matrix, then A’ is also orthogonal matrix.
(1) For any two orthogonal matrices A and B, ABand BAis also an
orthogonal matrix.
(iii) If A is an orthogonal matrix, then A" is also orthogonal matrix.

2. Idempotent Matrix
A square matrix A is said to be idempotent, if A= A.

Properties of Idempotent Matrix

(1) If A and B are two idempotent matrices, then
(a) AB isidempotent, iff AB= BA.
(b) A+ Bis an idempotent matrix, iff AB= BA=0
(¢c) AB=Aand BA=B, then A= A,B>=B

(11) (a) If A is an idempotent matrix and A+ B=1, then B is an

idempotent and AB= BA =0.

(b) Diagonal (1, 1, 1, ...,1) is an idempotent matrix.

3. Involutory Matrix
A square matrix A is said to be involutory, if A% =T
4. Nilpotent Matrix

A square matrix A is said to be nilpotent matrix, if there exists a
positive integer m such that A™ = 0. If m is the least positive integer

such that A™ = 0, then m is called the index of the nilpotent matrix A.

5. Unitary Matrix
A square matrix A is said to be unitary, if A’A=1
6. Periodic Matrix

If A*' = A, where k is a positive integer, then A is known as periodic
matrix and % is known as period of matrix A.
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Rank of a Matrix

A positive integer r is said to be the rank of a non-zero matrix A, if
(i) there exists at least one minor in A of order r which is not zero.

(1) every minor in A of order greater than ris zero, rank of a matrix A

is denoted by p(A) =r.

Properties of Rank of a Matrix
(1) The rank of a null matrix is zero i.e. p(O) = 0
(11) If I, is an identity matrix of order n, then p(I,,) = n.
(111) (a) If a matrix A does’t possess any minor of orderr, then p(A)=r.

(b) If atleast one minor of order r of the matrix is not equal to zero,
then p(A)<r.

(iv) If every (r + 1)th order minor of A is zero, then any higher order
minor will also be zero.

(v) If A is of order n, then for a non-singular matrix A, p(4) = n
(v1) p(A") = p(A4)
(vii) p(A") = p(A)
(viii) p(A + B) < p(A) + p(B)
(ix) If A and Bare two matrices such that the product AB is defined,
then rank (AB) cannot exceed the rank of the either matrix.

(x) If A and B are square matrix of same order and p(A) = p(B) = n,

then p(AB)=n
(x1) Every skew-symmetric matrix of odd order has rank less than its
order.

(x11) Elementary operations do not change the rank of a matrix.
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Determinant

Every square matrix A is associated with a number, called its
determinant and it is denoted by A (read as delta) or det (A) or| Al.

Only square matrices have determinants. The matrices which are not
square do not have determinants.
(i) First Order Determinant

If A=Ja], then det (A) =| A| = a.

(i) Second Order Determinant

a;50

If A= 211 then

21 Q9
Al = 11095 =~ G910y
(iii) Third Order Determinant
Ua;, app a0
If A= %121 Qg 023% then

B agp  ass
Aoy Q as a ay, a
| Al = ay, 22 Qog | s 21 Qo3| ars 21 Qg
Q3o Qg3 Q31 Qg3 a3; Qg

or| Al = a;1(agets3 — A39093) ~ @15(A91053 ~ A3,A93)

+ ay3(ag1055 — A99031)

1 3 -2
e.g. The expansion of the determinant A={4 -2 1 |is
2 -5 4
-2 1 4 1 4 -2
A=1 -3 -
-5 4 2 4 2 -5

=1(-8+5)-3(16 -2) —2(-20 +4)
=-3-42+32=-13
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Evaluation of Determinant of Square Matrix
of Order 3 by Sarrus Rule

[ g 30
If A= %21 Q9o 023% then determinant can be formed by enlarging

B, age  ags

the matrix by adjoining the first two columns on the right and draw
lines as show below parallel and perpendicular to the diagonal.

a as a3 a
apr gy P, 2K "

a2 azs azq a2

/><><><

asz ass aszq asz

The value of the determinant, this will be the sum of the product of
element in line parallel to the diagonal minus the sum of the product of
elements in line perpendicular to the line segment. Thus,

A = 011099035 + Q1993031 + Q13091059 ~ Q13099031 ~ Q11093039 ~ Qy9U9 03

Note This method doesn’t work for determinants of order greater than 3.

Properties of Determinants

(1) The value of the determinant remains unchanged, if rows are
changed into columns and columns are changed into rows.
e.g. |A'|=] Al
() If A=[a;], «,,n>1and B be the matrix obtained from A by
interchanging two of its rows or columns, then
det (B) = —det (A)
(111) If two rows (or columns) of a square matrix A are proportional,
then| Al =0
(iv) | Bl = k| Al,where B is the matrix obtained from A, by
multiplying one row (or column) of A by k.
(v) | RA| = k"] A|,, where A is a matrix of order n x n.
(vi) If each element of a row (or column) of a determinant is the sum
of two or more terms, then the determinant can be expressed as
the sum of two or more determinants.

atay, b ¢ aq b ¢ ay b c
e.g. btpy, @ ri=\pqg Tt poq T
Uy tuy, v Wl |uy v w| |ug v w

(vi1) If the same multiple of the elements of any row (or column) of a
determinant are added to the corresponding elements of any
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other row (or column), then the value of the new determinant
remains unchanged,

e.g.
Qi Gy Qi3 ay tkag ap tRagy agg tkagg
Qg1 Qgy Qg3 | = Qg1 Qgg Qg3
A3; Ggg Qg3 a3y Qsg Qa3

(viii) If each element of a row (or column) of a determinant is zero, then
its value is zero.

(ix) If any two rows (or columns) of a determinant are identical, then
its value is zero.

(x) If each element of row (or column) of a determinant is expressed

as a sum of two or more terms, then the determinant can be
expressed as the sum of two or more determinants.

(x1) Ifr rows (or r columns) become identical, when a is substituted
for x, then (x — @) ! is a factor of given determinant.

Important Results on Determinants

(1) | AB| =] Al| Bl , where A and B are square matrices of the same
order.
(i) A" =] A]"

(i11) If A, B and C are square matrices of the same order such that ith
columns (or rows) of A is the sum of ¢ th columns (or rows) of B
and C and all other columns (or rows) of A, B and C are identical,
then| A| =|B| +|C|

@v) | I,,| = 1,where I, is identity matrix of order n.

) 10, = 0,where O, is a zero matrix of order n.

(vi) If A(x) be a 3rd order determinant having polynomials as its
elements.

(a) If A(a) has 2 rows (or columns) proportional, then (x — @) is a
factor of A(x).

(b) If A(a) has 3 rows (or columns) proportional, then (x — @)? is
a factor of A(x).

(vii) A square matrix A is non-singular, if | A| # 0 and singular, if
| Al =0.

(viil) Determinant of a skew-symmetric matrix of odd order is zero and
of even order is a non-zero perfect square.

(ix) In general, | B+ C| #|B| +|C]|

(x) Determinant of a diagonal matrix
= Product of its diagonal elements
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(x1) Determinant of a triangular matrix
= Product of its diagonal elements

(xi1) A square matrix of order n is non-singular, if its rank r = n 1.e. if
| Al # 0, then rank (A)=n

[ A A®
(xiii) IFAG) = | g(%) g,(x) &(x)|, then

a b c
@ 2 A= 5 g,(x) 5 85(%) 3 g(x)
x = x=1 x=1 x=1
a b c
n n n
0@ 0 A N A
® NA®= N g@ N gn N &k
x=1 x=1 x=1 x=1
a b c
(xiv) If A is a non-singular matrix, then | Al = & =] AL

(xv) Determinant of a orthogonal matrix =1 or — 1.
(xvi) Determinant of a hermitian matrix is purely real.

(xvil) If A and B are non-zero matrices and AB= 0, then it implies
| Al=0 and|B| = 0.

Minors and Cofactors
a1 Gz g3
If A=lay; agy ay|, then the minor M;; of the element a; is the

Q31 O3z Ug3
determinant obtained by deleting the ith row and jth column,

Ggy C
: o _ | @22 Q23
ie. M;; = minor of a;; =
U3z O33
Qg1 Qg3

M, = minor of a;, =

Q3; Qg3
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Qg1 Qg
a3 U3

The cofactor of the element a;; is C;; =(-1)' "/ M;;

and M,;; = minor of a;5 =

Properties of Minors and Cofactors

(1) The sum of the products of elements of any row (or column) of a
determinant with the cofactors of the corresponding elements of
any other row (or column) is zero,

A G g3
Le.ifA=]ay; ayy ags|,then a;;C5; + a;5Cs5 + @15C55 =0
a3 Qgg  Og3

and so on.

(i) The sum of the product of elements of any row (or column) of a
determinant with the cofactors of the corresponding elements of
the same row (or column) is A,

a1 Gy O3
ie.if A=|ay Qg ayg|,then| Al =A =q;;C; +a;5C 5 +a;5C 5

a3 Qgp O3

(ii1) In general, if| A| = A, then| A| = z a; Cij
i=1
and (adj A) = A" !, where A is a matrix of order n x n.

Applications of Determinants in Geometry

Let the three points in a plane be A(x, ), B(x,, ¥5) and C(xg, y5),
then

1 v on 1
(i) Area of AABC = 5 Xy Yy 1
X3 3 1

=% [, (Vo = ¥3) + X9 (y3 — 1) 23 (31 — )]

v »n 1
(i) If the given points are collinear, then|x, y, 1|=0.

X5 y3 1
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(1i1) Let two points are A(x;, y;), B(xy, y5) and P (x, y)be a point on the
line joining points A and B, then the equation of line is given by

x y 1
—lx 1/=0
5 N

Xg Yo 1

Adjoint of a Matrix

Adjoint of a matrix is the transpose of the matrix of cofactors of the
given matrix,

Gy Gy Gyl My Cu Gul
Le. adjl4) = 8321 Cos C23|:| = 8312 Coy Cszm
B G GB His G GuB

Properties of Adjoint of a Matrix
If A and B are two non-singular matrices of same order n, then
(1) A(adjA)=(adjA) A=|A|lI
(1) adj(A")= (adjA)
(i11) adj (AB) = (adj B) (adj A)
(iv) adj (kA) = k" "Yadj A), kOR
(v) adj (A™) = (adj A)"
(vi) adj (adj A) =] A" ~ 2 A, where A is a non-singular matrix.

(vil) |adj Al =] A|" ! where A is a non-singular matrix.

(viil) |adj (adj A)| =] A I(”_l)2 ,where A1is a non-singular matrix.
(ix) adj(I,)=1,,adj(0)=0
Note

(i) Adjoint of a diagonal matrix is a diagonal matrix.
(i) Adjoint of a triangular matrix is a triangular matrix.
(i) Adjoint of a symmetric matrix is a symmetric matrix.

Inverse of a Matrix
Let A be a non-zero square matrix of order n, then a square matrix B,
such that AB= BA =1, is called inverse of A, denoted by A™".

ie. Al = L (adj A) given in properties
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Properties of Inverse of a Matrix
Let A and B be two square matrices of same order n. Then,
HAHT=A
(i) (AB'=BA™
In general, (A4 A4 ... A) ' = ATTAT L ATTASTAT
(i) (A)T=(ATY
(iv) | AT =1 A
(V) AA =A7'A=T
(i) (A =AY RON

@ 0 0 Oa 0 00
3 _ 0 4 _ [0 0
(vii) IfA—B) b Ogand abc# 0,then A =20 Ub 05

B 0 cg g0 0 Ycg

(viii) If A, B and C are square matrices of the same order and A is a

non-singular matrix, then

(a) AB=AC O B C [left cancellation law]
b)yBA=CA O B C [right cancellation law]

Note
e Square matrix A is invertible iff it is non-singular.

e If a non-singular square matrix A is symmetric, then A™' is also symmetric.

e A square matrix is invertible iff it is non-singular and every invertible matrix

possesses a unique inverse.

Differentiation of Determinant

a(x) b(x) c(x)

If A(x)=|p(x) q(x) r(x)|, then

u(x) ulx) wx)

a'(x) b(x) d(x) a(x)  blx) c(x)

Lp® g @[+ P @ @ @
* u(x) uvlx) w(x) u(x) uv(x) w(x)
a(x)  b(x)
+| p(x)  q(x)

c(x)
r(x)

u'(x) v'(x) w'(x)
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Integration of Determinant
@, (%) ap(x)  ap3(x)
If Alx)=| ag Qg Q93 |, then
31 32 Q33
I ap;(x) dx J’ ay9(x) dx J’ a5(x) dx

I A(x) dx = Qg Qg Qg3

If the elements of more than one column or rows are functions of x,
then the integration can be done only after evaluation/expansion of the
determinant.

Homogeneous and Non-homogeneous
System of Linear Equations

A system of equations AX = B, is called a homogeneous system, if
B=0 and if B# O, then it is called a non-homogeneous system of
equations.

Solution of System of Linear Equations

The values of the variables satisfying all the linear equations in the
system, is called solution of system of linear equations.

1. Solution of System of Equations by Matrix Method
(i) Non-homogeneous System of Equations Let AX =B be
a system of n linear equations in n variables.
(a) If| Al # 0, then the system of equations is consistent and has
a unique solution given by X = A™'B.
(b) If| Al =0 and (adj A)B= 0O, then the system of equations is
consistent and has infinitely many solutions.
(c) If| Al =0 and (adj A) B# O, then the system of equations is
inconsistent i.e. having no solution.
(ii) Homogeneous System of Equations Let AX=0 is a
system of n linear equations in n variables.

(a) If | Al # 0, then it has only one solution X = O, is called the
trivial solution.

(b) If| A] = 0, then the system has infinitely many solutions and
it is called non-trivial solution.
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2. Solution of System of Equations by Rank Method

(i) Non-homogeneous System of Equations Let AX = Bbe a
system of n linear equations in n variables, then
Step I Write the augmented matrix [A: B].

Step II Reduce the augmented matrix to Echelon form using
elementary row-transformation.

Step III Determine the rank of coefficient matrix A and
augmented matrix [A: B] by counting the number of non-zero
rows in A and [A: B].

Step IV

1) If p(A)#p(AB) - p(A : B) then the system of equations is
inconsistent.

(1) If p(A)=p(A B) - p(A : B) =the number of unknowns, then
the system of equations is consistent and has a unique
solution.

(111) If p(A)=p(A B) - p(A : B)<the number of unknowns, then
the system of equations is consistent and has infinitely many
solutions.

(il) Homogeneous System of Equations

(a) If AX =0, be a homogeneous system of linear equations and
p(A) = number of unknown, then AX =0, have a non-trivial
solution i.e. X = 0.

(b) Ifp(A)<number of unknowns, then AX = 0,have a non-trivial
solution, with infinitely many solutions.

Solution of Linear Equations by
Determinant/Cramer’s Rule

Case I The solution of the system of simultaneous linear equations

aqx+by=¢ (@)
agx + byy = ¢y ...(11)
L D D
is given by x = =L, y =22
g y D Y D
where, D = “ bl, D, = a b and D, = % a provided that D # 0.
as b ¢ by Az G

(1) If D # 0, then the given system of equations is consistent and

has a unique solution given by x = % ,y = %
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@) If D = 0and D, = D, =0, then the system is consistent and has
infinitely many solutions.

(11) If D = 0 and one of D, and D, is non-zero, then the system is
inconsistent.

Case II Let the system of equations be a;x + by + ¢,z =d,,
agx + byy + ¢z =dy and agx + By + ¢gz = ds. Then, the solution of

Dy _Dy z= %, it is called

the system of equation is x = —-, y = ,
y q D Y D

Cramer’s rule.
a b g d b ¢ aq d g

where, D =|ay by ¢o|,D;=|dy by ¢y, Dy=|ay dy cy
a b oG dy b a dy o
a b 4

and D;=|ay; b, dy|
a by dg

(1) If D # 0, then the system of equations is consistent with unique
solution.

(11) If D = 0 and atleast one of the determinant D,, D,, D, is non-zero,
then the given system is inconsistent, i.e. having no solution.

(iii) If D = 0and D; = D, = Dy =0, then the system is consistent, with
infinitely many solutions.

(iv) If D#£0 and D, =D, =D; =0, then system has only trivial
solution, (x = y =z =0).

Explanation/Value of Some Particular Types of Determinants
1 1

(i|a b c|=(a-b)b-0(c-a)
a b

N

(i) |la b c|=(@a=-b)b-0(c—a)a+b +¢)
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T 1 1
i) [a b c|=(@a=-b)b-0(c-a)l(a® +b>+c%) +(ab +bc +ca)]
a* bt

1 1 1

(iv) |@® b Al=(a-b)(b-c)(c-a)ab +bc +ca)

a v é

X (x+a’ (x-ap?
W) |y? (y+a? (y-a?|=-4dKx -y)y -2z -x)

2 (z+a? (z-a)
T 11
(vi) |a c|l=a* +b? + —ab —bc —ca
b c
:%ub ~ P +(c —aP +(a -b}]
a b
(i) [b ¢ al=—(a+b+0)(a* +b*> +Z —ab -bc —a)
a b
=—(a® +b> + —3abo)
x+a b c d
a x+b c d 3
(viii) =x>(x +a+b +c +d)
a b X+c d

b c x+d

Maximum and Minimum Values of
Determinants

a Ay G
IflAl=|a, a5 a4, where a; sO{a;,0,,...,0,}.
a7 Qg Qg
Then, | Al,,,x When diagonal elements are {min (a;,0 ,...,0 , )} and

non-diagonal elements are {max (01,0 ,...,0 ,)}.
Also, | Al... = —| Al

min max
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Probability

Experiment

An operation which produce some well-defined results or outcomes is
called an experiment.

Types of Experiments

1. Deterministic Experiment
Those experiments, which when repeated under identical conditions

produce the same result or outcome are known as deterministic
experiment.

2. Probabilistic/Random Experiment
Those experiments, which when repeated under identical conditions,

do not produce the same outcome every time but the outcome produced
is one of the several possible outcomes, are called random experiment.

Some Basic Definitions

(1) Trial Performing an experiment is called a trial. The number
of times an experiment is repeated is called the number of trials.

(i) Sample Space The set of all possible outcomes of a random
experiment is called the sample space of the experiment and it is
denoted by S.

(iii) Sample Point The outcome of an experiment is called the
sample point, i.e. the elements of set S are called the sample
points.

(iv) Event A subset of the sample space associated with a random
experiment is called event or case.

(v) Elementary (or Simple) Event An event containing only one
sample point is called elementary event (or indecomposable
event).

(vi) Compound Event An event containing more than one sample
points is called compound event (or decomposable event).

(vil) Occurrence of an Event An event associated to a random

experiment is said to occur, if any one of the elementary events
associated to it is an outcome.
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(viii) Certain Event An event which must occur, whatever be the
outcomes, is called a certain event (or sure event).
(ix) Impossible Event An event which cannot occur in a random
experiment, is called an impossible event.

(x) Favourable Outcomes Let S be the sample space associated
with a random experiment and E O S. Then, the elementary
events belonging to E are known as the favourable outcomes to E.

(xi) Equally likely Outcomes The outcomes of a random
experiment are said to be equally likely, when each outcome is as
likely to occur as the other.

Algebra of Events

Let A and B are two events associated with a random experiment,
whose sample space is S. Then,
(1) the event ‘not A’ is the set A" or S — A
(i1) the events A or Bis the set A B
(i11) the events A and B is the set An B
@iv) the events A but not Bisthe set A-BorAn B

Note For more details, see operations on sets.

Probability—

Theoretical (Classical) Approach

If there are n equally likely outcomes associated with a random
experiment and m of them are favourable to an event A, then the
probability of happening or occurrence of A, denoted by P(A), is given by

P(A) = m _ Number of favourable outcomes to A
n Total number of possible outcomes

Axiomatic Approach

Let S={w,w,,w;,...w,} be a sample space, then according to
axiomatic approach we have the following

(i) 0< P(w;)< 1for each w; OS
@1) P(wy) + P(wy) +... + P(w,) =1
(iii) For any event A, P(A) = XP(w;), w; O A.
Note

e Theoretical approach is valid only when the outcomes are equally likely and
number of total outcomes is known.

e P(sure event) = P(S) =1and P(impossible event) = P(@) =0
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Different Types of Events and Their Probabilities

(i) Equally Likely Events The given events are said to be
equally likely, if none of them is expected to occur in preference to
the other.

Thus, if the events E and F are equally likely, then P(E) = P(F)

(i) Mutually Exclusive Events A set of events is said to be
mutually exclusive, if the happening of one event excludes the
happening of the other.

If A and B are mutually exclusive events, then (A n B)= @.
O The probability of mutually exclusive events is P(A n B)= 0.

(iii) Probability of Exhaustive Events A set of events is said to
be exhaustive, if atleast one of them necessarily occurs whenever
the experiment is performed.

IfE,,E,,..., E, are exhaustive events, then
EOELN O £, S
and so PEOES E O, %)) 1.

n
Note If £, n E;=¢fori#j and U E; =S, then events E, E,, ..., E, are
i=1
called mutually exclusive and exhaustive events.

(iv) Independent Events Two events A and B, associated to a
random experiment, are independent if the probability of
occurrence or non-occurrence of A is not affected by the
occurrence or non-occurrence of B.

Note If A and B are independent events associated with a random
experiment, then
(@) P(An B)=P(A) P(B)
(b) A and B are independent events.
(c) Aand B are independent events.
(d) A and B are independent events.

(v) Complementary Event Let A be an event of a sample space
S, the complementary event to A is the event containing all
sample points other than the sample point in A and it is denoted
by A'or Aie. A' or A={n:n0S,n0 A}

O The probability of complementary event to A is
P(A)=1-P(A)
Note
(i) P(A)+P(A)=1 (i) PAOA¥ PS¥ 1

(i) P(An A)=P@=0 (iv) P(A') = P(A)
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Partition of a Sample Space
The events A;, A,,..., A,, represent a partition of the sample space S, if
they are pairwise disjoint, exhaustive and have non-zero probabilities.
1e.
D) ANA=@i#ji,j=12,..,n
maA,0A0 D 4, S
(i) P(4;,)>0,0# 1,2,...,n

Important Results on Probability
(i) Addition Theorem of Probability
(a) For two events A and B
P(AO BF P(Ay P(B- P(An B)
(b) For three events A, B and C
P(ADB & PA PB PG»H PA B PB 0
-P(AnC)+P(An Bn O)
(c) For n events Ay, A,,..., A,
P(J A)= TPA) -5 T P(A;n4)
i=1 i=1 1Si<j=n
+1; <]Z<k Szn P(A;nA;jn Ap)- ...
+(-1)""'P(A,n Ayn...n A)
(1) If A and B are two events associated with a random experiment,
then
(a) P(A n B)= P(B)- P(An B)
(b) P(An B)= P(A)- P(An B)
(©P[(An B)O (A B¥ P(A¥ P(By 2P(4 B)
(d)P(An B)=P(AO BF + P(A] B)
() P(AO B P(4 BF + P(4 B)
(f) P(A)=P(An B)+ P(An B)
(g) P(By=P(An B)+ P(Bn A)
(i11) (a) P (exactly one of A, Boccurs)
= P(A)+P(B) -2P(A n B)=P(A0OB)y» P(An B)
(b) P(neither A nor B occurs) = P(A'n B')=1- P(A0O B)
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@iv) If BO A, then
(a) P(A n B)= P(A) - P(B)
(b) P(B) <P (4)
(v) If A and B are two events, then
P(An B)< P(A)(or P(B))< P(A0 B P(Ax P(B)
(vi) If A, B and C are three events, then
(a) P(exactly one of A, B, C occurs)
=P(A)+P(B) + P(C) -2P(A nB) -2P(B n C)
-2P(An C)+3P(An Bn C)
(b) P (atleast two of A, B, C occurs)
=P(An B+ P(Bn C)+ P(Cn A -2P(An Bn C)
() P (exactly two of A, B, C occurs)
=P(An B+ P(Bn C)+ P(An C)-3P(An Bn O)
(vii) (a) P(AO BF P(Ay P(B), if A and B are mutually exclusive
events.
by PAO Bl & PA PMB PC), if A BandC are
mutually exclusive events.
(viil) If the events A, A,,..., A, are mutually exclusive, i.e.
A; n A; = @fori# j, then
P(AO0AL0 A O.. A4,) P#,) 64)+... P4,
and P(A;n Ayn Asn ...n A,)= P(@=0
(ix) If A,A,,...,A, are independent events associated with a
random experiment, then probability of occurrence of atleast one

=P(A0A0 O 4&)-1 P@E, 4,0 ... A))
=1- P(A))P(A,)... P(A,)
x)If A,A,,...,A, are n events associated with a random

experiment, then

@) P(AnAyn..nA)

\Y

I P(4)- (n-1)

(Bonferroni’s Inequality)
Or
P(A n Ayn .0 A)>1- P(A)- P(A,)...- P(A))

() P (E]IA# i P(A)) (Booley’s Inequality)
's i1
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Odds in Favour and Against of an Event
P(E)

P(E)

P(E)

P(E)

(1) Odds in favour of an event E is given by —==

(i1) Odds in against of an event E is given by

Note If odds in favour of an event E are a: b, then P(E) = and

a+b

Conditional Probability

Let A and B be two events associated with a random experiment. Then,
the probability of occurrence of event A under the condition that B has
already occurred and P(B) # 0, is called the conditional probability and
it is given by

peas g PAD B
P(B)
If A has already occurred and P (A) # 0, then P(B/ A) = %

Note If A and B are independent events, then P (B/A) = P(B) and
P(A/B)=P(A).

Properties of Conditional Probability
. 040 040
P +P =1
P EpH* P
[(A n B

(i) P(A O B)/F¥ P%§+ P%@ %7% where Fis an event

of sample space S such that P(F) # 0.

Multiplication Theorem on Probability

(1) If A and B are two events associated with a random experiment,
then
P(An B)= P(A)P(B/ A),if P(A)# 0

or P(A n B)= P(B)P(A/ B),if P(B)# 0

@) If A, A,,...,A,
experiment, then

P(A,n Ayn...n A,)= P(A) P(A,] A) P(Ay (A, n A,))
W PA 1A nAyn Agnoon A, )

are n events associated with a random
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Theorem of Total Probability

Let S be the sample space and let E,,E,,...,E, be a partition of the
sample space S. If A is any event which occurs with E; or E, or ... or
E,, then

P(A) = P(E)P(A] E,) + P(E,)P(Al Ey)+... + P(E,) P(A] E,)
- §1P(E,)P(A/ )

Baye’s Theorem

Let S be the sample space and let E;,E,,..., E, be a partition of the
sample space S. If A is any event which occurs with E; or E, or ... or
E,, then probability of occurrence of E;, when A occurred, is

P(E,)P(Al E))

n

I P(E)P(AI E)

P(E; | A)= ,i=1,2,...,n

where, P (E;),i=1,2,...,n is known as the priori probability

d Pgtgi=1,2,.. k t babilit
an EZ%L ,2,...,n 1s known as posteriori probability

Important Points to be Remembered

Coin
A coin has two sides, head and tail. If an experiment consists of more than one
coin, then coins are considered as distinct, if not otherwise stated.

Die
A die has six face marked with 1, 2, 3, 4, 5 and 6. If an experiment consists of

more than one die, then all dice are considered as distinct, if not otherwise
stated.

Playing Cards
A pack of playing cards has 52 cards, which are divided into 4 suits (spade,
heart, diamond and club) each having 13 cards.

The cards in each suit are ace, king, queen, jack, 10,9, 8,7, 6,5, 4,3 and 2.
King, queen and jack are called face cards, so there are in all 12 face cards. Also,
there are 16 honour cards, 4 of each suit namely ace, king, queen and jack.
The suits, clubs and spades are of black colour while the suits hearts and
diamonds are of red colour. So, there are 26 red cards and 26 black cards.
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Random Variable

Let S be a sample space associated with a given random experiment. A
real valued function X defined on S, i.e.

X:S - R, is called a random variable.
There are two types of random variable

(1) Discrete Random Variable If the range of the function
X :S - R is afinite set or countably infinite set of real numbers,
then it is called a discrete random variable.

e.g. In tossing of two coins S ={HH ,HT,TH,TT1},let X denotes
number of heads in tossing of two coins, then
X(HH)=2,X(TH)=1,X(HT)=1,X(TT) =0
(i) Continuous Random Variable If the range of X is an
interval (a, b) of R, then Xis called a continuous random variable.

Probability Distribution of a Random Variable

If a random variable X takes values ux;,x,,...,x, with respective
probabilities p;, p,,..., p,, then the representation

X X1 X5 X3 .. Xy

P(X) Py P2 p3 .. Pn

is known as the probability distribution of X.
or

Probability distribution gives the values of the random variable along
with the corresponding probabilities.

Mathematical Expectation/Mean of a Random Variable

If X is a discrete random variable which assume values x;, x,,..., %,
with respective probabilities py, ps,..., p,, then the mean p of X is
defined as

EX) =W = px; + DXy +... + D%, =) DX
=1

Variance of a Random Variable
Variance of a random variable is denoted by 62 and it is defined as
V(X)=0* = EX?) - [EX)]?

where, E(X?% = Z x?p;
=
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Standard Deviation
0 =V(X) ={EX?) - (EX))*

Some Important Results

1) IfY =a X + b, then
(@) E(Y)= E(aX +b)=aE(X) +b
(b) 05 =V(Y) = a’V(X) = a0
© o,=4V(¥) =lalo,

() IfY = aX? + bX +¢, then

E(Y)=E(aX? +bX +c¢)
=aE(X? + bEX) +c

Bernoulli Trials and Binomial Distribution

Bernoulli Trials
Trials of a random experiment are called Bernoulli trials, if
(1) number of trials is finite
(11) trials are independent
(i11) each trial has exactly two outcomes success and failure
(iv) probability of success remains same in each trial.

Binomial Distribution
The probability of r successes in n-Bernaulli trials is denoted by
P(X =r) and is given by
P(X=r)="C,p"¢" " ",r=0,1,2,...n.
where, p = probability of success
q = probability of failure and p+¢g =1
This can be represented by the following :
X 0 1 2 n

PX) | "Cyp°q" | "Cip'q"| "Cyp’"* | .. | "C,p"

The above probability distribution is known as binomial distribution
with parameter n and p.

Note

e P(x =x)or P(x)is called the probability function of binomial distribution.

e A binomial distribution with parameter n and p is denoted by B(n, p).
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Important Results
(i) If p = g, then probability of r successes in n trials is "C, p".

(1)) Mean=E(X)=pu=np
(i11) Variance = 0326 =npq

(iv) Standard deviation =0, = W

(v) Mean is always greater than variance.

(vi) If the total number of trials is n in any attempt and if there are N
such attempts, then the total number of r successes is

N("C.p"q"™")

Geometrical Probability

If the total number of possible outcomes of a random experiment is
infinite, in such cases, the definition of probability is modified and the
general expression for the probability P of occurrence of an event is
given by

p= Measure of region occupied by the event

Measure of the whole region

where, measure means length or area or volume of the region, if we are
dealing with one, two or three dimensional space respectively.

Important Results to be Remembered

(i) When two dice are thrown, the number of ways of getting a total r is
@) (r=10,iff2<sr<7and (b)(13-r),if8<r<12
(i) Experiment of insertion of n letters in n addressed envelopes.

(a) Probability of inserting all the n letters in right envelopes :ll
n!

1
(b) Probability that atleast one letter is not in right envelope =1- ~
n!

(c) Probability of keeping all the letters in wrong envelopes
_q\n
11, 0
21 3! n!
(d) Probability that exactly r letters are in right envelopes
LI = R O IO B
o34l (n-n'H
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(iii) (a) Selection of Shoes from a Cupboard Out of n pair of shoes, if k shoes
are selected at random, the probability that there is no pair is

e nck 2k
Zan

(b) The probability that there is atleast one pair is (1- P).
(iv) Selection of Squares from the Chessboard If r (1<r <7) squares are
selected at random from a chessboard, then probability that they lie on a
diagonal is

4’c, +5¢c, +...+'c.1+28¢C)
s
(v) If Aand B are two finite sets and if a mapping is selected at random from

the set of allmapping from Ato B, then the probability that the mappingis
n(B)

p
(@) aone-one function = (B)”n((:;)' provided n(B) =n(A)
n
"(B)P
(b) a many-one function =1- (B)”n(f:;)' provided n(B) 2n(A)
n
n(B)

(c) a constant function = L
n

I
(d) aone-one onto function :n:B()%' provided n(A) =n(B)
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Trigonometric Functions,
Identities and Equations

Angle

When a ray OA starting from its initial
position OA rotates about its end point O
and takes the final position OB, we say
that angle AOB (written as [0 AOB) has
been formed.

The amount of rotation from the initial side —
to the terminal side is called the measure (Vg*tex) Initial side
of the angle.

Positive and Negative Angles

An angle formed by a rotating ray is said to be positive or negative
depending on whether it moves in an anti-clockwise or a clockwise
direction, respectively.

o) Initial side

O Initial side
(Positive angle) (Negative angle)

Measurement of Angles

There are three system for measuring the angles, which are given
below

1. Sexagesimal System (Degree Measure)

In this system, a right angle is divided into 90 equal parts, called the
degrees. The symbol 1° is used to denote one degree. Each degree is
divided into 60 equal parts, called the minutes and one minute is
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divided into 60 equal parts, called the seconds. Symbols 1' and 1'' are
used to denote one minute and one second, respectively.

ie. 1 right angle =90° 1° =60', 1' = 60"

2. Circular System (Radian Measure)

In this system, angle is measured in radian. A radian is the angle
subtended at the centre of a circle by an arc, whose length is equal to

the radius of the circle. The number of radians in an angle subtended

by an arc of circle at the centre is equal to are

radius

3. Centesimal System (French System)

In this system, a right angle is divided into 100 equal parts, called the
grades. Each grade is subdivided into 100 min and each minute is
divided into 100 s.

i.e. 1right angle =100 grades =100%, 1% =100, 1" = 100"’
Relation between Degree and Radian
(1) mradian =180°

or 1 radian = ﬁlﬁi@: 57°16'22"" where, = 2—72 =3.14159
m

(i) 1° = %@rad = 0.01746 rad

(1i1) If D is the number of degrees, R is the number of radians and G
is the number of grades in an angle 6, then

Bzizg
90 100 m

Length of an Arc of a Circle

If in a circle of radius r, an arc of length [/ subtend an angle 6 radian at
the centre, then

_ Length of arc
Radius

9:£ orl=r0
r
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Trigonometric Ratios For acute Angle

Relation between different sides and angles of a right angled triangle
are called trigonometric ratios or T-ratios.

Trigonometric ratios can be represented as
Perpendicular _ BC
Hypotenuse T AC
Base _AB

(9]

sin @ =

o
]
3
(0]
cosf=————— =" 3
Hypotenuse AC g
. o
tan © = Perpendicular _ &,
Base AB B
cosec B = —
sin©
secO = ,cotezc?se: !
cos® sin® tanB

Trigonometric (or Circular) Functions

Let X'OX and YOY' be the coordinate axes. Taking O as the centre
and a unit radius, draw a circle, cutting the coordinate axes at
A,B, A" and B/, as shown in the figure.

Y
B
P(x, y)
1///| l
~o Vv
X' A’ O X M JA X
5
v
B- nAop=_2cAP 0 _go using9=£g
0 radiusOP 1 ro

Now, six circular functions may be defined as
(1) cosB=x (1) sinB=y

(111) secH :1, x %0 (1v) cosecB :l, y#0
X Y

) tan®=2 x # 0 i) cot®=>,y £ 0
x Yy
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Trigonometric Function of Some Standard Angles

Angle | 0° 30° 45° 60° 90° | 120° | 135° 150° 180°
. 1 1 J3 J3 1 1
im0l | R 2 L2 |7 2 0
v3 | 1 1 I
ol R 2 R . e e
1 1
tan 0 ﬁ 1 \/5 0 - \/g -1 - ﬁ 0
1 1
cot 0 J3 1 7§ 0 _73 -1 -3 - ©
2 2
sec | 1 7 J2 2 0 -2 | =42 | - 7 -1
Z = RN
cosec | *® 2 2 3 1 NE] 2 2 o

Graph of Trigonometric Functions
1. Graph of sin x

Y} y=sinx
)6
______________ | _ S S
X' /\ ) ' } / X
=21/ _3m -m\ _I m T\ 31 om
/2 \ A 2 N2/ e
TR

(i) Domain = R (1) Range =[-1,1] (ii) Period = 21
2. Graph of cos x

(1) Domain = R (i1) Range =[-1,1] (ii) Period = 21
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3. Graph of tan x

v
R~@2n+11 n0I

(1) Domain

2

(1) Range = (- o, o)

(i11) Period
4. Graph of cot x

=T

[=4
x \.
[e]
> o
] \.
Il\\\\\\.A?
............... N
0
............... N
§
X<

=T

= (=00, o) (111) Period

R ~nm,n OI (i1) Range

(1) Domain

1} -
SX !
t A
1 1
I I
1 1
1 1
|||||| PR
= 1
- E
§ s lgu
=\ 19:
|||||| PR bR S
1 |
x N T
8 I N_E
»o______ [ T
1l rTTEN
S N o
NS |KT n“2“4_| s
|||||| "||||||“||||||
1 1=
1 E |
1 1 L
|||||| _||| ||_||||||
I |
=N .nm_2_
3 10!
8 RO
Q == _ [ I I
%] I !
2 1 1
G 1 1
(=] 1 1
= 1 1
W -
e x
&}
1)

,nOr

I
2

(i1) Range = (= o0, —1] O [1g0 )

(iii) Period

=R~(2n+1)

(1) Domain

=21
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6. Graph of cosec x

Y
¥ = COSEeC X
1 1 1 1 1 1
1 _3 1| T 1 1 5m 1 1
@ @) )
S SN L y=
I I I 1 I I I
Xr [} 1 } 1 } 1 } 1 } 1
: oL wp [0 B @ & amen | X
T2 SN2 a2 a2 a_,
! A VNN
1 1 V[T /(31T 4)\\! 1
f ey RN
I I I I I I
v

(1) Domain = R~ nm, n 01
(i1) Range = (=, —1] O [1%0 )
(i11) Period = 21
Note [sinB| <1 |cos 6] <1,|sec 8| =1,|cosecB| = 1for all values of 8, for which
the functions are defined.

Trigonometric Functions in Terms of
sine and cosine Functions

Given below are trigonometric functions defined in terms of sine and
cosine functions

(1) sinB= or cosec 6 = —
cosec 0 sin ©
(1) cosB = or sec 9 =
secO cos B
(1i1) cotB = 1 20956 ortan 0= L sin@
tan® sinB cot® cosH

Fundamental Trigonometric Identities

An equation involving trigonometric functions which is true for all
those angles for which the functions are defined is called
trigonometrical identity.

(i) cos?0 +sin’0=1or1l-cos?0=sin?Bor 1 - sin®6 = cos®H
(i) 1+ tan?0 =sec?Bor tan®B =sec?0 -1 or sec’® —tanZ0 =1

(iii) 1+ cot®8 = cosec? B or cot?O = cosec’® —1 or cosec’d — cot?0 =1
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Sign of Trigonometric Functions in
Different Quadrants

If we draw two mutually perpendicular (intersecting) lines in the plane
of paper, then these lines divide the plane of paper into four parts,
known as quadrants.

In anti-clockwise order, these quadrants are numbered as I, II, III and
IV. All angles from 0° to 90° are taken in I quardant, 90° to 180° in II
quardant, 180° to 270° in III quadrant and 270° to 360° in IV
quadrant.

Y

Il Quadrant (i; <0< n) | Quadrant (0 <0 <§>

sin 6 and cosec 8 are Al trigonometric functions
positive. are positive.
(90°+8) and (180° - 6) (360°+6) and (90° - )
X' 180%%90 o
270°k /360"

3
Il Quadrant (r[ <0 <32_n> IV Quadrant (Tn <0< 2T§

tan 8 and cot 0 are positive. | cos 8 and sec 8 are positive.
(180°+8) and (270° - 6) (270°+8) and (360° - 6)
Y

Trigonometric Ratios of
Some Special Angles

1° 1°
Angle 75 15° 18° 225 36°
sin® [4-J2 -6 J3-1 J5 - 1 _5

2J2 V2 4 2

1
cos 8 4+ 2 +6 | 3+1 Vio+245 | L s J5+1
22 22 2 4

tand |(3-v2)W2-1)| 2-43 | _¥5-1 | 5-1 ho-245
J10+ 245 T

Trigonometric Ratios (or Functions) of Allied Angles
Two angles are said to be allied when their sum or difference is either
zero or a multiple of 90°. The angles —0,90° £6,180° +6,270° £+ 6,
360° - 0 etc., are angles allied to the angle 0, if 6 is measured in
degrees.

1
4
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Allied Angles sin © cosec 0 cosB sec 0 tan 6 cot©®

-0 -sin® | —cosec 6 cos 6 secO —tan@ —-cot 0

90° -8 cos 0 sec 6 sin® cosec 0 cot® tan®

90° + 8 cos 0 sec 6 -sin® | —cosec O —cot® -tan®
180° -6 sin® cosec 6 —cos 6 -secB -tan@ —-cot
180° + 6 -sin® | —cosec 6 —-cos 0 -sec O tan® cot®
270° -8 —cos 6 -sec O -sin® | —cosec O cot® tan®
270°+ 0 -cos 6 -sec O sin® cosec 0 —cot® —-tan®
360° -6 —-sin® | —cosec 6 cos 6 sec 6 -tan@ —-cot 6

Trigonometric Functions of Compound Angles

The algebraic sum of two or more angles are generally called
compound angles and the angles are known as the constituent angle.
Some standard formulae of compound angles have been given below

(1) sin(A+ B)=sin Acos B+ cos Asin B
(11) sin (A - B) =sin Acos B - cos Asin B
(i11) cos (A + B) =cos Acos B-sin Asin B
(iv) cos (A - B)=cos Acos B+ sin Asin B

(v) tan (A + By = _AnA*tanB
1-tanAtanB
(vi) tan(A - B)= 2nA-tanB
1+tan Atan B
(vii) cot(A + B) = SOtAcotB-1
cot B+ cot A
(vii) cot(A - B) = OtACtBr1
cot B-cot A

Some Important Results
(i) sin(A+ B)sin(A - B) =sin® A - sin? B= cos? B - cos® A
(ii) cos (A + B)cos (A - B) =cos® A —sin® B= cos” B - sin”® A
(1i1) sin(A + B+ C) =cos Acos BsinC + cos Asin BcosC
+sin Acos BcosC — sin Asin BsinC

or sin (A + B+ C) =cos AcosBcosC(tan A + tan B+ tanC
—tan Atan BtanC)
@iv) cos(A+ B+ C) =cos Acos BcosC — sin A sin BcosC

—sin Acos BsinC - cos Asin BsinC
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or cos(A+B+C) =cos Acos BcosC(1 — tan Atan B - tan BtanC
—tan C tan A)

tan A+ tan B+ tanC —tan Atan BtanC

1-tan Atan B-tan BtanC - tanCtan A

If A+ B+C =0, thentan A+tan B+tanC =tan A tan B tanC

(vi) (@) sin(A; + A, +...+A,) =(cos A cos A,cos A, ... cos A,)
x(S; =S5 +S; -S; +...)
(b) cos(A; + Ay +... + A,) =(cos A, cos Aycos As...cos A,)
x(1=-8S,+S, -Sg +...)
S-S +S; =S, +...
1-S,+S, =S¢ +
where, S; =tan A, +tan A, +... +tan 4,
[sum of the tangents of the separate angles]
Sy, =tan A;tan A, + tan A, tan A5 +
[sum of the tangents taken two at a time)]
S; =tan A, tan A, tan A; +tan A, tan A, tan A, +
[sum of the tangents taken three at a time]
Note If A=A, =--- A, =A then we have
S;=ntanAS, ="C, tan® A S; = "C, tan® A,... so on.

(v) tan(A+B+(C) =

(c)tan(A; + Ay +... +A)) =

Transformation Formulae
(1) 2sin Acos B=sin(A + B) +sin(A - B)
(i1) 2cos Asin B=sin(A+ B) -sin(A - B)
(111) 2 cos Acos B=cos(A + B) +cos(A —B)
(iv) 2 sin A sin B=cos (A — B) —cos (A + B)

(v) sinC + sin D = 2sin a:'C;D]cos EC;DE

(vi) sinC - sin D = 2cos a‘I';Di sin
7t

[
]

\]

+D

(vii) cosC + cos D = 2cos [§ E

(viil) cosC —cos D = —2sin EL@sm EL@

=2sin +Dsin ~CH
Hz 06 2

EDH s
[
)

o o O o o
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Trigonometric Functions of Multiple Angles

(i) sin 24 = ZSinAcosA:M
1+tan” A

(i) cos2A=cos? A-sin? A=2cos®> A -1

:1—2sin2A:w

1+tan® A
(i) tan24= 2104
1-tan“ A

(iv) sin 3A=3sin A -4sin® A
(v) cos3A=4cos® A-3cos A

3tan A - tan® A

(vi) tan 3A =
1-3tan” A

Trigonometric Functions of Sub-multiple Angles

A 2tané
(1) sinA= 2sin—cosf:72A
1+tan® =
2
A
1-tan® =
(i) cos A= cos2 2 —gin? A 29cos? D —1=1-2sin2 8= 2
A
2 2 2 9 L+ tan? 4
2
2tané
(i) tanA=———4
1—tan2é
2

(iv) 1-cos A= 251n2§

) 1+cosA=200s2§

(i) Lo A4 _ 24
1+cos A 2

(vii) sin %ﬁ+ cos é‘gﬁ: +,/1+sin A
(viil) sin % ﬁ— cos %ﬁ: +,1-sinA
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Some Important Results

1. Product of Trigonometric Ratio
(i) sin  sin (60° - B) sin (60° +6) :i sin 30

(i1) cos 6 cos (60° — 6) cos (60° +0) :i cos 36

(i11) tan 6 tan (60° - 6) tan (60° +6) =tan 36

(iv) cos 36° cos 72° :%

(v) cos A cos 2A cos 4A... cos2" 1A= ; sin(2" A)
2" sin A

2. Sum of Trigonometric Ratios

(1) sin A+sin(A+ B) +sin(A +2B) +... +sin(A +(n -1) B)

sinE}A+ (n - 1)§E sinn—B
B 20 2

sin —
2

(1) cos A + cos (A + B) +cos(A +2B) +... +cos (A +(n -1) B)

.n
sin ——
=2 cos%A+7(n DB%
. B 0 2
smE

3. Identities for Angles of a Triangle
If A, Band C are angles of a triangle (or A+ B+ C = 1), then
(1) (a) sin(B+(C)=sin A (b) cos(B+C)=-cos A
(c) sin DBBi-'- CD: cos A (d) cos B+ CD: sin A
2 H 2 H 2 E 2
(1) sin 2A + sin 2B + sin 2C =4 sin A sin Bsin C
(ii1) cos 2A + cos 2B + cos 2C = =1 —4cos Acos BcosC

(iv) sin A + sin B+ sin C :4cosécos§cos—

2 2 2

. A . B.
(v) cos A+cos B+cosC =1 +431n5s1n§sm§

(vi) tan A+ tan B+tan C =tan Atan BtanC
(vi1) cot Beot C + cot C cot A +cot Acot B=1
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C

(viii) cot A + cot B + cot ¢ =cot A cotE cot—
2 2 2 2 2 2

(ix) tané tanE + tanEtang + tangtané =1
2 2 2 2 2 2

Trigonometric Periodic Functions

A function f(x) is said to be periodic, if there exists a real number 7' > 0
such that f(x + T') = f(x) for all x. T is called the period of the function,
all trigonometric functions are periodic.

Important Points to be Remembered

i) sinB, cosB, cosecO and secB have a period of 21T

) tan6, cot® have a period of Tt.
(iii) Period of sink@is 21t/k.

) Period of tank© is Tt/k.

) Period of sin" 0, cos” 8, sec” Oand cosec”8is 217 if n is odd and, TTif n is
even.
(vi) Period of tan" @, cot” @is 1, if n is even or odd.

(vii) Period of|sin8|,|cos 8|, |tan6)|,|cot B],|sec Bl and |cosec 6] is TL
(viii) Period of |sinB| +|cos 6], |tan 6] +|cot 6] and |secB| + | cosecB|is /2.

Maximum and Minimum Values of a
Trigonometric Expression
(i) Maximum value of a cos 0 + b sin 8 =/a® + b*

Minimum value of @ cos® £+ bsin 0 = - \laz +b?
(i) Maximum value of @ cos® +bsin 0 +¢ =c +a® +b?
Minimum value of @ cos0 +bsin 0 +¢ =¢ —a? +b>

Hyperbolic Functions

The hyperbolic functions sinh z,cosh z,tanh z,cosech z,sech z,coth z
are angles of the circular functions, defined by removing is appearing
in the complex exponentials.

—_— e_x

(i) sinhx=2
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x+e—x
2

sinhx e -e”

(i) coshx=2

X

(111) tanhx= -
coshx e“+¢*

2
sinhx e —-¢™*
1 _ 2

coshx e +¢e*

(iv) cosech x=

(v) sechx=

coshx e*+e™”

(vi) cothx=-=
sinhx e —e™*

Domain and Range of Hyperbolic Function

137

Hyperbolic function Domain Range
sinh x R R
coshx R [1, )
tanh x R -11

cosech x R - {0} R -{0}
sechx R 0,1]
cothx R - {0} R-[-1,1]
Identities

(i) cosh?x-sinh?x=1
(i) sech’x+ tanh?x=1
(iii) coth?x - cosech? x =1

(iv) cosh? x + sinh? x = cosh 2x

Formulae for the Sum and Difference
(1) sinh(x % y)=sinh xcosh y + coshx sinh y
(1) cosh(x* y)=coshxcosh y+ sinh x sinh y
tanhx + tanh y

) tanh (x4 y)= fAnhaEtanhy
(i) tanh (xy) 1+ tanhxtanh y

Formulae to Transform the Product into Sum or Difference

. . o e O -y
(6] smhx+smhy—2sth 5 }coshBTE

ey e _ e+yd . . x—y0d
(i1) sinhx-sinhy 2coshE 5 }smh BTE
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(1i1) cosh x +cosh y =2 cosh Ex ; Y icosh Ek%

(iv) coshx—cosh y =2 sinh Ex ; 24 isinh Ek%y

I I I |

(v) 2sinhxcosh y=sinh (x +y) +sinh(x —y)
(vi) 2coshxsinh y=sinh (x+y)—-sinh(x -y)
(vii) 2coshxcosh y=cosh (x+y)+cosh(x -y)
(viil) 2sinhx sinh y =cosh(x +y) —cosh (x —y)
Formulae for Multiples of x
(1) sinh 2x=2sinhxcoshx= Lﬂh;
1-tanh® x
(i) cosh 2x = cosh?x+sinh?x =2cosh®?x -1=1+2sinh?x
_1+ tanh? x
1-tanh®x
(iii) tanh 2x = %
(iv) sinh 3x=3sinhx +4sinh®x
(v) cosh3x=4cosh® x-3coshx
_3tanhx+ tanh® x

(vi) tanh 3x
1+3tanh’®x

Important Formulae

1. (i) sinh?x =sinh? y =sinh (x +y)sinh (x —y)

(i) cosh®x +sinh? y =cosh(x +y) cosh(x -y)

(i) cosh? x —cosh? y =sinh (x +y)sinh(x —y)
2. (i) sinix=isinh x (ii) cos(ix) =coshx

(iii) tan(ix)=itanhx (iv) cot(ix) =—i cothx

(v) sec(ix) =sechx (vi) cosec (ix) =—i cosech x
3. (i) sinhx=-isin(ix) (i) coshx =cos (ix)

(iii) tanhx =-itan(ix) (iv) cothx =i cot(ix)

(v) sechx =sec(ix) (vi) cosechx =i cosec(ix)
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Trigonometric Equations

An equation involving one or more trigonometrical ratios of unknown
angle is called a trigonometric equation.

Solution/Roots of a Trigonometric Equation

A value of the unknown angle which satisfies the given equation, is
called a solution or root of the equation.

The trigonometric equation may have infinite number of solutions.

(i) Principal Solution The least value of unknown angle
which satisfies the given equation, is called a principal solution
of trigonometric equation.

(i) General Solution We know that trigonometric function are
periodic and solution of trigonometric equations can be
generalised with the help of the periodicity of the trigonometric
functions. The solution consisting of all possible solutions of a
trigonometric equation is called its general solution.

Some Important Results
(1) sin6=0 06 = . , wheren Oz
(i) cosB=00 8=(2n + 1)2, where n 0z
(111) tan6=000 = 7 , wheren Oz

(iv) sin®=sina 0 =m +(-1)8& , wherea DE g,ggandnﬂz

(v) cosB=cosa® = 2rn+ta ,wherea O[0,M]and n Oz

(vi) tanB=tana 06 = m+a , wherea D% g,gﬁandn[lz

(vii) sin?0=sin?a, cos?0 = cos®q, tan?6 = tan’a
0 0 =n M+ 0, where n Oz

(viii) sin@=1 0 8= (4n +1) g where n 0z

(ix) cos0=10 = 2n , wheren Oz
(x) cosOB=-10 =(2n +Ix , wheren Oz
sin® = sina and cosO = cosa [
(xi1) sin@=sin0 and tan® =tanajd & 2n® o wheren Oz

O
tan® = tana and cos0 = cosaH
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(xii) Equation of the form a cos 6 +bsinB =¢

Put @ =r cosa and b =r sina, where
r=+a® +b® and|clsVa® + b®

06 =2m o +#,n0l]
1 [cl
a?+b?

(a) If| ¢| > y/a? + b2, equation has no solution.
(M) If| c| < yJa? + b?, equation is solvable.

- 4 b
where, 0 = cos and @=tan ' —
a

(xiii) sin %%” + eﬁ: (= 1)2 cos 6, if n is odd.

n
=(-1)2 sin0,if n is even.
n-1

(xiv) cos % + e@: (1) 2 sin®,if n is odd.

= (—1)E cos 0,1f n is even.

(xv) sinB; +sinB, +... +sinB, =n 0 sinB; =sinB, =... =sinB, =1

(xvi) cosB; +cosB, +... +cosB, =n [0 cosB; =cosB, =... =cosB, =1
(xvii) sinB +cosec® =2 sinB=1

(xviil) cosB® +secO® =20 cosB=1

(xix) sinB +cosec® =-20 sinB=-1

(xx) cosB +secB=-20 cosB6=-1

Important Points to be Remembered
(i) While solving an equation, we have to square it, sometimes the resulting
roots does not satisfy the original equation.

(ii) Do not cancel common factors involving the unknown angle on LHS and
RHS. Because it may be the solution of given equation.

(i) (a) Equation involving secB or tan 8 can never be a solution of the form

T
2n+1)—.
2

(b) Equation involving cosec 6 or cotB can never be a solution of the form
0 =n1L
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Solution of Triangles

Basic Rules of Triangle

In a AABC, the angles are denoted by capital letters A, B and C and
the lengths of the sides opposite to these angles are denoted by small
letters a, b and ¢, respectively. Area and perimeter of a triangle are
denoted by A and 2s respectively.

A

B 3 C

a+tb+e

Semi-perimeter of the triangle is written as s = 5

sinA _sinB _sinC _ 1

(1) Sine Rule "SR where R is radius of the

a b c
circumcircle of AABC.
2, 2_ 2 2, 2 _ 12
(ii) Cosine Rule cos A = Y+c-a” , cosB= a +c-b”
2bc 2ac

a®?+b*-¢?
2ab

(iii) Projection Rule a=bcos C+ccosB, b=ccosA+acos C
and c=a cosB+bcos A

and cosC =

(iv) Napier’s Analogy tan B-C_ Z_ ¢ COt?’
C
tanC_A: C_acotg and tanA_B: a_bcotg

2 cta 2 2 a+b 2
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Trigonometrical Ratios of
Half of the Angles of Triangle

(@) sind= [8=06-0 4 B_ [5=d6-a)
2 be 2 ac

C_ |(s—a)s—-b)

sin— =
ab

(i) cosA:\/m, COSB:\/W, COSC:\/M
2 be 2 ac 2 ab

A_ [(s=b)(s-¢)

B_ [c-aG-0o

(i1i) tan— = |———" tan
2 s(s—a) 2 s(s—b)
tang _ [(s—a)(s—b)
2 s(s—c¢)

Area of a Triangle

Consider a triangle of side a, b and c.

@ A -1 be sinA:lca sinB:lab sinC
2 2 2

*sin Asin B_ a®’sin BsinC _ b%sin C sin A
2sinC 2sin A 2 sin B

(i) A =

>i1) A = \/s (s —a)(s = b)(s —c), its known as Heron’s formula.
where, s = %M [semi-perimeter of triangle]

@iv) A= % =rs, where R and r are radii of the circumcircle and the

incircle of AABC, respectively.

Solutions of a Triangle
Elements of a Triangle

There are six elements of a triangle, in which three are its sides and
other three are its angle. If three elements of a triangle are given,
atleast one of which is its side, then other elements can be uniquely
calculated. This is called solving the triangle.
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1. Solutions of a Right Angled Triangle
Let AABC be a given triangle with right angle at C, then

B

a

A C

b

(1) the solution when two sides are given

Given To be calculated
a, b tanA=2.8=90°-A, c=_2
b SinA
a,c

sind=2.8=90°-A
C

b=ccos Aorb=c®-a°

(i1) the solution when one

side and one acute angle are given

Given To be calculated
a, A B=90°-Ab=acoth c=—2_
sinA
c, A B=90°-A,a =csinA, b=ccotA

2. Solutions of a Triangle in General
(1) When three sides a, b and ¢ are given, then

sin

where, A = \/s (s —a)(s = b)(s —c¢) in which s =

A:%,
b

C

sinB:%,sm

C:%

ac a

a+tb+e

and A+ B+ C =180°.

(i1) When two sides and the included angle are given, then

DA - BL_

a-b

(a)tanE 3 s
B-CO_b-c
(b)tanE . §_b+c
- AQ c-a,
(c) tan Eig— p” a

cotg,A+B—90°—g a‘smC
2 2 sin A
é B+C_900_é’a:bs-,1nA

2 2 sin B
E’C+A_90°_§b:c§1nB

2 sinC

This is called as Napier’s analogy.
(111)) When one side a and two angles A and B are given, then

C=180°-(A+B) 0 b=

asinC
sin A

csinB
- and ¢ =
sin

143
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(iv) When two sides a, b and the opposite [JA is given, then

sinB=é sinA,C=180°-(A+B), c= = .smC
a sin A

Now, different cases arise here

(a) If A is an acute angle and a< bsin A, then sin B= b sin A
a
gives sin B> 1, which is not possible, so no such triangle is
possible.
(b) When Ais an acute angle and a = b sin A. In this case, only one
triangle is possible, which is right angled at B.

(c) If Ais an acute angle and a > b sin A. In this case, there are

two values of B given by sin B = b sin A, say B, and B, such
that B, + B, =180°, side ¢ can be calculated from c = a .smAC'
sin

Circles Connected with Triangle

1. Circumcircle

The circle passing through the vertices of the AABC is called the
circumcircle and its radius R is called the circumradius.

A
B C
T __a _ b _ ¢ _abe
2sinA 2sinB 2sinC 4A
2. Incircle

The circle touches the three sides of the triangle internally is called the
inscribed or the incircle of the triangle and its radius r is called the

inradius of circle.
A
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0 r=

» | >

A
=(s—a)tan—
( ) 5
r=(s->b) tanE =(s-c¢) tang = 4R siné sinE sing
2 2 2 2

. B.C ,.C. A . A . B
Q sin — sin — bsm—sm— Ccsin—sin —
and  r= 2 2._ 2 2 _ 2 2

cos — cos — cos —
2 2 2

3. Escribed Circle

The circle touches BC and the two sides AB and AC produced of AABC
externally is called the escribed circle opposite to A. Its radius is
denoted by .

A

C

Similarly, r, and r; denote the radii of the escribed circles opposite to
angles B and C, respectively. Hence, r;,r, and r; are called the exradius
of AABC. Here,

Q COS— COS —

@Hn= :stané:4R siné cosE cos—=—4 4
s—a 2 2 2 2 cos 2

C A

B B bcosgcosg

(1) ry = =stan — =4R sin—cos— cos — = ——~% <

-b 2 2 2

cos —
2

ccosécos—

(iii) ry = :stang:4R singcosé cos— =2 2

s—c 2 2 2 2 COS%

W) r +ry+rm =4R +r
1Ty *1y

7Ty T
_Nrels
V) g trgrs gy =22
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4. Orthocentre and Pedal Triangle

The point of intersection of perpendicular drawn from the vertices on
the opposite sides of a triangle is called orthocentre.

The ADEF formed by joining the feet of the altitudes is called the pedal
triangle.
(1) Distance of the orthocentre of the triangle from the angular
points are 2R cos A, 2R cos B, 2R cos C and its distances from the
sides are 2R cos BcosC, 2R cosC cos A, 2R cos Acos B.

(i1) The length of medians AD, BE and CF of a AABC are

AD =1 \2b% + 2¢% - a?, BE:%,/%Z +2a% - b?
\/2(12 +2b% - ¢?

Radii of the Inscribed and Circumscribed
Circles of Regular Polygon

- po

and CF =

(1) Radius of circumcircle (R) = %cosecE
n

(1) Radius of incircle (r) = %cot E, where a is the length of a side of
n

polygon.
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(ii1) The area of the polygon = n (Area of AABC)

1
=~ na?cot %@
4
= nr? tanE = 2R2 sin ?@
n 2 n

(ii)

(iii)
(iv)

Important Points to be Remembered
Distance between circumcentre and orthocentre
=R’[1-8 cos A cosB cosC]

Distance between circumcentre and incentre
A B . C
=R? E 8 sin2sin = sin == g2 — 2Ry
27 20 2H
1
Distance between circumcentre and centroid = R? —g(az +b% +7%)

m-nTheorem InaAABC,DisapointonthelineBCsuchthatBD:DC=m:n
and JADG 6,0BAL:= o, ODAG B, then
A

o\p

0

B D n C

(@) (m +n) cot® =m cota —n cotfP
(b) (m + n) cot®=n cotB -m cotC
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Heights and
Distances

Height and distance is the important application of Trigonometry, in
which we measure the height and distance of different object as towers,
building etc.

Angle of Elevation
If O be the observer’s eye and OX be the horizontal line through O.
P
o,\é\é(\\

)

(0] X
Horizontal line

If the object P is at higher level than eye, then 0 POX is called the
angle of elevation.

Angle of Depression

If the object P is a lower level than O, then 00 POX is called the angle
of depression.
o Horizontal line
0
(,;7@
Ofs'
(2»

Note P
(i) Angle of elevation and depression are always acute angle.

(i) Angle of elevation of an object from an observer is same as angle of
depression of an observer from the object.



Heights and Distances

Important Results on Height and Distance

(1) a = h (cota — cotf)

i

<«~——a—>»B<«—r—>!

() If AB=CD,then x= ytan BD

N
/% i
‘_X_’B
i) o = H s1n(B.— a)
cosd sinf3
and H = h cota
cota — cotf3

0 H=xcotatan(@ +p)

"]

AT Bl

Ioks® cl
(v) H h cotP
cota

149
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(v) H = xcota tan(a + )

I

BH

|

= |
(Vi)H:asin(O(+B)
sin (3 - a)

m o
|
> (o]
Me—T—>«—T—>

(vil) a = h(cota + cot3)
h =asina sinf3 cosec (0 + )
and d = h cot 3 =a sina cos 3 cosec (a + B)

A
h
o l B
B De—q—»>
< a >
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Inverse Trigonometric
Functions

Inverse Function

If y=f(x) and x =g(y) are two functions such that f(g(y))=y and
g(f(y)) =x, then f and y are said to be inverse of each other,

ie.g=f1 If y = f(x), then x = f1(y).

Inverse Trigonometric Functions

As we know that trigonometric functions are not one-one and onto in
their natural domain and range, so their inverse do not exist but if we
restrict their domain and range, then their inverse may exists.

Domain and Range of Inverse Trigonometric Functions

The range of trigonometric functions becomes the domain of inverse
trigonometric functions and restricted domain of trigonometric
functions becomes range or principal value branch of inverse
trigonometric functions.

Table for Domain, Range and Other Possible
Range of Inverse Trigonometric Functions

Principal value

Function Domain branch (Range) Other possible range
o _ o ng 3m -mO Ot SnOy

ymsmox ay B2 28 B2 28R 28

y=cos 'x -1 1] [0 7] [~ 0], [T, 27 etc.

y=tan"" x R %gg Q_STT[ %TQ %,%{Qem.
y=sec”' x  R=(-11) [0 - Eg@ [-m 0] - %gﬁ [m, 27 - é%"@ etc.

y=cosec”'x R-(-11) E;ZHEE_ {0} Ei;?é— {-m}, %%E— {m}

y=cot™ x R (0, m) (=11, 0), (11, 2™) etc.
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Graphs of Inverse Trigonometric Functions

The graphs of inverse trigonometric functions with respect to line y = x
are given in the following table

Function Graph Graph
(By interchanging axes) (By mirror image)
A
5T

ENNE -

//l
1 1
—ain™! , 1!
y=sin"' x X*OT[ :/01£
1
ﬂ—? // 2
= 11

y=cos'x Xe—d M x
/1

2
v
Y y:ta}n)g_
|/'y:X
T2 ---7A5 o=z
AT y=tan! x
-T72 :
— -1 I L
y=tan™" x X E 0 P X
A -T2
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. Graph Graph
AUl (By interchanging axes) (By mirror image)
Y,
2T

o= L N ER A
> Tf T%j‘ =sec”'x
o o X . amud
y=sec™' x -
0 s

,,,,,,,, =T oTm2 T X

,,,,,,,,,,,,,,,,,,,

y=cosec 'x

Elementary Properties of
Inverse Trigonometric Functions
Property |

. -1, e:e;eDD_T[,l'lD

(1) sin™ (sinB) EE 2@

(i) cos™* (cosB)=6;8 [0, T
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(iii) tan™ (tan6) = 6,0 DE lz”—;

(iv) cosec™* (cosec0)=6;00 %9 z0

|

I
2 ’
&

[Lant}

I o5

(v) sec”! (sec®)=600][0, ],
(vi) cot™ (cot®) =86;6 (0, 1)
Property Il
() sin(sintx)=x;x0F 1,1]
(i) cos(costx)=x;x0F 1,1]
(i) tan(tan'x)=x;x0OR
(iv) cosec(cosec x)=x;x0€ 0 ~ 10 | )
(v) sec(seclx)=x;x0€ w0 ~ 1[0 |& )
(vi) cot(cot™ x)=x;x0OR
Property Il
() sin? (-x)=-sintx; xOF 1,1]
(i) cosH(-x)=m-cos ta;xOF 1,1]
@(ii) tan'(-x)=-tan ' x; x OR
(iv) cosec” (-x) = —cosec x; x O€ 00 ~ 110 [, )
() sect (mx)=m-seclx;x0€ 0 ~ 10 [& )
(i) cot ™t (—x)=m-cotx; x OR

Property IV
() sin™? %@2 cosec g x0€ w0 ~ 10 [&® )
(i) cos™ %@= sec lx;x0f - 10 [& )

. 0 cot™u; if x>0
(iii) tan =0 2 )
[T T+cot x; ifx<O

Property V
(G sintx+costx= g; x0t 1,1]

(i) tanlx +cotlx = g; xOR

(iii) sec”x + coseclx = g; x0O€o - 10 [& )
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Property VI

a. -
sin 1{x\/l—y2 +y\/1—x2};
if-1<x,y<landx®+y*<lor

ifxy<Oand x® + y>>1

() sinlx+ sin~l y = - sin T {xy1- % +y1-2%)

if 0<x,y<landx®+y*>>1

IDDDD%D]DDDDD

m—sin™! {x\/l—y2 +y\/1 -x%}

if-1<x,y<Oand x% +y%>1

sin_l{x\/l—y2 —y\/l—xQ};
if-1<x,y<slandx®+y?<1
orif xy > 0and x> + y2>1

OOoOoOood mooo

-

- sin”! {x\/l -y - y\/l -x%;

if0<x<1l,-1<y<Oandx®+y?>1

(i) sintx-sin"ly=

- T —sin™? {x\/l—yz —y\/l -2y
if-1<x<0,0<ys<landx®+y?>1

mMmoOooooo

Property VII

(1) costx+cosly

cos Lay —41-x%yJ1-4%); if-1<sxy<landx+y=0
H2n—cos {xy —4/1 —x \/T} if-1<x,y<landx+y<O

(i) costx—cosly

_E cos Hay+4/1-x* 1 -y*hif -1<x,y<landx<y
Q—cos Hay+41-a2y1-y2}if-1<y<0,0<x<land x>y
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Property VIl
(G tan'x+tanly

0 +
0 n’! E)ug ifxy<1
O
:En+ta 1 EIUD ifx>0,y>0and xy>1
0 L - xy
O g Ox+y0O .
T+ tan ifx<0,y<0Oandxy>1
Er Bli—xyﬁ y Y
(11) tan_lx—tan_ly
0 -
0O tan™! Eu[l ifxy>-1
0 O + xy
:%THtan_lEuD ifx>0,y<0andxy<-1
0 1 + xy
0 -
[[—T[+tan'1E|u|:| ifx<0,y>0and xy<-1
0 L+ xy
Property IX
N , ; 1"
(@) sin"'x=cosy1-x% =tan™’ =cot™! a
1-«x? x
O ¢ O
=gec ' U U= cosec™ %H x0(0,1)
1—x2E

— X -
= cot™? 5 = sec 1%@

o ¢ O
= cosec™! D—QD x0(0,1)
1-x

0 0
(iii) tantx= sin 02X 0= cos? D—D— cot™ %ﬁ
B,/1+x25 B,/1+xH
- -1 D[_N 1+2° E
= cosec
H «~ H
= sec 1(y1 + x?), x 0(0g0 )



Inverse Trigonometric Functions

Property X
S sin! (2x /1 - x2);
(G 2sintx= H - sin” (2x\/ﬁ)
D

E—T[ - sin"}(2x4/1 - x?);

O -1 2 _ 1\.
() 2costx=p °° (jx 21)’

21— cos™ (2x° —1);

O O 0

0 tan’! D27x2|:t

0 I -x-0

O O

(ii) 2tan'x= % T+ tan‘lmz—x2u

0 -

u O 2x

[T+ tan™ Dilit

= 0 - x?

Property XIi
Eﬁin'l(&c - 4x%);
(i) 3sinlx= %‘[ - sin"!(3x - 44%);

O

E— - sin™! (3x — 4%°);

Ef:os_l(élx3 - 3x);
. -1, _ %2 I PO BN
(1) 3cos x=[RM—cos (4x° — 3x);

O
%T[ +cos H(4x® - 3x);

Dan™! M

g O - 3x*0
30
(i) 3tanlx= DT[+tan M
|] [0 - 3x° D

Bri+ tan” 1fpro o

= O - 3x*0

if -

-
IN
®
IN
ol

I/\
I/\
—

T
if -1

I/\
I/\

s‘»—t

if0<sx<1
if-1<x<0

if-1<x<1
ifx>1

fx<-1

if x>

ﬁ

ifx< -

sl

157
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Property XIlI
U | a
[pin~* Bzixz[t if-1<x<1
0 O+ x°0
0 0
(1) 2tantx= %‘[—sin_1 EAZD; ifx>1
0 O+ x*0
0 O 0
F - sin™! D27x2|:t fx<-1
H O+ x*0
O - %20
0 cos ™ Lﬂ[t if0< x< oo
+
G) 2tanx=H & xED
L cos™? MD if—o<x <0
B O+ x0

Some Important Results

. - - - g dx+y+z- U
@) tan1x+tan1y+tan12:tan1[~}w
-xy —yz —2x

ifx>0,y>0,z>0and (xy + yz +zx) <1
@) Iftan'x+tan 'y +tantz = g, thenxy + yz +zx =1
(ii) Iftan'x+tan™' y +tan'z =M, then x + y + z = xyz

(v) Ifsin'x+sinty +sin™

z 22, then x% + y2 + 22 + 2xyz =1
) If sin'x+sin”'y +sin"' 2z =1 then
x\/l—x2 +y\/1 —y2 +z\/1 -z? =2xyz

(vi) If cos™ x + cos™t y + cost z = 3m, then xy + yz + zx = 3

1 1

(vil) Ifcostx+costy +costz =T then x2 + y? + 2% + 2xyz =1

.- .- .- 31T
(viii) Ifsm1x+sm1y+smlz:?,thenxy+y2+zx:3

(ix) Ifsin'x+sin"'y=06,thencos ' x+cos ' y=m1-0

(x) Ifcostax+costy=6, thensinlx+sinty=m-0

(xi) Iftantx+tanty = g ,thenxy =1

(xii) Ifcot™ x+cot™ y = g, then xy =1
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2
(xiii) If cos™* Xrcostd = 6, then x—2 _ 2y cosB + y—z =sin’0
a b a a b
. - - - g -S;+S; -... O
(xiv) tan'x; +tan "l xy+..+tan" x, = tan"t 3 5 =S5 + 5 U

EIl_SQ +S4 _SG +...D

where, S, denotes the sum of the products of x;,x,,...,x, takes k
at a time.

Inverse Hyperbolic Functions

If sinh y = x, then y is called the inverse hyperbolic sine of x and it is
written as y = sinh ™! x.

Similarly, cosh™ x, tan h™x etc., can be defined.

Domain and Range of Inverse Hyperbolic Functions

Function Domain Range
sinh™x R R
cosh™ x [1,00] R
tanh™"x (-11) R

cosech™ x R - {0} R - {0}
sech™'x (0 1] R
coth™ x R=[-11] R-{0}

Relation between Inverse Circular Functions
and Inverse Hyperbolic Functions

(i) sinh™x = —i sin"'(ix) (@ii) cosh™x = —icostx
@(ii) tanh™'x = —itan"!(ix)

Some Important Results

(i) sinh~'x =log, (x ++x% +1) (ii) cosh'x =log, (x ++/x* - 1)
(iii) tanh™x = < log, é‘ﬂg (iv) coth™x = L log, &%1@ x>1
2 -Xx 2 -1

_ 1-x2H
(v) sechx = log LD x0(0,1]
‘H =« H
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Rectangular Axis

Coordinate Geometry

The branch of mathematics in which we study the position of any
object lying in a plane with the help of two mutually perpendicular
lines in the same plane, is called coordinate geometry.

Rectangular Axis

Let XOX' and YOY' be two fixed straight lines, which meet at right
angles at O. Then,

P(x, y)

<———<

(1) X'OX is called axis of X or abscissa or the X-axis.
(1) Y' OY is called axis of Y or ordinate or the Y-axis.

(ii1) The ordered pair of real numbers (x,y) is called cartesian
coordinate.

(iv) Coordinates of the origin are (0, 0).
(v) y-coordinate of a point on X-axis is zero.
(v1) x-coordinate of a point on Y -axis is zero.
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Quadrants
The X and Y-axes divide the coordinate plane into four parts, each part
is called a quadrant which is given below

Y

A
(= +) (+, +)
Il Quadrant | !Quadrant
x<0,y>0 | X>0,y>0
X'« x

- - (+-)
Il Quadrant | IV Quadrant
x<0,y<0 x>0,y<0

Y

y'

Polar Coordinates
In AOPQ,

cos=2and sin6=2 0 x=r cosBand y =rsinb
r r

where, r = W and 8 = tan™ %@
The polar coordinate is represented by the symbol P(r,0).

Distance Formulae
(1) Distance between two points P (x;, y;) and @ (xy, ¥5), 1S

PQ = J(xy - )% + (35, - 1)

‘P (X1, ¥4) Q (x5, V)

(1) If points are (r;,6,) and (r4,0,), then distance between them is

\/rf +rf = 2r7, cos(0, — 6,).
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(iii) Distance of a point (x;, ¥;) from the origin is yx? + yZ.

(iv) If the coordinate axes are inclined at an angle w, then distance
between (x;, y;) and (x,, y5) is

= (o, = x9)" + (31 = 2)” +2(x; ~x,)(3; ~y3)COSW
Section Formulae
(1) The coordinate of the point which divides the joint of (x;, y;) and
(%9, ¥9) 1n the ratio m, : m, internally, is

%mlxz t meX
U my+my

myys + mZyIE

my +my [
A R c
T - T

(X1, y4) M my (X2, ¥2)

and externally is Emlx2 — Mg MYp ~ m2y1%
0 my —my ’

m; —my [

(11) X-axis divides the line segment joining (x;, y;) and (x,, y5) in the
ratio —y; : ¥o.

Similarly, Y-axis divides the same line segment in the ratio
- X Xy

(iii) Mid-point of the joint of (x;, y,) and (xy, yo) is E““;ix? , M@

2
(iv) Centroid of AABC with vertices (x;, ¥;), (%9, ¥9) and (x5, ¥3), 1s

ﬁxl+x2+x3 y1+y2 +y3ﬁ
3 ’ 3

(v) Circumcentre of AABC with vertices A(xy, y;), B(x,, y,) and

C(x3, y3), is

O sin 2A + xy8in 2B + x5 sin 2C y;sin 24 + y,sin 2B + y, sin 2C0
0 sin2A +sin 2B +sin 2C

sin 2A + sin 2B + sin 2C 0

(vi) Incentre of A ABC with vertices A(x;, y;), B(xy, ¥5) and C (x5, y5)
and whose sides are a, b and ¢, is

Hon + bxy + g ayy + by, + cys
O a+b+ec

a+b+c 0O
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(vii) Excentre of AABC with vertices A (x;, y;), B (x4, ¥5), C (x5, ;) and
whose sides are a, b and c, is given by

1, :E—ax1+bx2+cx3 —ay, + by, +cys [

B —a+btec  -—a+bte O

12:épx1—bx2+cx3,ayl—by2+cy3§
a-b+c a-b+c

I, = ot bx - o ayﬁ@r%@

and ,
a+b-c a+b-c

(viil) Orthocentre of AABC with vertices A(x;, y;), B(xy, y,) and

C(x37y3)’ iS
[y tan A + xytan B+ x; tanC  y, tan A + y, tan B + y; tan CO
0 tanA+tanB+tanC ’ tan A + tan B + tan C 0

Area of Triangle/Quadrilateral
(i) Area of AABC with vertices A(x;, ¥;), B(xy, y5) and C(xg, y5), is

A (x1, y1)
B (x2, y2) C (x3, ¥3)
v oy 1
A = l x2 y2 1 = l xl x3 x2 x?’
Y17 Y3 Yo T
%y 1 17 s Y2~ U3

These points A, Band C will be collinear, if A = 0.

(i1) Area of the quadrilateral formed by joining the vertices

o1 - Xo — X
(s 1) (s ¥9), (x5, ) and (2, ) is | [ 8 2T
2131 =3 Yo~ V4

(1i11) Area of trapezium formed by joining the vertices

(21, 1), (%2, 9), (23, y3) and (xy, y4) is
%I [ + y9) () = %5) +(yo +23)(xe —x3) +(y3 +3,)(%3 —x,)

(g + y)(xy —x)] |
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Shifting of Origin/Rotation of Axes

Shifting of Origin

Let the origin is shifted to a point O’ (h, k). If P(x, y) are coordinates of
a point referred to old axes and P'(X,Y) are the coordinates of the
same points referred to new axes, then

y %
! Yooy
1eP(x,
X <-—----Jeo == -:——————(——y—)———— X
10" (h, k)
!
X ;
0 ! X
3 Y
Y Y

x=X+h,y=Y +k

Rotation of Axes

Let (x, ) be the coordinates of any point P referred to the old axes and
(X,Y) be its coordinates referred to the new axes (after rotating the old
axes by angle 6). Then,

X =xcosB+ysin® and Y = ycos® —xsinb

v
Note If origin is shifted to point (h, k) and system is also rotated by an angle 6
in anti-clockwise, then coordinate of new point P (x',y )is obtained by
replacing
x'=h+xcosB+ysin®
and y'=k-xsin@+ycos©
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Locus
The curve described by a point which moves under given condition(s) is
called its locus.

Equation of Locus

The equation of curve described by a point, which moves under given
conditions(s), is called the equation of locus.

Step Taken to Find the Equation of Locus of a Point

Step | Assume the coordinates of the point say (h,k) whose locus is to be
found.
Step Il Write the given condition in mathematical form involving h, k.
Step lll Eliminate the variable(s), if any.

Step IV Replace h by xand k by y in the result obtained in step lll. The equation
so obtained is the locus of the point, which moves under some stated

condition(s).
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Straight Line

A straight line is the locus of all those points which are collinear with
two given points.

General equation of a line is ax + by + ¢ =0

Note

e We can have one and only one line through a fixed point in a given direction.
e We can have infinitely many lines through a given point.

Slope (Gradient) of a Line

The trigonometrical tangent of the angle that a line makes with the
positive direction of the X-axis in anti-clockwise sense is called the
slope or gradient of the line.

So, slope of a line, m = tan®
where, 0 is the angle made by the line with positive direction of X-axis.

Important Results on Slope of Line

(i) Slope of a line parallel to X-axis,m =0.
(i) Slope of a line parallel to Y-axis,m = .
(i) Slope of a line equally inclined with axes is 1 or —1as it makes an angle of

45° or 135°, with X-axis.

(iv) Slope of aline passing through (x;, y;) and (x5, y,) is given by
27N

X, =X,

m=tanB =

Angle between Two Lines

The angle 6 between two lines having slopes m; and m,, is

tan® ME

oL+ mymy0
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(i) Two lines are parallel, iff m; = m,.
(11) Two lines are perpendicular to each other, iff m;m, = - 1.

Equation of a Straight Line

General equation of a straight line is Ax + By + C =0.
(1) The equation of a line parallel to X-axis at a distance b from it, is

given by
y=b
(1) The equation of a line parallel to Y-axis at a distance a from 1it, is
given by
xX=a
(ii1) Equation of X-axis is
y=0
(iv) Equation of Y-axis is
x=0

Different Forms of the Equation of a Straight Line

(1) Slope Intercept Form The equation of a line with slope m and
making an intercept c on Y-axis, is

y=mx +c
If the line passes through the origin, then its equation will be
y =mx
(i) One Point Slope Form The equation of a line which passes
through the point (x;, y;) and has the slope m is given by
(y=y)=m(x-x)
(iii)) Two Points Form The equation of a line passing through the
points (x;, ¥;) and (x,, y,) is given by

Oy, — vy, 0
(v =)= B2 00 - x)
D'x:z - x1 D
This equation can also be determined by the determinant
method, that is
x y 1
¥ oy 1/=0
X9 Yo 1
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(iv) Intercept Form The equation of a line which cuts off intercept

a and b respectively on the X and Y-axes is given by

f + Z =1

a b
The general equation Ax + By + C =0 can be converted into the
intercept form, as

x + Y =1
-(ClA) -(CIB)

(v) Normal Form The equation of a straight line upon which the
length of the perpendicular from the origin is p and angle made
by this perpendicular to the X-axis is a, is given by

xcosd + ysind = p

YA

B

X< AN, X

Y'y

(vi) Distance (Parametric) Form The equation of a straight line
passing through (x;, y;) and making an angle 6 with the positive
direction of X-axis, is

X=X _Y~Nh _
cosB sin @
where, r is the distance between two points P(x, y) and Q(x;, ;).

)

\'7 ? U‘K
Wy
o> .
™ e R

Y'Y
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Thus, the coordinates of any point on the line at a distance r from
the given point (x;, y;) are (x; +r cos 6, y; +r sin 6). If P is on the
right side of (x;, y;), thenr is positive and if P is on the left side of
(%, 1), then r is negative.

Position of Point(s) Relative to a Given Line

Let the equation of the given line be ax+ by +c¢ =0 and let the
coordinates of the two given points be P(x;, y;) and Q(x, ¥5).

(1) The two points are on the same side of the straight line
ax + by +¢ =0, if ax; + by, + ¢ and ax, + by, + ¢ have the same
sign.

(i1) The two points are on the opposite side of the straight line
ax+ by +¢ =0, if ax; + by, +c and ax, + by, + ¢ have opposite
sign.

(ii1) A point (x;, ;) will lie on the side of the origin relative to a line
ax + by + ¢ =0, if ax; + by; + c and c have the same sign.

(iv) A point (x;, y;) will lie on the opposite side of the origin relative to
aline ax + by + ¢ =0,if ax; + by, + cand chave the opposite sign.

Condition of Concurrency

Condition of concurrency for three given lines aqx + by +¢ =0,
agx + byy +cg =0and agx + yy + ¢ =0 1s

as (biey = byey) + by(cay — arcy) +e3(aby —ayby) =0

a b q
or a, by c¢y|=0
a b g

Distance of a Point from a Line

The distance of a point from a line is the length of perpendicular

drawn from the point to the line. Let L:Ax+ By +C =0 be a line,

whose perpendicular distance from the point P(x;,y;) is d. Then,
d:|Ax1 + By, +Q

IAQ + B2
Note The distance of origin from the line Ax + By + C =0 is
ICl

) A% + B?
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Distance between Two parallel Lines

The distance between two parallel lines
y=mx+qg ...(0)

y=mx+cy ...(11)
d = |Cl _C2|

V1 + m?

Point of Intersection of Two Lines
Let equation of lines be a;x + by + ¢, =0 and ayx + byy + ¢y =0, then

is given by

. . . ... g - b - 0
their point of intersection is DblCZ 29 A%~ %

Oay by = agb , a0, = ayb 0

Line Parallel and Perpendicular to a Given Line

(i) The equation of a line parallel to a given line ax + by + ¢ =0 is
ax + by + A =0, where A is a constant.

(i) The equation of a line perpendicular to a given line
ax+ by +c¢=01s bx —ay + A =0, where A is a constant.

Image of a Point with Respect to a Line
Let the image of a point (x;,y;) with respect to ax + by +c¢ =0 be
(%9, ¥9), then
X9 =% _ Yy =y _ —2(ax; +by, +¢)
a b a® + b

(1) The image of the point P(x,y;) with respect to X-axis is
Qxy, = ).
(11) The image of the point P(x;, ;) with respect to Y-axisis Q(—x;, ¥;).
(i11) The image of the point P(x;, y;) with respect to mirror y = x is
Q(y1,%p).
(iv) The image of the point P(x,, y;) with respect to the line mirror
y =xtanBis
X =x,c0820 +y,sin26
y =2 8in20 - y, cos20
(v) The image of the point P(x;, y;) with respect to the origin is the
point (—x;, = ;).
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Equation of the Bisectors

The equation of the bisectors of the angle between the lines
aqx+by+c =0

and agx + byy + ¢y =0

axtbyte | axtbyte

aj + b} Vas + 03

To find acute and obtuse angle bisectors, first make constant terms
in the equations of given straight lines a;x + by + ¢, =0 and
ax + byy + ¢y =0 positive, if it is required, then find a;a, + b,b;,.
@) If aay + bby, >0, then we take positive sign for obtuse and
negative sign for acute.

are given by

@) If ayay + b, <0, then we take negative sign for obtuse and
positive sign for acute.

Pair of Lines
General equation of second degree
ax? + 2hxy + by? + 2gx +2fy +¢ =0.
It will represent a pair of straight line iff
abe + 2fgh — af? —bg® —ch? =0

a h g
or h b f|=0
g [ ¢

Homogeneous Equation of Second Degree

An equation in two variables x and y (whose RHS is zero) is said to be
a homogeneous equation of the second degree, if the sum of the indices
of x and y in each term is equal to 2. The general form of homogeneous
equation of the second degree in x and y is ax? + 2hxy + by? = 0.

Note Any homogeneous equation of second degree in x and y represents two
straight lines through the origin.

Important Properties
(i) Let ax® + 2hxy + by? =0 be an equation of pair of straight lines.

Then,
~h ++h%-ab

(a) Slope of first line, m; = 5
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-h -k -ab

b
2h __ Coefficient of xy

0 my + mg ==—— . . 2
b Coefficient of y
_a _ Coefficient of x*
and mmy=—=———
b Coefficient of y
Here, m; and m, are
(1) real and distinct, if 22 > ab. (2) coincident, if A2 = ab.

(3) imaginary, if h% < ab.

and slope of the second line, m, =

(b) Angle between the pair of lines is given by

la+ b
(1) If lines are coincident, then h? = ab.
(2) If lines are perpendicular, then a +b = 0.
Note The angle between the lines represented by
ax? +2hxy + by +2gx +2fy +c =0
=angle between the lines represented by ax? + 2hxy + by> =0

(c) The joint equation of bisector of the angles between the lines
represented by the equation ax? + 2hxy + by? =01is

2_ .2
oY W O hxz—(a—b)xy—hyzzo.
a-b h
(d) The equation of the pair of lines through the origin and
perpendicular to the pair of lines given by ax” + 2hxy + by? =0

is bx? - 2hxy + ay? = 0.

(ii) If the equation of a pair of straight lines is ax® + 2hxy + by® + 2gx
+ 2fy + ¢ =0, then the point of intersection is given by
Rt — - af
th bf , gh a}; g
Ckb-h° ab-h"0
(iii) The general equation ax?+ 2hxy + by? +2gx +2fy +¢ =0 will

represent two parallel lines, if g% — ac> 0 and % = % = % and the

2 _ 2 _
distance between them is 2 \/gac or 2 \/fbc

a(a+b) b(a+b)

(iv) The equation of the bisectors of the angles between the lines
represented by ax? + 2hxy + by? + 2gx +2fy +¢ =0 are given by
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(x-2)* =y -3)° _(x-x) (- x)
a-b h ’
where, (x;, y;)1s the point of intersection of the lines represented
by the given equation.

(v) Equation of the straight lines joining the origin to the points of
intersection of a second degree curve ax? + 2hxy + by? + 2gx +

2fy + ¢ = 0 and a straight line /x + my +n =01is
x+ myQ myd Ox+ myDZ

ax®+ 2hxy+by2+2gxg7%+ nyE H"‘CE 5 =0.
-n

Important Points to be Remembered
(i) Atriangle is an isosceles, if any two of its median are equal.
(ii

=

In an equilateral triangle, orthocentre, centroid, circumcentre, incentre
coincide.

(iii) The circumcentre of a right angled triangle is the mid-point of the
hypotenuse.

(iv) Orthocentre, centroid, circumcentre of a triangle are collinear. Centroid
divides the line joining orthocentre and circumcentre in the ratio 2 : 1.

IfD, E and F are the mid-point of the sides BC, CA and AB of AABC, then the
centroid of AABC = centroid of ADEF.

-

(v

(vi) Orthocentre of the right angled AABC, right angled at Ais A.

=

(vii) The distance of a point(x,, y;) from the ax +by + ¢ =01is
=|17x1 +by, + CS
gV +b®* o
Distance between two parallel lines ax + by + ¢, =0and ax +by + ¢, =0is
given by

d

=

(viii

Oc¢

O
E)il]
o/a +b> g
The area of the triangle formed by the lines y =mx + ¢,y =myx +¢, and
y=mx +qis

a=1Fa-e

20 m-m

d

<

(ix

Cont...
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(x) Three given points A, B, C are collinear i.e. lie on the same straight line, if any
of the three points (say B) lie on the straight line joining the other two
points.

g AB+BC =AC
(xi) Area of the triangle formed by the line ax + by + ¢ =0 with the coordinate

axesisA=

2|ab|’

(xii) The foot of the perpendicular(h, k) from (x;, y;) to the line ax + by +c =0is
—x _k-y, __(ax;+by, +q

b a* +b?

given by h

(xiii) Area of rhombus formed by ax £ by + c=0 isB!;C;E
ac 0

(xiv) Area of the parallelogram formed by the lines
ax +by +¢ =0,a,x +by +¢, =0,a.,x +by +d; =0
and ax+by+d =0is
Hd -~ q) (4, —6)H
O ab, —ab 0
(xv) (a) Foot of the perpendicular from(a,b)onx —y =01is
+b a+b
%' 2 @
(b) Foot of the perpendicular from (a,b)onx +y =0'is

-b a-b
R

(xvi) Theimage of the line a;x + by + ¢, =0 about the line ax + by + ¢ =01is
2aa, +bb) (ax +by +¢) =(a® +b%) (ax +by +q).

(xvii) Given two vertices (x;, y;) and (x5, y,) of an equilateral AABC, then its third
vertex is given by.
O +x, i\/g()ﬁ ~¥a)
|
0 2

ity 1\/5()(1 —x) U
, 5 O
a
(xviii) The equation of the straight line which passes through a given point (x,, y;)
and makes an anglea with the given straight liney =mx + care
m * tana

—y)=———(x —x
=y 1$mtan0(( )

Cont...
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Y
NP, 1)
y=mx+c
mial
X' < L,/\/GO N1 € x
R

Vi

(xix) The equation of the family of lines passing through the intersection of the
linesax +by +¢ =0and a,x +by +¢, =0is

(ax + by + ) + Aax + by +¢) =0

where, A is any real number.

(xx) Line ax +by + c =0 divides the line joining the points (x;,y;) and (x,,y,) in
theratioA:1,then A = _Hox by, e

X, +by, +¢

If A is positive it divides internally and if A is negative, then it divides
externally.

(xxi) Area of a polygon of n-sides with vertices A,(x;,¥1), Ay (X5, ¥5) 1o s Ay (X0, Y )

:1%)(1 N, X2 Y2 n Yng
206 Yol X3 ¥3 X1 Yil0

(xxii) Equation of the pair of lines through (a,) and perpendicular to the pair of
lines ax® + 2hxy +by* =0is b(x —a)* —=2h(x —a)(y —B) +a(y B)* =0.

X

+ +...+
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Circles

Circle

Circle is defined as the locus of a point which moves in a plane such
that its distance from a fixed point in that plane is constant.

P y)

The fixed point is called the centre and the constant distance is called
the radius.

Standard Equation of a Circle

Equation of circle having centre (h,k) and radius a 1is
(x = h)? +(y —k)?> =a®. This is also known as central form of equation

of a circle.

Some Particular Cases of the Central Form
(i) When centre is (0, 0), then equation of circle is x? + y% = a®.

.
N

(i1) When the circle passes through the origin, then equation of the
circle is x% + y% — 2hx - 2ky =0.

£,

Y/
@)



Circles 177

(i1i)) When the circle touches the X-axis, the equation 1is
x? + y% = 2hx — 2ay +h?% =0.
YA

C (h, k)

a

X

[¢) M

(iv) Equation of the circle, touches the Y-axis is
x? + y% = 2ax - 2ky + k% =0.

YA

C (h, k)

0 > X

(v) Equation of the circle, touching both axes is
x? + y2 - 2ax - 2ay +a? =0,
Y

M a4 _ C(a a)
K a
> X

(vi) Equation of the circle passing through the origin and centre
lying on the X-axis is % + y? - 2ax = 0.

Y

(0]

¢ C(a, 0)
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(vil) Equation of the circle passing through the origin and centre
lying on the Y-axis is % + y* — 2ay = 0.

"C
((J’}
X

v
(viii) Equation of the circle through the origin and cutting intercepts a
and b on the coordinate axes is x* + y? — ax — by =0.

Y
h
h, k
X X
ool
4

Equation of Circle When Ends Points
of Diameter are Given

Equation of the circle, when the coordinates of end points of a diameter
are (x;, ;) and (xy, y9) 1s (x — x7) (x —x5) +(y = y1) (¥ —y9) =0.

Equation of Circle Passing Through Three Points
Equation of the circle passes through three non-collinear points
x? + y2 x y 1
x1 y1 n »n 1
XYy %y yy 1

1

(%1, 31), (%, ¥5) and (x3, y5) 1s 5 =0.
oy ox
. . . Y
Parametric Equation of a Circle
The parametric equation of P(x, y)
(x - h) +(y — k) =a?is X 5 ] X

x=h +acosB,y =k +asinf,0<0< 2m
For circle x? + y? = a?, parametric equation is
x=acosB,y =asinb M
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General Equation of a Circle
The general equation of a circle is given by x% + y* + 2gx + 2fy +¢ =0,

whose centre = (-g,~ f) and radius = m

@) If g% + f% = ¢ >0, then the radius of the circle is real and hence
the circle is also real.

(i) Ifg® + f2 - ¢ =0, then the radius of the circle is 0 and the circle is
known as point circle.

(i) If g% + % - ¢ <0, then the radius of the circle is imaginary. Such
a circle is imaginary, which is not possible to draw.

Position of a Point w.r.t. a Circle
A point (x;, y;) lies outside, on or inside a circle

S =x? + y% +2gx +2fy +c¢ =0, according as S;>,=or<0
where, S; =7 + y7 +2gx, +2fy, +c

Intercepts on the Axes

The length of the intercepts made by the circle
x? + y% +2gx +2fy +¢ =0 with X and Y-axes are

24/g% - ¢ and 2+/f? - ¢ respectively.

@) If g% > ¢, then the roots of the equation x% + 2gx + ¢ = 0 are real
and distinct, so the circle x% + y® + 2gx + 2fy +¢ =0 meets the
X-axis in two real and distinct points.

(i) If g% = ¢, then the roots of the equation x? + 2gx + ¢ =0 are real
and equal, so the circle touches X-axis, then intercept on X-axis
is 0.

(i) If g%<c, then the roots of the equation x*+ 2gx +c¢ =0 are
imaginary, so the given circle does not meet X-axis in real point.
Similarly, the circle x% + y% + 2gx + 2fy +¢ =0cuts the Y-axis in
real and distinct points, touches or does not meet in real point
according to f2>,=or<c.

Equation of Tangent
A line which touch only one point of a circle.
1. Point Form

(1) The equation of the tangent at the point P(x;, y,) to a circle
x? + y% +2gx +2fy +¢ =0is

xx; + yy; +g(x +x7) +f(y +y,) +c =0
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(i1) The equation of the tangent at the point P(x, y;) to a circle

x2+y?=r?is xx; + yy; =r2

2. Slope Form
(1) The equation of the tangent of slope m to the circle
x% + y% + 2gx +2fy +¢ =0 are
y+f=m+g) £+ 2 -c)(1+m?)

(i1) The equation of the tangents of slope m to the circle
(x-a)+(y-b?=r?are y-b=m(x —a) +r 1 +m? and the
coordinates of the points of contact are

O

0
% + mr , b T r 0
J1+m? J1+m2H
(iii) The equation of tangents of slope m to the circle x* + y* =r? are

y=mx +r1+m? and the coordinates of the point of contact
are

rm r

0 0
Lk T 4
H_\/1+m2 \/1+m2H

3. Parametric Form
The equation of the tangent to the circle (x — a)? +(y — b)? =r? at the
point (a +r cos6,b +r sin 6) is (x — a) cosO +(y — b) sinb =r.

Equation of Normal
A line which is perpendicular to the tangent is known as a normal.

1. Point Form

(1) The equation of normal at the point (x,y;) to the circle
x? + y? +2gx +2fy +¢ =01is

+
Yy—h =1 f(x_x1)
X +g
or 1+ Nx—(x, +g) vy +(gy, —fx;) =0.
(ii) The equation of normal at the point (x;,y;) to the circle
2 2 _.2: %X _ )Y
x“ty =rtis — ="
XN
2. Slope Form

The equation of a normal of slope m to the circle x? + y? =r? is

my:—xir\/1+m2.
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3. Parametric Form
The equation of normal to the circle x®+ y?=r
(r cosB,r sin ) is
x _ )
rcos® rsind

2 at the point

or y=xtan®.

Important Points to be Remembered
(i) If(x,,y,)is one end of a diameter of the circle x? + y* + 2gx + 2fy +¢ =0,
then the other end will be (-2g —x,, —2f —y,).
(i) If aline is perpendicular to the radius of a circle at its end points on the
circle, then the line is a tangent to the circle and vice-versa.

(iii) Normal at any point on the circle is a straight line which is perpendicular
to the tangent to the curve at the point and it passes through the centre
of circle.

(iv) The line y =mx + ¢ meets the circle in unique real point or touch the

o . O

circlex? +y?> =%, ifr =
1 +m2[|

(- -, 0
and the point of contacts are Di, ' 0
Hi+m J1+m2H

2

(v) Theline Ix + my +n =0touches the circle x* + y* =72, if *(I* + m?) =n*.

(vi) Tangent at the point P (rcos8, rsin6) to the circle x* + y? =r* is
X cos +ysin® =r.

(vii) The point of intersection of the tangent at the points P(8;) and Q(8,) on
the circle x> + y2 =r’is given by

rcos w@ rsinwg
_ 2 _ 2
X=——"—" andy =

cos 1;92§ cos é&%@

(viii) Alineintersect a given circle at two distinct real points, if the length of the
perpendicular from the centre is less than the radius of the circle.
(ix) Length of the intercept cut off from the line y =mx + ¢ by the circle

a(1+m?) -¢c

2 2 _ 2
x“+y =a’is 2 -
(x) If Pisa pointandCis the centre of a circle of radius r, then the maximum
and minimum distances of P from the circle are CP+r and |CP |
respectively.
(xi) Power of a point(x,, y;) with respect to the circle
x> +y? +2gx + 2y +c =0isx? + y? +2gx, + 2fy; +c.
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Pair of Tangents

(i) The combined equation of the pair of tangents drawn from a
point P(x;, y;) to the circle x?+y?=r?is

Q
I
I
P e
(x1, y1) i
R
(o + 5% =r) (af + o7 —r?) =y +yyy ¥’
or S8, =T*
where, S=ux%+y%-r2 8, =x? +y2 -r?
and T =xx, +yy, —1°

(i1) The length of the tangents from the point P(x;, y;) to the circle
x? + y% + 2gx +2fy +¢ =01is equal to

Jx? + y2 + 2gx +2fy +e =S,

(iii) Chord of contact @R of two tangents, drawn from P(x,, y;) to

the circle x* + y* =r?is xx, + yy, =rZor T = 0.

Similarly, for the circle
x*+ y? +2gx +2fy +¢ =01is
xxp +yy; t8x +ay) +f(y +yp) +e =0
(iv) Let ABis a chord of contact of tangents from C to the circle
x? + y% =r2. M is the mid-point of AB.

C=Clxy, )
(a) Coordinates of M |]l r Zyl B

O + y7 x12+y12[|

[ + y2 — 2
(b) AB = Zr%
VXt

(c) BC =/x{ + y7 -r*
(d) Area of quadrilateral OACB = r\/.xl2 + y12 -r?
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(e) Area of A ABC = —— (a2 + y? -1 %"

Xty
7‘3
(f) Area of A OAB:ﬁJxl2 +y2 —r?
X+t

(g) Angle between two tangents 0 ACBis 2 tan™* ﬁ
1
(v) In general, two tangents can be drawn to a circle from a given
point in its plane. If m; and m, are slope of the tangents drawn
from the point P(x;, ¥,) to the circle x? + y% = a? then

2_ 2
2x -a
my+my =N and my x my =21
X7 - a® xf - a®
1 1

(vi) The pair of tangents from (0,0) to the circle
x? + y% + 2gx + 2fy +¢ =0 are at right angle, if g% + 2 = 2c.

Equation of Chord Bisected at a Given Point

The equation of chord of the circle S =x*+y® +2gx +2fy +¢ =0
bisected at the point (x;, y;) is given by 7' = S;.

Le. xx +yy +g(x+x) +f(y +y) +e=ap +yp +2gx +2fy, +c

Director Circle

The locus of the point of intersection of two perpendicular tangents to a
given circle is called a director circle. For circle x%+ y% =r2 the

equation of director circle is x? + y? = 2r2.

Pole and Polar

If through a point P (x;, y;) (within or outside a circle) there be drawn
any straight line to meet the given circle at @ and R, the locus of the
point of intersection of tangents at @ and R is called the polar of P and
point P is called the pole of polar.

P (x4, ¥4)

T (h, k) Q



184 Handbook of Mathematics

(1) Equation of polar to the circle
x+yt=rtis aw + yy, =1k
(ii) Equation of polar to the circle x* + y2 + 2gx + 2fy +¢ =01is

xxy +yy +8(x +x) +f(y +y1) +c =0

(iii)) Conjugate Points Two points A and B are conjugate points
with respect to a given circle, if each lies on the polar of the other
with respect to the circle.

(iv) Conjugate Lines If two lines be such that the pole of one lies
on the other, then they are called conjugate lines with respect to
the given circle.

Common Tangents of Two Circles
Let the centres and radii of two circles are ¢, ¢, and r;,r, respectively.
Then, the following cases of intersection of these two circles may arise.

(1) When two circles are separate, four common tangents are
possible.

Condition, CCy>r +1y

Transverse common tangents

Direct common tangents

Clearly, GD =l [externally]
C,D 1y

and GT _n [internally]
CT 1y

Length of direct common tangent

AB= A'B = (C,C,) - (r -1,
Length of transverse common tangent

PQ = P'Q = (C,C,)* —(y +1,)°

(11) When two circles touch externally, three common tangents are
possible.

Condition, CCy=r +r1y
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Direct common tangent

-Transverse

- common tangent
' S1 82 =
Clearly, GD =l [externally]
C2D ry
and Gr =h [internally]
CZT Ty

(111) When two circles intersect, two common tangents are possible.
Condition, |1 =1yl <CCy <(ry +715)

A
Wmon tangent
o Cs D
Common chord
(§1-S2=0)
(iv) When two circles touch internally, one common tangent is

possible.
Condition, CCy=Ir -

e Common tangent
S1 - 82 =0

(v) When one circle contains another circle, no common tangent is

possible.

Condition, C,C, <|r; -
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Angle of Intersection of Two Circles

The angle of intersection of two circles is Tangents
defined as the angle between the tangents to ‘
the two circles at their point of intersection is A\
ven b ALIN
given by '
P2 42 = g2
cos="L "2 =

2nry

Orthogonal Circles

Two circles are said to be intersect orthogonally, if their angle of
intersection is a right angle.

If two circles
S, =x”+y% +2gx +2fy +¢ =0and
S, = xZ+ s 28,x +2f,y +c, =0 are orthogonal, then

28,85+ 2fifs = ¢ t oy

Common Chord

The chord joining the points of intersection of two given intersecting

circles 1s called common chord.
Common chord

Yt M
X' Ol /

YI
(1) If S, = 0and S, = 0 be two intersecting circles, such that
S, =x% +y? +2gx +2fy +¢, =0

and S, = x% + y? +2g,x +2f,y +¢, =0,
then their common chord is given by S; =S, =0

(1) If C;, C, denote the centre of the given intersecting circles, then
their common chord

PQ = 2PM = 2,/(C,P)* - (C,M)>

(i11) If r, and ry be the radii of two orthogonally intersecting circles,
. 2
then length of common chord is ——2_
2, 2
r 4
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Family of Circles

(1) The equation of a family of circles passing through the
intersection of a circle S = x% + y% + 2gx +2fy +¢ =0 and line
L=Ix+my+n=0isS+AL=0
where, A is any real number.

(i1) The equation of the family of circles passing through the point
A(xy, y;) and B (x4, ¥5)1s

x y 1
(x—x)(x=2) +(y —y)(y —y2) *A|x » 1|=0.
Xy Yo 1

(111) The equation of the family of circles touching the circle
S =x%+y% +2gx +2fy +c =0 at point P(x;, y,) is
x4 y%+2gx + 2fy e+ Maxy +yy; +8(x +x) +f(y +yy) +¢] =0
or S + AL =0, where L = 0 is the equation of the tangent to
S=0at (x,y)and AOR.

(iv) Any circle passing through the point of intersection of two circles
S, and S,1s S; + A Sy =0, (where A # — 1).

Radical Axis

The radical axis of two circles is the locus P (h, k)
of a point which moves in such a way
that the length of the tangents drawn
from it to the two circles are equal. A
system of circles in which every pair has
the same radical axis is called a coaxial Q R
system of circles. The equation of radical
axis of two circles S; =0 and S, =0 is
given by S; =S, =0.

(1) The radical axis of two circles is always perpendicular to the line

joining the centres of the circles.

Radical axis

(11) The radical axes of three circles, whose centres are non-collinear
taken in pairs are concurrent.

(i11) The centre of the circle cutting two given circles orthogonally,
lies on their radical axis.

(iv) Radical Centre The point of intersection of radical axis of
three circles whose centre are non-collinear, taken in pairs, is
called their radical centre.
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Coaxial System of Circles
A system of circle is said to be coaxial system of circles, if every pair of
the circles in the system has same radical axis.

(i) The equation of a system of coaxial circles, when the equation of
the radical axis P =[x + my +n =0 and one of the circle of the
systemS = x% + y% + 2gx +2fy +¢ =0,isS + AP = 0.
where A is an arbitrary constant.

(i1) Since, the lines joining the centres of two circles is perpendicular
to their radical axis. Therefore, the centres of all circles of a
coaxial system lie on a straight line, which is perpendicular to
the common radical axis.

Limiting Points

Limiting points of a system of coaxial circles are the centres of the
point circles belonging to the family.

Let equation of circle be x* + y® + 2gx +¢ =0

O Radius of circle =+/g% - ¢
For limiting point, r = 0

0 Je?-c=00g+ e

Thus, limiting points of the given coaxial system as (v/c, 0) and (-v/c, 0).

Important Points to be Remembered
O & ’m0d
(i) Pole of Ix + my +n =0 with respect to x> + y* =a” is Ei—a—l —ﬂ%
n n

(i) LetS,=0,S, =0betwocircleswithradiir, rz,theni * %= Owillmeetat
hoh
right angle.
(iii) Family of circles touching a lineL =0 at a point (x;, y;) on it is
(x =x,)? +(y —yy)? + AL =0.

(iv) Circumcircle of a A with vertices (x;, y;), (X5, ¥5), (X3, y3) is
x y 1
X oy 1
X =x) X =x) +y =y y —yy) X Y2 ]

(O =x) 0 =x) +ys —y) Vs =Y2) x5 y3 1
Xy
X, Yo 1
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Image of the Circle by the Line Minor

Let the circle be x? + y% + 2gx + 2fy +¢ =0

Cyr ! r \
(-g.-1) \ /

Ix+my+n=0

and line minor is Ix + my +n =0.
Then, the image of the circle is
(x - x1)2 +(y - y1)2 =r®

where, (x;, ;) is mirror image of centre (- g, - f) with respect to mirror

line Ix + my +n =Oandr:m,

Diameter of a Circle
The locus of the middle points of a system of parallel chords of a circle
is called a diameter of the circle.
(1) The equation of the diameter bisecting parallel chords
y = mx + ¢ of the circle % + y2 =a%is x + my = 0.
(1) The diameter corresponding to a system of parallel chords of a
circle always passes through the centre of the circle and is
perpendicular to the parallel chords.
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Parabola

Conic Section

A conic 1s the locus of a point whose distance from a fixed point bears a
constant ratio to its distance from a fixed line. The fixed point is the
focus S and the fixed line is directrix /.

7

4

directrix

S
(focus)

7
The constant ratio is called the eccentricity denoted by e.
(1) If 0< e<1, conic is an ellipse.
(i1) e =1, conic is a parabola.
(i1i) e>1, conic 1s a hyperbola.

General Equation of Conic
If fixed point of curve is (x;, y;) and fixed line is ax + by + ¢ =0, then
equation of the conic is
(@®+b%) [(x —x,)* +(y = )] =€*(ax +by +c)?
which on simplification takes the form
ax? + 2hxy + by? +2gx +2fy +c¢ =0,
where a,b,c, f,g and h are constants.
A second degree equation ax® + 2hxy + by? +2gx +2fy +c¢ =0

represents

a h g
(1) a pair of straight lines, if A=|h b f|=0
g [ ¢
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(i) a pair of parallel (or coincident) straight lines, if A =0
and A2 = ab.

(iil) a pair of perpendicular straightlines,if A =0anda +b=0
(iv) a point,if A=0and A%< ab
(v) acircle,ifa=b#20,h =0andA %0
(vi) a parabola,if h?=abandA %0
(vii) a ellipse, if h2<aband A #0
(viii) a hyperbola, if 12> aband A #0
(ix) a rectangular hyperbola, if h*>ab,a+b=0and A 20

Important Terms Related to Parabola

(1) Axis A line perpendicular to the directrix and passes through
the focus.

(i1) Vertex The intersection point of the conic and axis.

(i11) Centre The point which bisects every chord of the conic passing
through it.

(iv) Focal Chord Any chord passing through the focus.

(v) Double Ordinate A chord perpendicular to the axis of a conic.

(vi) Latusrectum A double ordinate passing through the focus of
the parabola.

(vii) Focal Distance The distance of a point P(x, y) from the focus S
is called the focal distance of the point P.

Parabola

A parabola is the locus of a point which moves in a plane such that its
distance from a fixed point in the plane is always equal to its distance
from a fixed straight line in the same plane.

If focus of a parabola is S(x;,y;) and equation of the directrix is
ax + by + ¢ =0, then the equation of the parabola is
(@®+ B))[(x - x)> +(y - )] =(ax +by +0)?
Y

A

o))

‘ o)

ax+by+c=0
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Standard Forms of a Parabola and Related Terms

Terms y’=4ax  y’=-4ax x* = 4ay x> =-4ay

S A

»
|
|N

|
‘N|J>
\
y>

Vertex AG, 0) A(C, 0) AC 0 A0, 0)
Focus S(a, 0) S(=a,0) S(0, a) S0 - a)
Equation of y=0 y=0 x=0 x=0
axis

Equation of 4+ 2=0 Xx-a=0 y+a=0 y-a=0
directrix

Eccentricity e=1 e=1 e=1 e=1
Efxtremities (a, + 2a) (-a, * 2a) (% 2a,a) (+2a,-a)
0

latusrectum

Length of 43 43 4a 4a
latusrectum

Equation  of x=0 x=0 y=0 y=0
tangent at
vertex
Parametric
equation

Focal
distance  of
any point
P(h, k) on
the parabola

Equation of , _ ;=0 x+a=0 y-a=0 y+a=0
latusrectum

Other Forms of a Parabola

If the vertex of the parabola is at a point A(k, k) and its latusrectum is
of length 4a, then its equation is
@A) (y - k)? =4a (x - h), if its axis is parallel to OX i.e. parabola
opens rightward.
(i) (y - k)% = - 4a (x —h), if its axis is parallel to OX' i.e. parabola
opens leftward.
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(i) (x - h)? =4a(y - k), if its axis is parallel to OY i.e. parabola
opens upward.

(iv) (x = h)? = —4a (y - k), if its axis is parallel to OY ' i.e. parabola
opens downward.

(v) The general equation of a parabola whose axis is parallel to
X-axis, is x = ay? + by + cand the general equation of a parabola

whose axis is parallel to Y-axis, is y = ax® + bx +c.

Position of a Point
The point (x;,y;) lies outside, on or inside the parabola y* = 4ax
according as yi — 4ax, >, =, < 0.

Chord

Joining any two points on a curve is called chord.
(i) Parametric Equation of a Chord Let P(atf, 2at;) and
Q (at22, 2at,) be any two points on the parabola y? = 4ax, then the
equation of the chord is

(y - 2a4) = 242 = 20h

at1
aty — an
or y (4 +ty) = 2x + 2att,
(i) Let P(at?, 2at)be the one end of a focal chord PQ of the parabola
y? = 4ax, then the coordinates of the other end @ are

Oa —2a0
27
(iii) If7 and/, are the length of the focal segments, then length of the
latusrectum = 2 (harmonic mean of focal segment)
4l 1,
L+l

le. 4a =

@iv) For a chord joining points P(atf,Qatl) and Q(at22,2at2)
and passing through focus, then ¢, = -

(v) Length of the focal chord having ¢ and ¢, as end points is
alty - t,)>
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Equation of Tangent

A line which touch only one point of a Tangent

parabola. Y \
1 N

Point Form oo
The equation of the tangent to the >
parabola y? = 4ax at a point (2, 1) 18 X X
given by yy, = 2a (x + x). o
Slope Form
(a) The equation of the tangent of M

slope m to the parabola y? = 4ax

. a
isy=mx+—
m

(b) The equation of the tangent of slope m to the parabola
(y-k)?=4a(x —h)is given by (y = k) =m (x = h) + 2
m

The coordinates of the point of contact are @'L + % LR+ 2al)
m m

Parametric Form
The equation of the tangent to the parabola y®=4ax at a point
(at?, 2at) is yt = x + at®.

Condition of Tangency
(1) The line y = mx + c touches a parabola, iff ¢ = 2 and the point of
m
Oa 2al

et
2 " m

contact is

(i) The straight line lx+ my +n = Otouches y? = 4ax,if nl = am? and

xcosd + ysina = ptouches y* = 4ax,if pcosa + a sin®a = 0.

Point of Intersection of Two Tangents
Let two tangents at P(atlz, 2at;) and Q(atg, 2at,) intersect at R. Then,

their point of intersection is R (att,, a(t, + t;)) i.e. (GM of abscissa, AM
of ordinate).
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Angle between Two Tangents
Angle 6 between tangents at two points P(at?, 2at;) and Q(ats, 2at,) on
the parabola y% = 4qx is given by

ty—t
1+t

tan© =

Important Results on Tangents

(i) The tangent at any point on a parabola bisects the angle between the
focal distance of the point and the perpendicular on the directrix from the
point.

(i) The tangent at the extremities of a focal chord of a parabola intersect at
right angle on the directrix.

(iii) The portion of the tangent to a parabola cut off between the directrix and
the curve subtends a right angle at the focus.

(iv) The perpendicular drawn from the focus on any tangent to a parabola
intersect it at the point where it cuts the tangent at the vertex.

(v) The orthocentre of any triangle formed by three tangents to a parabola
lies on the directrix.

(vi) The circumcircle formed by the intersection points of tangents at any
three points on a parabola passes through the focus of the parabola.
(vii) The tangent at any point of a parabola is equally inclined to the focal
distance of the point and the axis of the parabola.
(viii) The length of the subtangent at any point on a parabola is equal to twice

the abscissa of the point.

(ix) Two tangents can be drawn from a point to a parabola. Two tangents are
real and distinct or coincident or imaginary according as given point lies
outside, on or inside the parabola.

The straight line y =mx + ¢ meets the parabola y*> =4ax in two points.

E3

. - . a .
These two points are real and distinct, if ¢ >— , points are real and
m

— . a . . . . a
coincident, if c =—, points are imaginary, if c <—.
m m

=

(xi) Area of the triangle formed by three points on a parabolais twice the area

of the triangle formed by the tangents at these points.
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Equation of Normal

A line which is perpendicular to the tangent at the point of contact
with parabola.
Y 0

2
o
Q\'b

Normal at P

x / o 6\ ~X
y2 = 4ax
M
Point Form
The equation of the normal to the parabola y* = 4ax at a point (x;, y;)
is given by y — y; = —i(x —xp).
2a

Parametric Form
The equation of the normal to the parabola y? = 4ax at point (at?, 2at)
is given by y + tx = 2at + at®.

Slope Form
The equation of the normal to the parabola y% = 4ax in terms of its
slope m is given by y = mx — 2am —am® at point (am?, - 2am).

Important Results on Normals

(i) If the normal at the point P(atf,Zan) meets the parabola y* =4ax at

2

(at?, 2at,), thent, = —t, —

1

(i) Thetangent at one extremity of the focal chord of a parabola is parallel to
the normal at other extremity.

(iii) The normal at points P(at?, 2at;) and Q(at7, 2at,) to the parabolay? =4 ax
intersect at the point

[2a +at} +8 +tt,) —ath,(t, +t)].

(iv) If the normal at points P(at?, 2at,) and Q(at,2at,) on the parabola

y* =4ax meet on the parabola, thentt, =2.

(v) If the normal at two points P and Q of a parabola y* =4ax intersect at a

thigd point R on the curve, then the product of the ordinates of PandQis
8a’.
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(vi) If the normal chord at a point P(at?, 2at) to the parabola y2 =4ax
subtends a right angle at the vertex of the parabola, thent* = 2.
(vii) The normal chord of a parabola at a point whose ordinate is equal to the
abscissa, subtends a right angle at the focus.
(viii) The normal at any point of a parabola is equally inclined to the focal
radius of the point and the axis of the parabola.
(ix) Maximum three distinct normals can be drawn from a point to a parabola.
(x) Conormal Points The points on the parabola at which the normals pass
through a common point are called conormal points. The conormal
points are called the feet of the normals.

X X

Points A, Band C are called conormal points.
(a) The algebraic sum of the slopes of the normals at conormals pointis 0.
(b) The sum of the ordinates of the conormal points is 0.
(c) The centroid of the triangle formed by the conormal points on a
parabola lies on its axis.

Length of Tangent and Normal

Y
P (WSY) y«\
7_//
X'< 1] S(a, 0) . X
(=x1, 0) N G(x4+2a, 0)
(x1, 0)
y2 = 4ax
M

(1) The length of the tangent = PT' = PN cosec Y = y, cosec |
(1) The length of subtangent = NT' = PN cot Y = y; cot Y
(ii1) The length of normal = PG = PN sec Yy =y, sec Y
(iv) The length of subnormal = NG = PN tan § = y; tan Y
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Equation of the Chord Bisected at a Given Point

The equation of the chord of the parabola y* = 4ax which is bisected at
(%1, 9,) 1s yy, — 2a (x + ;) = y2 —4dax,,or T =S,

where, S, = y7 — 4ax, and T = yy, — 2a (x +x)).

Equation of Diameter
The locus of mid-point of a system of parallel chords of a conic is
known its diameter.
The diameter bisecting chords of slope m to the parabola y?=4ax is
_2a
==

Pair of Tangents

The combined equation of the pair of tangents drawn from a point to a
parabola y? = 4ax is given by

SS, =T
where, S =y?-4ax,S, =y - 4ax,
and T =[yy; — 2a(x +x,)]

Chord of Contact

The chord of contact of tangents drawn from a point (x;,y;) to the
parabola y? = 4ax is yy;, = 2a (x + x;).

Director Circle
The locus of the point of intersection of perpendicular tangents to a
parabola is known as director circle.

The director circle of a parabola is same as its directrix.

Pole and Polar

Let P be a point lying within or outside a given parabola. Suppose any
straight line drawn through P intersects the parabola at @ and R.
Then, the locus of the point of intersection of the tangents to the
parabola at @ and R is called the polar of the given point P with
respect to the parabola and the point P is called the pole of the polar.
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Y
& Plx1, 1)

R y2 = dax

A,

M

(1) The polar of a point P(x;,y;) with respect to the parabola
y? = dax is ¥y, = 2a(x +x)or T = 0.

(1) Any tangent is the polar of its point of contact.
O

. C .. . Oyys vy +yo0
iv) Pole of the chord joining (x;, and (x,, is ELI 2 J1J2
@iv) ] g (%, 1) (%2, ¥2) i B E

(iii) Pole of Ix + my + n =0 with respect to y% = 4ax is %, Tm

(v) Ifthe polar of P(x;, y;) passes through @Q(x,, v,), then the polar of
@ will passes through P. Here, P and @ are called conjugate
points.

(vi) If the pole of a line a;x+ by +¢ =0 lies on another line
ayx + byy + ¢, =0, then the pole of the second line will lies on the
first line. Such lines are called conjugate lines.

(vi1) The point of intersection of the polar of two points @ and R is the
pole of QR.

(viil) The tangents at the ends of any chord of the parabola meet on
the diameter which bisect the chord.

Important Points to be Remembered
(i) For the ends of latusrectum of the parabola y? = 4ax, the values of the
perimeter are = 1.

(i) The circles described on focal radii of a parabola as diameter touches the
tangent at the vertex.

(iii) The circles described on any focal chord of a parabola as diameter
touches the directrix.

(iv) Ify,,y,,y5 are the ordinates of the vertices of a triangle inscribed in the

parabolay? = 4ax, then its area i58i|(y1 =¥5) (V5 =y3) (y3 =yl
a
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Ellipse

Ellipse is the locus of a point in a plane which moves in such a way
that the ratio of the distance from a fixed point (focus) in the same
plane to its distance from a fixed straight line (directrix) is always
constant, which is always less than unity.

Major and Minor Axes

The line segment through the foci of the ellipse with its end points on
the ellipse, is called its major axis.

The line segment through the centre and perpendicular to the major
axis with its end points on the ellipse, is called its minor axis.

X 2 y 2
Horizontal Ellipsei.e. — +~—-=1(0<b <a)
2 2
a- b
If the coefficient of x? has the larger denominator, then its major axis
lies along the X-axis, then it is said to be horizontal ellipse.

Z Y Z
A A

B(0, b)

P(x, y)

S'(-ac, 0)
X ® > X
K’ ! cC S N A

Aa,0) (@e, 0) (a,0)

B'(0, -
== s

(1) Vertices A(a,0), A (- a,0)

(i1) Centre O (0, 0)
(111) Length of major axis, AA; = 2a; Length of minor axis, BB, = 2b
(iv) Foci are S(ae, 0) and S;(-ae, 0)

(v) Equation of directrices are [:x = a A x=— a
e e
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2
(vi) Length of latusrectum, LL, = L'L,' = 207
a

. . [
(vii) Eccentricity, e=,[1- — <1
a

(viii) Focal distances of point P(x, y) are SP and S,P i.e.|a - ex| and
|a + ex|. Also, SP + S;P = 2a = major axis.

(ix) Distance between foci = 2ae

. . . 2
(x) Distance between directrices = =
e

X2 y 2
Vertical Ellipse i.e. — + = =1,(0 <a <b)
2 2
a b
If the coefficient of x* has the smaller denominator, then its major axis
lies along the Y -axis, then it is said to be vertical ellipse.

Y
A
B I
Lq é L
N
P’ P(x,
X ( y)'
A1 0 A
D St/
B4 r
v

(1) Vertices B(0, b), B(0, - b)

(i1) Centre 0O(0, 0)
(iii) Length of major axis BB, = 2b, Length of Minor axis AA; = 2a
(iv) Foci are S(0, ae) and S;(0, — ae)

(v) Equation of directrices are [:y = b U iy=-— b
e

2
(vi) Length of latusrectum LL, =L'L,'= 2a”

b
/ 2
(vi1) Eccentricity e = |1 — % <1
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(viii) Focal distances of point P (x, y) are SP and S, P,

Le.|b—ex|and|b + ex|.
Also, SP + S, P = 2b = major axis.

(ix) Distance between foci = 2be

(x) Distance between directrices = 20
e

Parametric Equation

The equation x = a cos @, y =b sin @ taken together are called the
2 2

parametric equation of the ellipse x—z + % =1, where @1is any
a

parameter.

Special Form of Ellipse

If centre of the ellipse is (A, k) and the direction of t2he axes ar2e parallel
-h), =B,
a® b*

to the coordinate axes, then its equation is

Ordinate and Double Ordinate

Let P be any point on the ellipse and PN be perpendicular to the major
axis AA', such that PN produced meets the ellipse at P'. Then, PN is
called the ordinate of P and PNP' is the double ordinate of P.

Position of a Point with Respect to an Ellipse
The point (x;, y;) lies outside, on or inside the ellipse
=,y X, o

<~ =1 according as — + == —-1>0, =or < 0.
a® b a® b

Auxiliary Circle
The elhpse — * i =1, becomes x>+ y2 =qa? if b=a.
a®

This is called auxiliary circle of the ellipse. i.e. the circle described on
the major axis of an ellipse as diameter is called auxiliary circle.

Eccentric Angle of a Point
2 2

Let P be any point on the ellipse x—z + % = 1. Draw PM perpendicular
a

from P on the major axis of the ellipse and produce MP to the auxiliary
circle in Q. Join CQ.
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The O AC@= @ 1is called the eccentric angle of the point P on the
ellipse.

Q
B P(x, y)
, Aq () A
X >X
c M
B X2
R+yR=a2" N ! ;2+%22=1,(a>b)

Y'Y

Equation of Tangent

®

(ii)

(iii)

@iv)

V)

Point Form The equation of the tangent to the ellipse

x2 y2 xxl + == LS =lorT =0.
b?

—; + <5 =1at the point (x;, y,)1s —-
a b? a®

Parametric Form The equation of the tangent to the ellipse

at the point (a cos®, b sinB) is = cosd +% sin@ =1.
a

Slope Form The equation of the tangent of slope m to the
ellipse x— + Z =1lare y = mx +a’m? + b? and the coordinates
a®

. a’m b?
of the point of contact are D*- ,F D
H\/a2m2+b2 \/a2m2+b2H
Point of Intersection of Two Tangents The equation of
the tangents to the ellipse at points P(a cos6;, b sin6,;) and
® (a cosB,, b sinb,) are X cos6; + % sinf, =1
a

and ~ cos 0, + % sinB®, =1 and these two intersect at the point
a

Da cos g;g b sin gﬂ@
Feos [P s P

Pair of Tangents The combined equation of the pair of
2
tangents drawn from a point (x;, y;) to the ellipse x—Z + % =1
a

1sDx—+ 1DE~Ix—+y1 x1+yy1 lgle SS, =T*
b? b2 D Oa? b2
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Director Circle

The locus of the point of intersection of perpendicular tangents to an
2
ellipse is a director circle. If equation of an ellipse is x—z + % =1, then
a

equation of director circle is x? + y? = a® + b2

Equation of Chord

Let P(a cosB, bsinB) and Q(a cos @, b sin @) be any two points of the
ellipse x—z + y—g =1
a? v

(i) The equation of the chord joining these points will be
(y - bsin) = bsin@ —bsinb

(x — a cosB)
a cos@ —a cosB

x O+o], vy . B+e]_ [OB-9]
had + 2 =
or cos %—2 H 5 sin H—z H cos %—2 H
(i1) The equation of the chord of contact of tangents drawn from a

point (x;, y;) to the ellipse
2 2

L, . v S VR _
A B L A B PO A1)
a® b a® b
2y
(ii1) The equation of the chord of the ellipse —+ o =1 bisected at
a

the point (x;, y;) is given by
ARV
a® b> a? b?
or T=5S,
Equation of Normal

(1) Point Form The equation of the normal at (x;, y;) to the ellipse

2 2 2 2
x—z+y—2—lisﬂ—gza2 - b*
a b X Y1
(i) Parametric Form The equation of the normal to the ellipse
2 2
T+ 2 =1lat(acosh, bsin®)is
a b

ax sec B — by cosec 0 = a? - b*
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(iii) Slope Form The equation of the normal of slope m to the
x2 y2 m (a2 _ bZ)

ellipse — + =laregivenby y =mx £ ————-
Ja? + b*m?

a® b
and the coordinates of the point of contact are

O Cl2 bzm O

Lk + H
H’ \/az + b2m?2 \/a2 + b2m2H

(iv) Point of Intersection of Two Normals Point of
intersection of the normal at points (a cos6;,bsin6;) and
(a cosB,, b sinB,) are given by

|

Eﬂ cosB; cosBy —————

D a cos [91 - 62 j

g 2 %
e an B 011
-8 sin6, sin B, T2 -

b cos [91 - 92 j:l
2

x2

2
(v) If the line y = mx + cis a normal to the ellipse — t % =1, then
a
9 _ mZ(az _ b2)2
a® + b*m?
Conormal Points

The points on the ellipse, the normals at which the ellipse passes
through a given point are called conormal points.

Y
/
Q
P B R
X' X
) Av! M(h,k) A
S
~—|B
v
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Here, P, @, R and S are the conormal points.

(1) The sum of the eccentric angles of the conormal points on the

2 y2

ellipse, x—2 + Y~ =11s an odd multiple of Tt
a b?
(1) If 6,,6,,6;, and 6, are eccentric angles of four points on the
ellipse, the normals at which are concurrent, then
(@ Zcos(® +6,)=0
(b) Zsin(®, +6,)=0
(iii) If 6,,0, and 6, are the eccentric angles of three points on the
2

¥

ellipse % + o 1, such that
sin (6, +6,) +sin (6, +6;) +sin (6 +6) =0,
then the normals at these points are concurrent.
@iv) If the normal at four pointsZP(xl, 1), Q (%9, ¥9), R(xy, y5) and

S(x,, y,) on the ellipse x—z + % =1 are concurrent, then
a

1 1 10

O
(x1+x2+x3+x4)|:ﬁ+f+f+—mz4
Do 2y x5 xyld

Conjugate Points and Conjugate Lines

Two points are said to be conjugate points with respect to an ellipes, if
each lies on the polar of the other.

Two lines are said to be conjugate lines with respect to an ellipse, if
each passes through the pole of the other.

Diameter and Conjugate Diameter

The locus of the mid-point of a system of parallel chords of an ellipse
2 2
X Y

—+ ? =1 1s called a diameter, whose equation of diameter is
a
b2
y=- X.
a’m

Two diameters of an ellipse are said to be conjugate diameters, if each
bisects the chords parallel to the other.

Properties of Conjugate Diameters

(i) The eccentric angles of the ends of a pair of conjugate diameters
of an ellipse differ by a right angle.



(i1)

(iii)

@v)
V)
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The sum of the squares of any two conjugate semi-diameters of
an ellipse is constant and equal to the sum of the squares of the
semi-axis of the ellipse i.e. CP? + CD? = a® + b*.

If PCP',QCQ' are two conjugate semi-diameters of an ellipse

2 2
x—z + y—z =1landS, S, be two foci of an ellipse, then
a
SP x S,P =CQ*
Y
A
(~a sin 6, b cos 8) @ ;OS 8.bsin )
Q
X' < > X
C
QY
P
YI

The tangent at the ends of a pair of conjugate diameters of an
ellipse form a parallelogram.

The area of the parallelogram formed by the tangents at the
ends of conjugate diameters of an ellipse is constant and is equal
to the product of the axes.

0]

(i)

(iii)

(iv)

Important Points on Ellipse

The liney =mx + ¢ touches the ellipse
X2y
S+i=1if =a’m? + b
a b
The tangent and normal at any point of an ellipse bisect the external and

internal angles between the focal radii to the point.
If SMand S' M are perpendlculars from the foci upon the tangent at any

point of the elllpse —+ Z =1, then SM x S'M =b? and M, M' lie on the
a

auxiliary circle.

If the tangent at any point P on the elllpse — Z—z =1meets the major
a?

axis in T and minor axis in T', then CN xCT :az,CN’ xCT' :pz, where N

and N’ are the foot of the perpendiculars from P on the respective axis.

The common chords of an ellipse and a circle are equally inclined to the
axes of the ellipse.

Contd. ...
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(vi) Maximum four normals can be drawn from a point to ellipse.

(vii) Polar of the point (x;,y,) with respect to the ellipse —+Z—2= is
a
2 Iy
a b
Here, point (x;, y,) is the pole of X—?+% =1 with respect to ellipse
2 2
a b
(viii) The pole of the line Ix + my +n =0 with respect to elllpse —+ Z—z =1is
a

-2l -b*mQ
Pl a l, b mD
On n O

(ix) Two tangents can be drawn from a point P to an ellipse. These tangents

are real and distinct or coincident or imaginary according as the given
point lies outside, on or inside the ellipse.

(x) Tangents at the extremities of latusrectum of an ellipse intersect on the
corresponding directrix.

(xi) Locus of mid-point of focal chords of an ellipse —+Z—2:1 is

e
L Y _ex
a’ b a
(xii) Point of intersection of the tangents at two points on the ellipse
2 2
X . . . .
— Z— =1, whose eccentric angles differ by a right angle lies on the
a
Y _
elllpse—+——2.
a b

Y s

(xiii) Locus of mid-point of normal chords of an elllpse—+ b
a*
2 2[]2
E &4 =(@ -6
0* b0 Ox°

Eccentricangles of the extremities of latusrectum of an elllpse— + y— =1
a’

bZ
aretan™ @t —@
ae

The straight lines y =mx and y =m,x are conjugate diameters of an
2

2
X
ellipse — + y—z =
a b

=

(xiv

=

(xv

1,ifm1mZ:—b—2D
a

=

The normal at point Pon an ellipse with foci S, S, is the internal bisector of
0 SPS,.

(xvi
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Hyperbola

A hyperbola is the locus of a point in a plane which moves in the plane
in such a way that the ratio of its distance from a fixed point in the
same plane to its distance from a fixed line is always constant, which is
always greater than unity.

The fixed point is called the focus and the fixed line is directrix and
the ratio is the eccentricity.

Transverse and Conjugate Axes

(1) The line through the foci of the hyperbola is called its transverse
axis.

(i1) The line through the centre and perpendicular to the transverse
axis of the hyperbola is called its conjugate axis.

2 2

Hyperbola of the Form X—2 Y =1

a’ b?
L { p L
csDpl LT
[

y'

(1) Centre : O(0, 0)
(11) Foci: S(ae, 0),S;(—ae, 0)
(ii1) Vertices : A(a, 0), A; (- a, 0)

(iv) Equation of directrices [ :x = a A ix=- a

e e

i 207

(v) Length of latusrectum : LL, =L L | =—
a

(vi) Length of transverse axis : 2a
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(vii) Length of conjugate axis : 2b

(viii) Eccentricity e=,|1+ ﬁgﬁz

or b% = a’e® - 1)

(ix) Distance between foci = 2ae

. . . 2
(x) Distance between directrices = =

e
. . o b*0
(x1) Coordinates of ends of latusrectum = Gtae, + —[1
O a(

(xii) Focal radii|SP|=]|ex; —al and|S; P|=]|ex; +dl

X 2 y 2
Conjugate Hyperbola — — +~— =1
2 2
a b
(i) Centre : 0(0, 0) YS
(i) Foci:S(0,be),S; (0, - be) L1\z7/L
(iii) Vertices : A(0,b), A,(0, - b) P
(iv) Equation of directrices T_l
X’ 1
l:yZQ,l':y:—b Y
e _.“_A_ I
(v) Length of latusrectum : \i\
LYyf— L
! " 2(12 Sy
L =L =2 b
(vi) Length of transverse axis : 2b.
(vii) Length of conjugate axis : 2a.
(viii) Eccentricity e =,|1 + é%g
(ix) Distance between foci = 2be
(x) Distance between directrices = 20
e
. . 0 a? O
(x1) Coordinates of ends of latusrectum = [ > + bell
O 0

(xii) Focal radii|SP|=|ey, — bl and|S,P| =|ey, + bl
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Focal Distance of a Point

The distance of a point on the hyperbola from the focus is called its
focal distance.

The difference of the focal distances of any point on a hyperbola is
constant and is equal to the length of transverse axis of the hyperbola
ie.

|S;P - SP| =2a

where, S and S; are the foci and P is any point on the hyperbola

2 2

L—L:I.

a? b

Equation of Hyperbola in Different Forms

(1) If the centre of the hyperbola is (h, k) and the directions of the
axes are parallel to the coordinate axes, then the equation of the
hyperbola, whose transverse and conjugate axes are 2a and 2b1is
(x-h)? _(y-k®_

CEami Ca 1
a b
(11) If a point P(x,y) moves in the plane of two perpendicular
straight lines @; x + b, y + ¢ =0 and byx — a;y + ¢, =01in such a

way that
E%x*“blyﬂlg Efﬂlx—alyﬂ‘zgz
H Ja+br H H Jat+s? H
_ =1
a? b?

Then, the locus of P is hyperbola whose transverse axis lies
along bx-a;y +cg =0 and conjugate axis along the line
ax + by + ¢ =0. The length of transverse and conjugate axes
are 2a and 2b, respectively.

Parametric Equations

2 2
(1) Parametric equations of the hyperbola x—Q - % =1are
a
x=asecH,y=btan0
or x =a cosh®, y = bsinh0
0.° + -6 6 _ -6
(1) The equations x =a o¢*¢ 0, y=b MD are also the
O 2 0 o 2 0O

parametric equations of the hyperbola.
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Tangent Equation of Hyperbola

(1) Point Form The equation of the tangent to the hyperbola
2 2
x oy XX YY) _
e ﬁ—lat(xl,yl)ls? ?—lorT—O.
(i) Parametric Form The equation of the tangent to the
2 2
hyperbola XY —qat (a secH, btanB)is X secd -2 tanB =1.
a® b a b

(iii) Slope Form The equation of the tangents of slope m to the
2 2
hyperbola % - % =1are given by y = mx + a’m? - b

The coordinates of the point of contact are
Eh— a’m b2

E—\/a2m2—62 ,i\/a2m2—b2

(iv) The tangent at the points P(asecb;,btanf;) and

I

Q (a sec 0y, btanB,)intersect at the point
Epcoslzel_eZD b sin L= 20
hcos 2] bein P2
Dcosl:el-'-GZD , cosl:el-'-ezmIj
H°H 2 H H 2 of
(v) Two tangents drawn from P are real and distinct, coincident or

imaginary according as the roots of the equation
m? (h? - a?) - 2khm +k? +b> =0 are real and distinct,

coincident or imaginary.

(vi) The line y = mx + ¢ touches the hyperbola, if ¢? = a?m? - b% and
0 g2 20
am , b—[l where ¢ = \/a®’m? - b

the point of contacts [t
o c cO

(vil) Maximum two tangents can be drawn from a point to a

hyperbola.
(viil) The combined equation of the pairs of tangent drawn from a
2 2
point P(x;, y;) lying outside the hyperbola S = x—2 - % =1 is
a
SS, =T2
42 2 0 Oy2 2 0 DZ
PSR A AT B U R R

0
w2 b Om? ¥ 0O m? » O
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Equation of Chord

(1) Equations of chord joining two points P(a sec®,,btan8,)

2 2
and Q(a sec 6,, b tan 8,) on the hyperbola x—Q - % =1is

btanB, — btanelﬂx a sec,)
a secB, — a sec,

or  ZLcos [Bgil —6,0_» sin [Bgil * 8,0 oS ELI * 60
a 2 E b 2 E 2 E

(i1) Equations of chord of contact of tangents drawn from a point

y-btanb, =

2 2
(%, ;) to the hyperbola x—Q - y— =1lis — xxl - L&; =lor7T =0.
a® b a® b
2y
(ii1) The equation of the chord of the hyperbola - o =1 bisected
a
at point (x,, y;) is given by
RS AV
2 2 2 2
a b a b
or T=5

Director Circle

The locus of the point of intersection of perpendicular tangents to the
2 2

hyperbola x—z—y—z: , is called a director circle. The equation of

director circle is x? + y? = a? - b2

_P(h k)
/ Z\; N

X' ;

C

<<—‘——.—>~<

2
Note Director circle of hyperbola X—Q - Z—z =1is exist only when a° > b°.
a
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Normal Equation of Hyperbola
(1) Point Form The equation of the normal to the hyperbola
2

P a’x " by =q? + b2

-2 =1lis——
a®> b’ X N

(i) Parametric Form The equation of the normal at

2y
(a secH, b tan 0) to the hyperbola — 5 =1 is
a b

ax cosO + by cot® =a’ +b%

(iii) Slope Form The equation of the normal of slope m to the

2 yZ

hyperbola x—2 - WE =1 are given by
a
m(a? + b%)
[a2 = b2m?2
The coordinates of the point of contact are
Ela— a® _ b’m %
F
H Va2 -0*m?" " a2 - b*m2H
2 2

(iv) Theline y = mx + ¢ will be normal to the hyperbola x—z - % =1,if
a

y=mx¥

2 _ m2 (a2 + b2)2

c
a’® - b’m?
(v) Maximum four normals can be drawn from a point (x;, 3;) to the
2 2
x
hyperbola s - % =1

Conormal Points

Points on the hyperbola, the normals at which passes through a given
point are called conormal points.

(1) The sum of the eccentric angles of conormal points is an odd
multiple of Tt

(1) If 6,,6,,6, and 6, are eccentric angles of four points on the
2

2

hyperbola %_%:L then the normal at which they are
a

concurrent, then

(a) z cos(6; +6,)=0 (b) z sin(6; +6,) =0
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(iii) If 6,,0, and 6; are the eccentric angles of three points on the

y2

hyperbola % - WE =1, such that
sin(®; + 6,) +sin(6, +6;) +sin(;, +6§) =0.
Then, the normals at these points are concurrent.
@iv) If the normals at four p01nts P(xl, 1), Q(xg, ¥9), R(xs, ;) and

S(x4, y4) on the hyperbola % =1 are concurrent, then
a®

1 1 10
(x1+x2+x3 +x4)EF +—+— +—[]=4
Xy X3 x,U
01 1 1 10
and  (+typtys ty) G- t— +— +—[=4
Ly Yo 34U

Conjugate Points and Conjugate Lines

(1) Two points are said to be conjugate points with respect to a
hyperbola, if each lies on the polar of the other.
(1) Two lines are said to be conjugate lines with respect to a

2 2
hyperbola x—2 - y—z =1, if each passes through the pole of the

other.

Diameter and Conjugate Diameter

(1) Diameter The locus of the mid-points of a system of parallel
chords of a hyperbola is called a diameter.

The equation of the diameter bisecting a system of parallel chords

R 2
of slope m to the hyperbola 5 =1 iIsy=
a® b?

X
am

(i) Conjugate Diameter The diameters of a hyperbola are said
to be conjugate diameter, if each bisect the chords parallel to the

other.
2

The diameters y = myxand y = myx are conjugate, if m;my = —..
a

Note If a pair of diameters is conjugate with respect to a hyperbola, they are
conjugate with respect to its conjugate hyperbola also.
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Asymptote

An asymptote to a curve is a straight line, at a finite distance from the
origin, to which the tangent to a curve tends as the point of contact
goes to infinity.

Y Asymptotes

2 2

(1) The equation of two asymptotes of the hyperbola X Y —qare
a®> b
y:iéx orXxd=0
a a b
(i) The combined equation of the asymptotes of the hyperbola
2 2 2 2
a a b

(i11) When b=a, 1.e. the asymptotes of rectangular hyperbola
x? — y? = a? are y = + x which are at right angle.

(iv) A hyperbola and its conjugate hyperbola have the same
asymptotes.

(v) The equation of the pair of asymptotes differ the hyperbola and
the conjugate hyperbola by the same constant only i.e.

Hyperbola — Asymptotes = Asymptotes — Conjugate hyperbola
(vi) The asymptotes pass through the centre of the hyperbola.

(vii) The bisectors of angle between the asymptotes of hyperbola

xr g2
~~ — < =1are the coordinate axes.
2 2
a b
22
(viil) The angle between the asymptotes of — -5 =1 is 2tan”!
a

s
HaHl

or 2 sec (e).
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Rectangular Hyperbola

A hyperbola whose asymptotes include a right angle is said to be
rectangular hyperbola or we can say that, if the lengths of transverse
and conjugate axes of any hyperbola be equal, then it is said to be a
rectangular hyperbola.

2 2

i.e. In a hyperbola x—2 -Y =
a

? =1, if b= qa, then it said to be rectangular

hyperbola. The eccentricity of a rectangular hyperbola is always V2.

Rectangular Hyperbola of the Form x2 —y? =32
(i) Asymptotes are perpendicular linesi.e.x* y=0
(i) Eccentricity e =~/2
(iii) Centre (0, 0)
(iv) Foci (£V/2a,0)
(v) Vertices A(a, 0)and 4, (-a, 0)

2
.
a8 X
S 1N S
1 2 N
A O\
2 .
2 N
2 N
4 N

P L I B
M

. . . . a

(vi) Equation of directrices x =+ ——

V2

(vi1) Length of latusrectum = 2a

(viii) Parametric form x = asec,y =atan®

(ix) Equation of tangent, xsec® — ytan6 =a
LY

(x) Equation of normal,
sec® tan®

=2a

Rectangular Hyperbola of the Form xy = c?
(i) Asymptotes are perpendicular linesi.e.x =0and y =0
(i) Eccentricity e =+/2
(i11) Centre (0, 0)
(iv) Foci S (\/2¢,+/2¢), S, (-+/2¢, —/2¢)
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(v) Vertices A(c,c), Ai(—c,—¢)

A4
S1

v
(vi) Equations of directrices x + y = ++/2¢

(vii) Length of latusrectum = 22 ¢

. c
(viii) Parametric form x=ct,y = n

Equation of Tangent of Rectangular Hyperbola xy = c?
(1) Point Form The equation of tangent at (x;, y;) to the

rectangular hyperbola is xy, + yx, = 2¢* or A

XN

(i) Parametric Form The equation of tangent at %t,%% to the
hyperbola is % + yt = 2c.

a a | 0
(ii1) Tangent at P [t £|j and @ [¢t,, £|]to the rectangular
o 40O 0" t,0

) O 2¢ O
hyperbola intersect at Zehty ,70[1
Oh + 1ty 8 + 1,0

(iv) The equation of the chord of contact of tangents drawn from a
point (x;, ;) to the rectangular hyperbola is xy, + yx; = 2¢2.

Normal Equation of Rectangular Hyperbola xy = c?

(i) Point Form The equation of the normal at (x;,y;) to the
rectangular hyperbola is xx; — yy; = 9612 - yf.

(i) Parametric Form The equation of the normal at @:t, %@to the

rectangular hyperbola xy = ¢ is x> — yt — ct* +¢ =0.



Hyperbola 219

(i11) The equation of the normal at %ﬁt, %@is a fourth degree equation

in ¢. So, in general maximum four normals can be drawn from a
point to the hyperbola xy = ¢2.

Important Results about Hyperbola

2 2
() The point (x;,y,) lies outside, on or inside the hyperbola X—Z—Z—Zﬂ
a

2 2

) X
according as XN _qc,=or>0
aZ 2

(i) The equation of the chord of the hyperbola xy =c¢? whose mid-point is
(X7, y7) is
Xy, tyx; =2xy; or T =S5,
(iiiy Equation of the chord joiningt,,t, on xy =t* is
x +ytt, =clt; +t)
(iv) If a triangle is inscribed in a rectangular hyperbola, then its orthocentre
lies on the hyperbola.

(v) Any straight line parallel to an asymptotes of a hyperbola intersects the
hyperbola at only one point.




Limits, Continuity
& Differentiability

Limit

Let y = f(x) be a function of x. If at x = a,f(x) takes indeterminate form

D ,3 Jo0— 00,0 % 00,17, 0% and ooog then we consider the values of the
(o]

function at the points which are very near to a. If these values tend to
a definite unique number as x tends to a, then the unique number, so
obtained is called the limit of f(x) at x = a and we write it as lim f(x).

Left Hand and Right Hand Limits

If values of the function, at the points which are very near to the left of
a, tends to a definite unique number, then the unique number so
obtained 1s called the left hand limit of f(x) at x = a. We write it as

fla=0)= lim f(x)= lim f(a —-h)
- h - 0"

Similarly, right hand limit is written as
fla+0)= lim f(x)= lim f(a +h)
+ h N 0+

X - a

Existence of Limit

lim f(x) exists, if

ﬁ @ lim f(x) and lim_f(x)both exist
() lim fx)= lim_ f(x)

Uniqueness of Limit

If lim f(x) exists, then it is unique, i.e. there cannot be two distinct
X - a

numbers /; and /, such that when x tends to a, the function f(x) tends
to both [, and ;.
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Fundamental Theorems on Limits
If f(x) and g(x) are two functions of x such that lim f(x) and hm g(x)

X - a

both exist, then
1) lim [f(x) £ g(x)] = lim f(x) £ lim g(x)

(1) lim [kf(x)] =k lim f(x), where kis a fixed real number.

X - a

@11) lim [f(x) g(x)] = lim f(x) lim g(x)

fo dim f)
(iv) lim =~ =22¢ ,provided lim g(x) # 0
x~aglx)  lim gx) x-a
lim g(x)
() Jim [ = glim )"

(i) Jim (0f) (x) = lim g[f()] =g im f(2)

(vii) lim log f(x) = log glim f(x)g provided lim f(x)> 0.

lim f(x)
(vii)) lim e/®) = e~ ¢
X - a

(ix) If f(x)< g(x) for every x excluding a, then lim f(x)< lim g(x).

(0 lim | f(x)|=| lim ()

(x1) If hm f(x) =+ 0 or — oo, then lim Lo =0
x - a f(x)

Important Results on Limits
1. Algebraic Limits

n _ _n
(0 lim X "% =pa", n0Q
xr-a X—aQa
n _
Gi) tim BT 0
x- 0 X
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2. Trigonometric Limits

sinx

@) lim =1=lim —
x-0 x-0s1inx
Gi) lim 220% — 1 = im
-0 X x-0 tanx
- -1
(i) lim 22 %=1 =1im
x -0 x x-0g8In " x
(v) lim B % =1 = lim — %
x-0 X x-0tan " x
®) 1 sinx® _ T
x-0 180
(vi) lin% cosx =1
X —
(vii) Tim S2E=D) g
X-a X—a
(vidi) lim B2E = _y

X—a XxX—aQa

(x) lim sin'x=sin'a,lal<1
X-a

(x) lim cos ' x=cosa,lal<1

X—-aQa

1

(xi) lim tan'x=tanlq,-0<a <

xXxX-a
. 1. SInx _ .. cOSX
(x11) lim = lim =0
x>0 X Xxo0 X
.1
sin —
(xii1) lim =1
xow 1
x
. . 1-cosx
xiv) lim ————==0
x - 0

(where, x 1s measured in radian)

3. Exponential Limits

X
@ lim &~ 1=1
x-0 X

a* -1

(1i) Jljjl(l) =log,a, a>0
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Ax —- 1
= A, where (A # 0).

Y
(1i11)) lim
x- 0

[0, 0<a<l1
0
s a=1
@iv) lim a* :Ql
o ko, a>1
O

Hloes not exist, a<0

4. Logarithmic Limits

() lim 28070
x-0 X

(i) lim log, x=1

(iif) lim 228 @ 7% =y
x-0 X

(iv) lim 281+ %)
x-0 X

=log,e,a>0,#%1

5. Limits of the Form lim (f(x))9*®
X-a

lim @(x)log f(x)
If lim f(x) exists and positive, then lim [f(x)]?®) =¢*~ ¢
X - a

X - a
6. Limits of the Form 17
To evaluate the exponential form 1°, we use following results.

. f(x)
lim
If lim f(x) = lim g(x) = 0, then, lim {1 + f(x)}V¢®) = g* ~ €™

X-a X—-a X—-a

Or If lim f(x)=1 and lim g(x)= o,
e e lim {£(x) - 1} g(x)
Then, lim {f(x)}*® = lim {1 + f(x) - 1}¢®) =¢*~ ¢

Particular Cases
1
1) Im(Q+x)* =e (i1) lim % + lg —e
x-0 X — 00 X
1
@111) Im (1 + Ax)* = e (iv) lim @ + Ag =
x-0 x

X - 00
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Methods of Evaluating Limits

1. Determinate Forms (Limits by Direct Substitution)

To find lim f(x), we substitute x = @ in the function. If the value comes
X - a

out to be a definite value, then it is the limit.

Thus, lim f(x) = f(a) provided it exists.
X - a

2. Indeterminate Forms

While evaluating lim f(x), if direct substitution of x = a leads to one of

X - a

the following form % ; ® ;00 —00;0 % 0;1%,0° and «°, then these limits
(o]

can be determined by using I Hospital’s rule or by some other method
given below.

(i) Limits by Factorisation

If lim % attains % form, then x — ¢ must be a factor of numerator
x - a g(x

and denominator which can be cancelled out.
(i) Limits by Rationalisation

If lim 1) attains 0 form or = form and either f(x) or g(x) or both
x - a g(x) 0 0

involve expression consisting of square root, then this can be evaluated
by rationalising.

(i) Limits by Substitution

In order to evaluate lim f(x), we may substitute x =a + A

X - a

(or x =a - h), so that x - a changes to A - O.
Thus, lim f(x) = hlimo flath)

(iv) Limits when x — o

If lim f Ex; is of the form = and both f(x) and g(x) are polynomial of x.
x - o g(x [

Then, we divide numerator and denominator by the highest power of x

and put 0 for 1 !

—,—, etc.
9’ b b
x x? K
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Note If m and n are positive integers and a,, b, # 0 are real numbers, then

da
Dio) ifm=n
o
lim apX m+a1Xm—1 e T8y X +am_EO ifm<n
e + n1+-~-+b— +b B i
X X"+ byx n-1X + 0y Eoo’ it m>n,ayb, >0
O

H-ow, it m>nam, <O0.

(v) Hospital’s Rule
If f(x) and g(x) be two functions of x such that
@1) hm f(x) = lim g(x) =

(11) both are continuous at x = a.
(ii1) both are differentiable at x = a.
@1v) f (x) and g'(x) are continuous at the point x=a, then
L@ @
o gx) tag (x)

Above rule is also applicable, if lim f(x) = c and lim g(x) = oo.
xX-a xX-a

Note If lim e assumes the indeterminate form 0 or 2 and ' (x), g (x)

X—a g X 0 00
satisfy all the condition embeded in L’'Hospital’s rule, then we can repeat
the application of this rule on ——— F'(x) to get 09, i.e. lim w
"(x) X~ag() x~a g'" (X)

Limit Using Expansions

Many limits can be evaluated very easily by applying expansion of
expressions involving in it. Some of the standard expansions are

) QA+x)" =1+"Cx +"Cyx® +... + "C,x" ,n ON,20 R

@) L+x) =1+nx+ 207D 20w 1cx<1n0Q

2!
2 .3
>ii1) e* =1+ 4 Y oo, x (R
1 2! 3!
2
(iv) a* =e*lge =1 +xlog, a +M+ Lo, x0OR, a>0,a#1
2 .3 4
x° X x
v) log, 1+x)=0x -+ == +.., 00 -1 <x <1
(v) log, (1 +x) s "5 T
2 3

(vi) log, 1-x)=—-x —— _E —...00 -1 <x <1
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3 5
(wnsmx:x—§7+%r-“@x53
2 4
(viii) cosx=1-"-+> - o xOR
2! 4!
3
(ix) tanx =x +% +1—25x5 +...
3 5
(x) sin'x=x +% +95i' +..
3 .5 .7
(xi) tanlx=x—~ +%X X 4
3 5 7

Some Important Results

_ 2

@) lim 1 cosmx _m-

x-01l-cosnx n?

. .. cosax—cosbx _ a®—b”
(11) lim =

x~0coscx—cosdx ¢ —d>

cos mx — cos nx _ n” - m?

(i11) lim
x -0

x? 2
.. sin?mx _Onl
@av) lim ——~= =
x-0 (nx)? n
. tan’ mx _On[T
(v) im ———— =
x-0 tan® nx n

x*-a* _1-loga

(vi) lim =
x-ax*-q* 1+loga
+x)" —
(vii) Lim O L_m
ey -1 n

(viii) lim A+b0)" -1 _mb
x-0(1+ax)" -1 na

al:lbx
(lX) lim (1 + ax) blx— Iim + 75 - eab
x- 0 x

(X) hm (xn +yn)l/n :y,(0<x<y)

(xi) lim (cosx + @ sin bx)!* = e®
x -0
n
(xil)) lim =—=0,0n
X - 0 ex
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(xii) lim Fros-*
m - o m

o

(xiv) lim cos> cos X cos¥ ... cos X =
n-w 2 4 8 2" X
Sandwich Theorem
Let f(x), g (x) and A (x) be real functions such that
flx)< g (x)< h(x), O x0@,B) {a}

If lim f(x)=1= lim h(x),
then lim g(x)=1
! i T y=h(x)
: T y=9(x)
i L y=1(x)
X =I o X ; a X =I B
Y
| y=h
: y=9g(x)
| y="f(x)

o}
Q
N

Continuity

If the graph of a function has no break or gap, then it is continuous. A
function which is not continuous is called a discontinuous function.
e.g. f(x) = sin x is continuous, as its graph has no break or gap.

Y
/\ 2 i 3 21
. o\ = L \m2,
X AN AN X
—21'[_%-[ |
v

While f(x) = 1 is discontinuous at x = 0.
x
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Continuity of a Function at a Point

Let f be a real function and a be a point in the domain of /. We say f is
continuous at a, if lim f(x) = f(a).

ie. lim f(x)= lim+ f(x) = f(a)

Thus, f(x)is continuous at x = a, if lim f(x) exists and equals to f(a).

Note If afunction is not continuous at x = a, then it is said to be discontinuous
atx =a

Continuity of a Function in an Interval
(i) A function f(x)is said to be continuous in an open interval (a, b),
if f(x)is continuous at every point of the interval.
(i1) A function f(x)is said to be continuous in a closed interval [a, b],
if f(x) is continuous in (a, b). In addition, f(x) is continuous at
x = a from right and f(x)is continuous at x = b from left.

Note A real function f is said to be continuous in its domain, if it is continuous
at every point of its domain.

Discontinuity of a Function

A function f(x) can be discontinuous at a point x = ¢ in any one of the
following ways.
(1) f(a)is not defined.
(i1) LHL and RHL both exist but unequal i.e.
lim f(x)# lirn+ f(x)

X - a X - a

(iii) Either lim f(x)or lirn+ f(x) or both non-existing or infinite.
X - a X - a

(iv) LHL and RHL both exist and equal but not equal to f(a),
Le. lim f(x)= lirn+ f(x) % f(a)

X - a X - a
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Types of Discontinuity

1. Removable Discontinuity
If lim f(x) exists and either it is not equal to f(a) or f(a) is not

X - a
defined, then the function f(x) is said to have a removable
discontinuity (missing point discontinuity) of x = a.
This discontinuity can be removed by suitably defining the function at
x=a.
2. Non-removable discontinuity
Non-removable discontinuity is of following two types

(i) Discontinuity of first kind
If lim f(x) and lim+ f(x) both exist but are not equal, then the

X - a X - a
function f(x) is said to have a non-removable discontinuity of first kind
at x = a.
Note In this case, we also say that f(x) has jump discontinuity at x =a and
we defind | lim_f(x) = lim . f(x)| = jump of the function at x =a.
X - a X - a
(i) Discontinuity of second kind

If at least one of the limits lim f(x) or lim+ f(x) does not exist or at
X - a X - a

least one of these is ® or — o, then the function f(x) is said to have a
non-removable discontinuity of second kind at x = a.

Important Points to be Remembered
(i) Iff (x)is continuous and g(x) is discontinuous at x =g, then the product
function @(x) =f(x) [g(x) is not necessarily be discontinuous at x =a.
(ii) Iff(x)and g(x) both are discontinuous at x =g, then the product function
@(x) =f(x) [g(x) is not necessarily be discontinuous at x =a.
(iii) There are some functions which are continuous only at one point.

Otx,if x 0Q x,if x O .
eg.f(x) =0 . andg(x) =[] . are both continuous only at
ox.if x 0Q Ep,lfx 0Q

x=0.

Fundamental Theorems of Continuity
(1) If f and g are continuous functions, then
(a) f + gand fg are continuous.
(b) cf is continuous, where c is a constant.
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(c) ! is continuous at those points, where g(x) # 0.

(1) If giscontinuous at a point a and f is continuous at g(a), then fog
is continuous at a.

(111) If f1s continuous in [a, b], then it is bounded in [a, b] 1.e. there
exist m and M such that

m< f(x)<s M,0:8 [a, b,

where m and M are called minimum and maximum values of
f(x) respectively in the interval [a, b].

(iv) If fis continuous in its domain, then| f|is also continuous in its
domain.

(v) If f is continuous at a and f(a)# 0, then there exists an open
interval (a — 8, a + ® such that for all x (e 6,a+ ), f(x)has the
same sign as f ().

(vi) If fis a continuous function defined on [a, b] such that f(a) and
f (b) are of opposite sign, then there exists atleast one solution of
the equation f(x)=01in the open interval (a, b).
(vii) If f is continuous on [a,b] and maps [a, b] into [a, b], then for
some x[a, b], we have f (x)=x.
(viii) If f is continuous in domain D, then 1 is also continuous in

D —{x: f(x)=0}.
Differentiability

If the curve has no break point and no sharp edge, then it is
differentiable.

Differentiability (or Derivability) of a Function at a Point

The function f(x) is differentiable at a point P iff there exists a unique
tangent at point P.

In other words, f(x) is differentiable at a point P iff the curve does not
have P as a corner point i.e. the function is not differentiable at those
points on which function has holes or sharp edges.
If the shape of curve is any of the following forms,

A
/‘\ U /—\ \/
A
i) (i) (iii)
then the function is not differentiable at point A.
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Mathematically A function f(x)1is said to be differentiable at a point

@ in its domain, if lim ) - f@)
X a x—a

f@) = fl@) _ i @)= f@

exist finitely

or if lim

x> a X—a x - at X—a
i.e. Left Hand Derivative (LHD) = Right Hand Derivative (RHD)
or Lf' (@)= Rf' (a)

Differentiability of a Function in an Interval
(1) A function f(x)is said to be differentiable in an interval (a, b), if
f(x) is differentiable at every point of this interval (a, b).
(i1) A function f(x) is said to be differentiable in a closed interval
[a, b], if f(x) is differentiable in (a, b), in addition f(x) is
differentiable at x = @ from right and at x = b from left.

Note A real function f is said to be differentiable if it is differentiable at
every point of its domain.

Fundamental Theorems of Differentiability

(1) The sum, difference, product and quotient of two differentiable
function, provided it is defined, is differential.
(i) The composition of differential function is a differential
function.
(1) If f(x) and g(x) both are not differential function, then the sum
function f(x)+ g(x) and the product function f(x)E(x) can be
differential function.

Relation between Continuity and Differentiability

(1) If a function f(x)is differentiable at x = a, then f(x)is necessarily
continuous at x = a but the converse is not necessary true, i.e. if
a function is continuous at x = a, then it is not necessary that fis
differentiable at x = a

(1) If f is not continuous at x = qa, then f is not differential at x = a.
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Continuity and Differentiability of Different Functions

Continuity and

Function Curve Domain and Range Differentiability
) Domain = R,
Identity f(x) = x
Range =] — o, o[ =R
Domain =R,
Constant fx)=c Range ={c}, where
¢ - constant Continuous and
Differentiable
fo) = everywhere
ag + ax + ax°
Polynomial +...+ax", where Domain =R

ag, a,...,a, are
real numbers and
nON.

Domain =[0, ),

Continuous and

Square Root fx) = x Range = [0, o) Ejéﬁir)entiable in
Domain =R,
Greatest integer | f(x) =[x]
Range =/
Other than
Domain =R, i i
Least integer f(x) = (x) integral values it
Range =/ is continuous
b ) e and differentiable
omain =R,
Fractional part |f(x) ={x} =x =[x
Range =[0,1)
fx) = 4
w X Continuous and
Domain =R, differentiable
Signum ol x<0 "
-Ho x=0 Range ={-1,01} |everywhere
e except at x = 0
HL x>0
Domain =R,
Exponential flx)=a*,a>0a #1 ! _
Range =10 oo Continuous and
differentiable in
— f(x) =log, x; x, @ > 0| Domain = (0, ), their domain
Logarithmic

and a #1

Range =R
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Continuity and

Functions Curve Domain and Range Differentiability
. . Domain =R,
sine y=sinx
Range =[ -1,1]
. Domain =R,
cosine Yy =Cos X
Range =[ -1,1]
Domain
b 1
tangent y=tanx |=R H2”+D§|”DZH
Range = R Continuous and
b =R - differentiable in
cosecant y=cosec x | oman = {nm| nOZ} their domain
Range = {— o, =11 O[leo )
Domain
_ b
secant ) =sec x —R—HZnH)E\nDZ@
Range = (= o, —=1] O[lp0 )
Domain =R —{nmt| n0OZ},
cotangent y =cot x
Range = R
Domain =[-1,11,
. -
Arc sine y=sin "X _gm m
Range = 5= —, —
¥ H228
. 1 Domain =[-1,11,
Arc cosine y=Cos " x
Range =10, T
Domain =R,
Arc tangent y=tan"lx _om
Range % PN EHQ Continuous and
) differentiable in
Domain = (= e, 1] Ollg ), their domain
-1
Arc cosecant y =cosec X _Qgm T
Range = —0-1{0
ge = TH- {0
Domain = (—oo, =1] O[leo ),
—ean-l
Arc secant y=sSsec " x Range = [0, 1 - @»ﬁ
O Domain =R,
Arc cotangent y=cot ™ x

Range = (0, 0
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Derivatives

Derivative or Differential Coefficient

The rate of change of a quantity y with respect to another quantity x is
called the derivative or differential coefficient of y with respect to x.

Differentiation

The process of finding derivative of a function is called differentiation.

Differentiation using First Principle

Let f(x) is a function, differentiable at every point on the real number
line, then its derivative is given by

= 4 = iy St 3x) — f(x)
f (X)—af(x)—&lclr}loa—

X
Derivatives of Standard Functions
@) %(x") =nx" "', n0OR
d

(1) — (k) =0, where k1is constant.
dx
oo d o,y .
—(e')=e
(1i1) Tx (e¥)
.ood oy x
@iv) d—(a )=a" log, a, where a>0,a #1
x

® L og, =1 x>0
dx x

x>0

@) % (log, 1) =1 (log, ) = ,
dx x xlog, a

(vii) 4 (sinx) = cosx
dx
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o d .
(viil) — (cosx) = —sin x
dx
(ix) a (tanx) = sec x, x #(2n +1) n ,n 01
dx 2
d _ 2
(x) — (cot x) = —cosec” x,xZnm, n 01
dx
. d _ !
(xi) — (secx)=secxtanx,x#Z(2n +1)— n 01
dx 2

. d
(x11) Tx (cosec x) = —cosec x cotx,x Z mt ,n 01
x

(i) L (sinx) = —1<x<1
dx NEES
(Xiv)i(cos_lx):— ! ,—l<x<1
dx 1-x
(xv) (tan"lx) = ! 5
+x
. d =
_ t = —
(xvi) Tx (cot™ x) =
i) & eclyy= L jx|>1
dx lx]+/x% -1
(xviil) a (coseclx) = - ot Jxl>1
dx lx|+x% -1
.ood o
(xix) d—(smh x)=cosh x
x
d .
(xx) Ix (cosh x) =sinh x
x
. d _ 9
(xx1) d—(tanh x) = sech’x
x
. d 9
(xx11) Ix (coth x) = — cosech“x
x
(xx1i11) di (sechx)=-sech xtanh x
x

(xx1v) di (cosech x) = — cosech x coth x
x

235
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(xxv) i (sinh_1 x)=1/(x* +1)
(xxv1) (cosh x)=1/Jx%-1),x>1
(xxvii)— (tanh™ x)=1/(1 - x%), | x|< 1
dx
(xxviil) di (coth x)=1/(1 - «?),|x| >1
x
(xxix)di (sech™x) = = 1/ xy/(1 —x2), x 0(0, 1)
x
(xxx) di (cosech™x) = = /| x|/(1 +x?), x 2 0
x

Fundamental Rules for Derivatives

1) 4 {cf(x)} =c a f(x), where c is a constant.
dx dx

(11) a {f(x) £ g(x)} = 4 f(x) £ 4 g(x) [sum and difference rule]
dx dx dx
(i) % {1(2) g = f@) % 2x) + g() % f(x)

[leibnitz product rule or product rule]

Generalisation If u,,u,, us,..., u, are functions of x, then

d u
%(u1 Uy Us ... Uy)= %ﬁ[uz% 7
u u
un
[wgus...u, 1+... + [wguy ...u, _1] Ed—ﬂ
dx

dx Dg(x)D {g(x)}*
@ T-L f(x) = @(x), then L flax + b) = a glax +b)
dx dx

[

[quotient rule]

) —
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Derivatives of Different Types of Function

1. Derivatives of Composite Functions (Chain Rule)

If f and g are differentiable functions in their domain, then fog is also
differentiable

Also, (fog)' (x)= f"{g(x)} &' (x)

More easily, if y = f(z) and u = g(x), then — dy dy du

dx du dx

Extension of Chain Rule
If y is a function of u, u is a function of v and v is a function of x. Then,
dy _ dy du dv

dx du dv dx'

2. Derivatives of Inverse Trigonometric Functions

Sometimes, it becomes very tedious to differentiate inverse
trigonometric function. It can be made easy by using trigonometrical
transformations and standard substitution.

Some Standard Substitution

S. No. Expression Substitution
(i) & - x° Xx =asin@or acos®
(ii) @+ x° X =atan® or acot®
(iii) X2 - a° X =asec B oracosecH
(iv) a-x X =acos 20
a+x a-—x

V) \/a — 2 or\/a +x2 x> =4’ cos 20
a° + x° a® - x°

(vi) R e T X = acos® 8 + Bsin’ 0
B-x

(vii) | asinx + bcos x a=rcosa, b=rsina

3. Derivatives of Implicit Functions
To find % of a function f(x,y)= 0, which can not be expressed in the

form y=@(x), we differentiate both sides of the given relation

with respect to x and collect the terms containing % at one side and
x

find d—
dx
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4. Derivatives of Parametric Functions

If the given function is of the form x = f(¢),y =g(t), where ¢ is
parameter, then

Y d
as_ Bl 50 _go
dx x[ d f' ()
Bl &
Derivative of a Function with Respect to

Another Function
If y = f(x) and z = g(x), then the differentiation of y with respect to z is

dy
dy _dx - ['®)
dz dz g'(x)
dx

Logarithmic Differentiation

(1) If a function is the product or quotient of functions such as

3= @) ... f, () or LD LE) LE...
&1(x) 85(x) g5(x)...

and then differentiate it.

, we first take logarithm

(i1) If a function is in the form of [f(x)]® ) we first take logarithm
and then differentiate it.

Note If { f(x)}9Y) ={g ()}, then

& _g) ') Hxloggly) —g (y)I
o f(x) g () (log fx) -1 H

Differentiation of Infinite Series
Sometimes, the function is given in the form of an infinite series, e.g.
y= \/ f(x) +./f(x) +... 0, then the process to find the derivative of such

infinite series is called differentiation of infinite series.

e.g. Suppose y = \/logx+\/logx +./logx +.. 0

Then, y =+/logx+y O y%= logx® y

Now, differentiate it by usual method.
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26
() 1ty =70 then Y = yr e
ax  f(x){1-ylogf(x)}

(i) 11y =700 + 70 + 700 +... o, then & = 7

ax 2y—1
Differentiation of a Determinant
p q r
Ify=|u v w|, where all elements of determinant are differentiable
Il m n
functions of x, then
@ dg dr p q r p q r
dy |dx dx dx du dv dw
—=lu v w |+ —t|u v w
Wl | (P dl dmodn
dx dx dx

Successive Differentiations

If the function y = f(x) is differentiated with respect to x, then the

d . . .
result d—y or f'(x), so obtained, is a function of x (may be a constant).
x

Hence, % can again be differentiated with respect to x.
X

The differential coefficient of % with respect to x is written as
X

2
%@ Y or " (x). Again, the differential coefficient of % with
X
respect to x 1s written as

d@g d’y

—or f'"" (x) ...
dx dx?0  do®
2 3
Here, Q , Q , Q ,... are respectively known as first, second,
dx’ dx? dx®

third, ... order differential coefficients of y with respect to x. These

are alternatively denoted by f'(x), f'' (x), f'"' (X),... O Y1, Yo, Y5 seers
respectively.

dy , d?y

2

Note & = 08 9°Y . 0B
ax ax d“x

de 62
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nth Derivative of Some Functions

@) a’ [sin (ax + b)] = a” sin %[ +ax + bﬁ

dx"
. d" o T[
(11) [cos(ax + b)] =a” cos % + ax + b@
dx" 2
o dt m! _
iii ax+b)" =————a"(ax+ b)""
¢ )dx"( ) (m - n)! ( )
.o dr D)"Y n -D!a®
1 log(ax + b)] =
() - Dog(ax + 0] == e
dn ax n _ax
v e*)=a"e
) )
: dn X X n
(v1) (a*)=a"(loga)
dx"
.. d" o . " ax -
(vii) (a) T [e* sin(bx + c)] =r"e™ sin(bx +c +n@
X
dn ax n _ax
(b) - [e™ cos (bx + c)] =r"e™ cos(bx + ¢ + nQ

X

where, r =+/a? + b% and @ = tan™ %@

Partial Differentiation

The partial differential coefficient of f(x,y) with respect to x is the
ordinary differential coefficient of f(x,y) when y is regarded as a

constant. It is written as ? or f..
X

ThuS,if: 11m f(x+h’y)_f(x7y)
0x h-0 h

Similarly, the differential coefficient of f(x,y) with respect to y is g—f
Y

of _ o [ y+ B~ fx,)
dy k-0 k

or f,, where
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e.g. If z = f(x, y) =x* + y* +3xy? +x%y +x +2y,

then 9z or of or f, = 4x® +3y? +2xy +1
Ox  Ox . .
[here, y is consider as constant]
and % or Z—f or f, = 4y® + 6xy +x° +2 [here, x is consider as constant]
Y Y

Higher Partial Derivatives

Let f(x, y) be a function of two variables such that g—f , g—f both exist.
x dy
. . L of . %f
(1) The partial derivative of — w.r.t. x is denoted by ——5 Or fie-
Ox Ox
.. . L of . o%f
(i1) The partial derivative of ™ w.r.t. yis denoted by p or fy,.
Y Yy
.. . . of . o*f
(ii1) The partial derivative of -~ w.r.t. y is denoted by Or fy-
Ox dy 0x
. . . of . o*f
(iv) The partial derivative of —— w.r.t. x is denoted by or fy,.
dy O0x 0y

Euler’'s Theorem on Homogeneous Function
If f(x, y) is a homogeneous function of x, y of degree n, then
Ox oy
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Application of
Derivatives

Derivatives as the Rate of Change

If a variable quantity y is some function of time ¢ i.e. y = f(t), then
small change in time At have a corresponding change Ay in y.

Thus, the average rate of change = %

When limit At -~ 0 is applied, the rate of change becomes
instantaneous and we get the rate of change with respect to ¢t at any

instant y, i.e. lim &y _ @
at-0 At dt
Similarly, the differential coefficient of y with respect to x i.e. % is
X

nothing but the rate of change of y relative to x.

Derivative as the Rate of Change of Two Variables
Let two variables are varying with respect to another variable ¢, i.e.
y = f(t)and x = g(t).
Then, rate of change of y with respect to x is given by

dy _dyldt | dy_dy dt

dx dx/ dt dx dt dx

Note d—y is positive, if y increases as x increases and is negative, if y
X
decreases as x increases.

Marginal Cost

Marginal cost represents the instantaneous rate of change of the total
cost with respect to the number of items produced at an instant. If C(x)
represents the cost function for x units produced, then marginal cost,
denoted by MC, is given by

_d
MC = - {C(x).
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Marginal Revenue

Marginal revenue represents the rate of change of total revenue with
respect to the number of items sold at an instant. If R(x) represents
the revenue function for x units sold, then marginal revenue, denoted
by MR, is given by

_d
MR = (R()}

Note Total cost = Fixed cost + Variable cost i.e. C(x) =f(c)+ v(x).

Tangents and Normals

A tangent is a straight line, which touches the curve y = f(x) at a point.
A normal is a straight line perpendicular to a tangent to the curve
y = f(x) intersecting at the point of contact.

Slope of Tangent and Normal
(i) If the tangent at P is perpendicular to X-axis or parallel to
Y -axis, then 0 =n 0 tan@ o [ %@ = oo,
2 xlp

(i1) If the tangent at P is perpendicular to Y -axis or parallel to

. dyQ
X-axis, then6 =00 tan6=00 =0.
Hix

(iif) Slope of the normal at P = -1
Slope of the tangent at P
Wy %EP

X
(v) If %@ =0, then normal at (x, y) is parallel to Y-axis and
Xbp

perpendicular to X-axis.

(v) If %ﬁ—yg = o, then normal at (x, y) is parallel to X-axis and
Xp

perpendicular to Y-axis.

Equation of Tangents and Normals
The derivative of the curve y = f(x) is f' (x) which represents the slope
of tangent and equation of the tangent to the curve at P is

Y-y= % (X -x), where (x, y) is an arbitrary point on the tangent.
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y = 1x)

Tangent
Normal

I
I
I
|
of A S B

The equation of normal at (x, y) to the curve is
Y-y=- dx (X —x)
dy

G If %ﬁ—y% = 0, then the equations of the tangent and normal at
X, y)

(x, y)are (Y — y) =0and (X - x) =0, respectively.

(1) If %é = + oo, then the equation of the tangent and normal
X, »)

at (x, y)are (X —x) =0and (Y — y) =0, respectively.
Length of Tangent and Normal

y41

%
T,

(i) Length of tangent, PA =y cosecf =

g

5
1

y=1fx)

Tangent
Normal

I
I
I
|
o A S B

X
. EblyD2
Length of normal, PB=y secB = 1+
(i1) g ys y ,/ . H
y
ii1) Length of subtangent, AS = ycot6 = ——~———
(1i1) g g y (dy/ dm)

. [y
Length of subnormal, BS = y tan8 =
@iv) g ytan® =y o
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Angle of Intersection of Two Curves

Let y = fi(x) and y = f,(x) be the two curves, meeting at some point
P (x;, y;), then

The angle between the two curves at P (x;, y;) = the angle between the
tangents to the curves at P(x;, y;).

o

The other angle between the tangents is (180 —6). Generally, the
smaller of these two angles is taken to be the angle of intersection.

0 The angle of intersection of two curves is given by

tan@ =| L~ M2
1+ mym,
¥h0 a0
where, m; = and my = %
Edf'xE(xl ) dx %(xp n)

@) Ife:g,mlmzz_lm A LA

=-1
BCa%(xl 1) B%%(M 1)
such curves are called orthogonal curves.

240 [Af

@) Ife=0,m; =my 0 %@a :%E

x1, 1) X1, ¥1)
such curves are tangential at (x;, y;).

Rolle’s Theorem

Let f be a real function defined in the closed interval [a, b], such that
(1) f is continuous in the closed interval [a, b].
(11) f(x)1is differentiable in the open interval (a, b).
@) f(a)= f(0)

Then, there is some point ¢ in the open interval (a, b), such that

f'(©=0.
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Geometrically
Under the assumptions of Rolle’s theorem, the graph of f(x) starts at

point (a, f(a)) and ends at point (b, f(b)) as shown in figures.

fla)=£(b)

________ -/(b, £ (b))
G X

[9)

The conclusion is that there is atleast one point ¢ between a and b,
such that the tangent to the graph at (¢, f(¢)) is parallel to the X-axis.

Algebraic Interpretation of Rolle’s Theorem

Between any two roots of a polynomial f(x), there is always a root of its
derivative [’ (x).

Lagrange’s Mean Value Theorem

Let f be a real function, continuous on the closed interval [a, b] and
differentiable in the open interval (a, b). Then, there is atleast one
point ¢ in the open interval (a, b), such that

o= 10 1@
a

Geometrically For any chord of the curve y = f(x), there is a point on
the graph, where the tangent is parallel to this chord.

Y

]
I
i
c b X

Qf-————

(o]

Remarks In the particular case, when f(a) = f(b),

f(b) = f(a) becomes zero,
-a

the expression ———"~~

ie. when f(a)=f(b),f' (¢)=0 for some ¢ in (a, b), Thus, the Rolle’s
theorem becomes a particular case of the Lagrange’s mean value
theorem.
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Approximations and Errors

1. Let y=/f(x) be a given function and Ax denotes a small
increment in x, corresponding which y increases by Ay. Then, for
small increments, we assume that

Ly L e [symbol = stands for “approximately equal to”]
Ax  dx
0 ay=2 A
dx

For approximations of y, Ay = dy
dyd
Then, dy = Ax
¥ Haxd

Thus, y + Ay = f(x + &x) = f(x) + |gjzl.z—ymmc
X

2. Let Axbe the error in the measurement of independent variable
x and Ay is corresponding error in the measurement of
dependent variable y.

Then, Ay = %ﬁ—yDAx
X

Ay = Absolute error in measurement of y

Ly = Relative error in measurement of y
y

Ay

x 100 = Percentage error in measurement of y
y

Increasing Function y
(Non-decreasing Function)

A function f is called an increasing function in X' X
domain D, if x; <x, O f( ¥ f(xy), O 2,25 OD.

Strictly Increasing Function v

f(x) is said to be strictly increasing in D, if for every x;, x,00 D; x< x4

O flxg flxp).
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Decreasing Function (Non-increasing Function)

A function f is called a decreasing function in domain D,
if o <oy O F() 2 fo), 0 %y, 3 D.

=

Y’

X

Strictly Decreasing Function

f(x) is said to be strictly decreasing in D,
if for every x;,xy 0D, x< x,0  f(&)  f(xy).
\¢

S

X' X

Y’

Important Points to be Remembered
(i) A functionf(x)is said to be increasing (decreasing) at point x, if there is

an interval (x4 —h, x, +h) containing x,, such that f(x) is increasing
(decreasing) on(x, —h, x, +h).

(i) A function f(x) is said to be increasing on[a, b}, if it is increasing on (a, b)
and it is also increasing at x =a and x =b.

(iii) Letf be a differentiable real function defined on an open interval(a, b).
(@) Iff'(x)>0forall x O(a, b), thenf(x) is strictly increasing on(a, b).
(b) Iff'(x) < 0forall xO(a, b), thenf(x) is strictly decreasing on(a, b).

(iv) Letf be afunction defined on(a,b).
(@) Iff'(x)>o0forall x(a,b) except for a finite number of points, where
f'(x)= 0, thenf(x) is increasing on(a, b).
(b) Iff'(x)<0forall x(a, b) except for a finite number of points, where
f'(x)= 0, thenf(x) is decreasing on(a, b).
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Monotonic Function

If a function is either increasing or decreasing on an interval (a,b),
then it is said to be a monotonic function.

Note If a function is increasing in some interval /; and decreasing in some
interval I, then that function is not monotonic function.

Properties of Monotonic Functions

(1) If f(x)1is strictly increasing (decreasing) function on an interval
[a, b], then f~! exist and also a strictly increasing (decreasing)
function.

(1) If f(x) and g(x) are strictly increasing (or decreasing) function on
[a, b], then gof(x) and fog(x) (provided they exists) is strictly
increasing function on [a, b].

(i11) If one of the two functions f(x) and g(x)is strictly increasing and
other a strictly decreasing, then gof(x) and fog(x) (provided they
exists) 1s strictly decreasing on [a, b].

@iv) If f(x)1s continuous on [a, b], and differentiable on (a, b) such
that (f' (¢)> 0) for each ¢ O(a, b)1is strictly increasing function on
[a, b].

(v) If f(x)1is continuous on [a, b] such that f' (¢)< 0 for each c(a, b),
then f(x)1is strictly decreasing function on [a, b].

Maxima and Minima of Functions

Local Maximum (Maxima) A function y = f(x) is said to have a local
maximum at a point x = a.If f(x)< f(a) for all x O(a= h,a+ h), where
h is very small positive quantity.

The point x = a is called a point of local maximum of the function
f(x) and f(a)is known as the local maximum value of f(x) at x = a.
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Local Minimum (Minima) A function
y=f(x) is said to have a local
minimum at a point x = a, if f(x)= f(a)

for all x O(a= h,a+ h), where h is very -——W
small positive quantity.

The point x =a is called a point of
local minimum of the function f(x) and

f(a) is known as the local minimum
value of f(x) at x = a.

Note Extreme value A function f (x) is said to have an extreme value in
domain, if there exists a point ¢ in interval such that f(c)is either a local
maximum value or local minimum value in the interval.

Properties of Maxima and Minima

(1) If f(x) is continuous function in its domain, then atleast one
maxima and one minima must lie between two different values
of x on which functional values are equal.

(1)) Maxima and minima occur alternately, i.e., between two
maxima there is one minima and vice-versa.

@1i1) If f(x) - wasx - aorband f'(x) = Oonly for one value of x (sayc)
between a and b, then f(c) is necessarily the minimum and the
least value.

@v) If f(x) > —wasx - a or b and f'(c)= 0 only for one value of
x(say c) between a and b, then f(c) is necessarily the maximum
and the greatest value.

Critical Points of a Function

Points where a function f(x) is not differentiable and points where its
derivative (differentiable coefficient) is zero are called the critical
points of the function f(x).

Maximum and minimum values of a function f(x) can occur only at
critical points. However, this does not mean that the function will have
maximum or minimum values at all critical points. Thus, the points
where maximum or minimum value occurs are necessarily critical
points but a function may or may not have maximum or minimum
value at a critical point.
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Important Points to be Remembered

(i) If f(x) be a differentiable functions, then f'(x) vanishes at every local
maximum and at every local minimum.

(i) The converse of above is not true, i.e. every point at whichf’ (x) vanishes
need not be a local maximum or minimum. e.g. if f(x) =x3, then ' (0) = 0,

but atx = 0the function has neither maxima nor minima. In general these
points are point of inflection.

(iii) A function may attain an extreme value at a point without being
derivable at that point. e.g.f(x) =|x| has a minima at x =0 butf’ (0) does
not exist.

(iv) A functionf(x)can has several local maximum and local minimum values
in an interval. Thus, the maximum and minimum values of f(x) defined
above are not necessarily the greatest and the least values of f(x) in a
given interval.

(v) A local value at some point may even be greater than a local values at
some other point.

Methods to Find a Local Maximum and
Local Minimum

1. First Derivative Test
Let f(x) be a differentiable function on an interval I and a O 1.

Then,
(1) Point a is a local maximum of f(x), if
(@ f'(@)=0

) f'(x)> 0,ifx O(a= h,a)and f' (x)< 0,ifx O(a, a+ h),whereh
is a small positive quantity.
(1) Point a is a local minimum of f(x), if
(@ f'(@)=0
M) f'(@)< 0,ifx O(a= h,a)and f' (x)> 0,if x O(a, a+ h),where
h 1s a small positive quantity.

@ii1) If f'(a)= 0 but f' (x) does not changes sign in (a — h, a + h), for
any positive quantity A, then x = ¢ is neither a point of local
minimum nor a point of local maximum.
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2. Second Derivative Test
Let f(x) be a differentiable function on an interval I. Let ¢ 01 is such
that f"(x) is continuous at x = a. Then,
(i) x = ais a point of local maximum, if /' (a¢)= 0and f"(a)< 0.
(11) x = ais a point of local minimum, if f' (a)= 0 and f"(a)> 0.
1) If f' (@)= f"(a) =0, but f"' (a) £ 0, if exists, then x = a is neither

a point of local maximum nor a point of local minimum and is
called point of inflection.

i) If f(a)= f"(@)=f"(a)=0 and f"“(a)<O0, then it is a local

maximum. And if fY(a)> 0, then it is a local minimum.

3. nth Derivative Test

Let f be a differentiable function on an interval I and let ¢ be an
interior point of I such that

fi@=f"@=f"(@=..=f"Ya)=0 and f"(a) exists and is
non-zero.
(1) If nis even and f"(a)< 00 x = ais a point of local maximum.
(ii) If nis even and f"(a)> 00 x = ais a point of local minimum.

(i11) If n is odd, then x = a is neither a point of local maximum nor a
point of local minimum.

Concept of Global Maximum/Minimum

Let y = f(x) be a given function with domain D.

Let [a,b] 0D, then global maximum/minimum of f(x) in [a,bd] is
basically the greatest/least value of f(x) in [a, b].

Global maxima/minima in [a, b] would always occur at critical points of
f(x) with in [a, b] or at end points of the interval.

Global Maximum/Minimum in [a, b]

In order to find the global maximum and minimum of f(x)in [a, b], find
out all critical points ¢, ¢y,...,c, of f(x)1in [a, b] (i.e., all points at which
f'(x)=0) or f' (x) not exists and let f(c,), f(cs) ,-..., f(c, ) be the values of
the function at these points.

Then, M, - Global maxima or greatest value.

and M, — Global minima or least value.
where M, = max{f(a), f(¢)), f(cy),..., f(c,), f(b)}
and M, =min{f(a), f(c)), f(cy) ..., f(c,), f(b)}
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Then, M, is the greatest value or global maxima in [a, b] and M, is
the least value or global minima in [a, b].

Important Points to be Remembered

(i) To Find Range of a Continuous Function Let f(x) be a continuous
function on [a, b], such that its least value in [a, b] is m and the greatest
value in[a, bl is M. Then, range of value of f(x) for x O[a, b] is [m, M].

(ii

=

To Check for the Injectivity of a Function A strictly monotonic
function is always one-one (injective).

Hence, a function f(x) is one-one in the interval [a,b], if
f'(x)>0,0x3 [a,blorf'(x)<0,0x] [a,b]

The points at which a function attains either the local maximum value or
local minimum value are known as the extreme points or turning
points and both local maximum and local minimum values are called the
extreme values of f(x).

(iii

=

Thus, a function attains an extreme value at x =g, if f(a) is either a local
maximum value or a local minimum value. Consequently at an extreme
point ‘a’,f(x) —f(a) keeps the same sign for all values of x in a deleted nbd
of a.

=

A necessary condition for f(a) to be an extreme value of a function f(x) is
that f'(a) =0 in case it exists. It is not sufficient. i.e. f'(a)= 0 does not
necessarily imply that x =a is an extreme point. There are functions for
which the derivatives vanish at a point but do not have an extreme value.
e.g. the function f(x) =x>,f'(0)=0 but at x =0 the function does not

attain an extreme value.

(iv

S

Geometrically the above condition means that the tangent to the curve
y =f(x) at a point where the ordinate is maximum or minimum is parallel
to the X-axis.

=

All x, for whichf' (x) = 0, do not give us the extreme values. The values of x
forwhichf' (x) = 0 are called stationary values or critical values of x and
the corresponding values of f(x) are called stationary or turning values of
f(x).

(vi




Indefinite Integrals

Let f(x) be a function. Then, the collection of all its primitives is called
the indefinite integral (or anti-derivative) of f(x) and is denoted by

J' f (x)dx. Integration as an inverse process of differentiation.
If di{(p(x)} =f(x), then J'f(x) dx = @(x) +C, where C is called the
x

constant of integration or arbitrary constant.
Symbols f(x) - Integrand
f(x)dx - Element of integration
- Sign of integral
@(x) - Anti-derivative or primitive or integral of function f(x)

The process of finding functions whose derivative is given, is called
anti-differentiation or integration.

Note The derivative of function is unique but integral of a function is not unique.

Some Standard Integral Formulae

Derivatives Indefinite Integrals
0 n+1 0 n+1
0 iI]X—D=X",f7=7f-1 Ix”dxzx +C,nz-1
ax + 10 n+1
d 1 1
i — (log, x) == Zdx=log,|x| +C
(i) 108 p IX 8e | X
d
i —@Ee)=¢ efdx =e* +C
(iii) p» I
X X
(iv) iE{c—iig=ax,a>0,a #1 Iaxdxz < _4c
dx dog,al log, a
d . )
—(=cos x) =sin x sinxdx = -cos x +C
V) ax I
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Indefinite Integrals

Derivatives

Indefinite Integrals

(xi)

(xii)

(xiii)

(xiv)

(xv)

(xvi)

(xvii)

(xviii)

(xix)

(xx)

d, .
— (sin x) =cos x
ax

i(tan X) =sec® x

ax

9 (—cot x) =cosec? x
ax

d _
— (sec x) =sec x tan x
ax

d _
?(— COSEC X) =COSeC X cot x
X

i(Iog sinx) =cot x
ax

i(— log cos x) =tanx
ax

d [log (sec x + tanx)] =sec x
X

a [log (cosec x —cot x)]
ax

isin'
ax

1 _ 1
S et

%ﬁﬂ% N

d _1X

tan

Icosxdx=sinx +C
IsecZde=tanx +C
Icosec2 xdx =-cotx +C
Isecxtanxdx=seox +C

Icosec x cot x dx = —cosec x +C

Icotx dx =log|sinx| +C
—log|cosec x|+ C
Itanx dx = —log|cos x| +C
=log|sec x|+C

Isecx dx =log|secx + tanx| +C

T, X
=log|tanE-+ = +C
B tan gy * 5t
Icosecx dx =log =cosec x
|cosec x —cot x| + C =log tan% +C

Iﬁ dx =sin‘1%ﬁ+ c
Iﬁdx :cos'l%ﬁ+ c
! 5 ax =écot‘1%ﬁ+c

& +x

1 14
Iﬁdx -gsec %ﬁw

-1 1 -1
ax == +C
J‘X \/Xz — X acosec %E
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Geometrical Interpretation of Indefinite Integral

1t L {g(x)} = (x), then Y
dx

f(x)dx=@(x) +C. For different

1

|
values of C, we get different ; y=X+2
functions, differing only by a : Y=+
constant. The graphs of these ] ' _
functions give us an infinite family ! y=¥
of curves such that at the points on — ! y=-1
these curves with the same X : X

@)

x-coordinate, the tangents are
parallel as they have the same v

slope @'(x) = f(x).

Consider the integral of L,

2V
1
—— _dx=+x+C,COR
I2\/5

Above figure shows some members of the family of curves given by
y =+x +C for different C OR.

le.

Properties of Integration
0 ] fda = )

(i1) J’ kOf(x)dx = kJ' f(x)dx
(ii1) I{ﬂ(x) t o) 2 () 2. % f,(x)}dx
:Ifl(x) dx iJ’ fo(x) dx iI}g(x) dx *... iffn(x) dx

Comparison between Differentiation and Integration
(i) Both differentiation and integration are linear operator on

functions as i{af(x) + bg(x)} = ai{f(x)} + bi{g(x)}
dx dx dx

and J’ [@ Of(x) £ b [E(x)]dx = aJ' f(x)dx bJ' g(x)dx.

(i1) All functions are not differentiable, similarly there are some
function which are not integrable.

e.g. Let f(x)=—— and g(x) = —— .

x—1 x—4

Then, f(x)1is not differentiable at x =1 and g(x) is not integrable
atx=4
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(i11) Integral of a function is always discussed in an interval but
derivative of a function can be discussed in a interval as well as
at a point.

(iv) Geometrically derivative of a function represents slope of the
tangent to the graph of function at the point. On the other hand,
integral of a function represents an infinite family of curves
placed parallel to each other having parallel tangents at points
of intersection of the curves with a line parallel to Y -axis.

Method of Integration

Some integrals are not in standard form, to reduce them into standard
forms, we use the following methods

1. Integration by Substitution
For integral J’ f{g(x)}g (x)dx, we create a new variable t = g(x), so

that g' (x) = — or g' (x)dx = dt.
dx

Hence, _[ frigx)tg (x)dx=J’ fr(ddt= f(t)+ C= flgx)} + C
Note

0 j{f(X)}”Df' o= L0 e

(i) If =log| f(x)| +C,f(x) 20

Basic Formulae Using Method of Substitution

IfJ'f(x) dx=@(x)+C, thenJ’f(ax+ b)dx :l(p(ax+ b) +C.
a

n+1
Q) J’(ax+b)"dx:l a’”f)l tCn#-1
n
) [— dx:110g|ax+b|+c
(1i1) J’e“’”bdx et 4
Qa
1 bx + ¢
(iV)I a® ¢ dx ——D‘%+C a>0anda #1
oga

) J'sin(ax+ b) dx = _1 cos (ax +b) +C
a
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(i) [ cos (ax + bydx :é sin (ax +b) +C
(vii) [ sec? (ax + bydx = é tan (ax + b) +C
(viii) [ cosec?(ax + b)dx = —é cot(ax +b) +C
(29 [ sec (ax + b) tan(ax + b dx :é sec (ax +b) +C
(9 [ cosec (ax + b) cot(ax + b)dx = —é cosec (ax + b) +C
(xi) [ tan (ax + b dx = —é log| cos (ax + b) | +C
(xii) [ cot (ax + b) dx = é log| sin(ax + b) | +C
(xiii) [ sec (ax + b) dx = é log| sec (ax + b) + tan (ax +b) | +C
(xiv) [ cosec (ax + b) dx = % log| cosec (ax + b)  cot (ax +b)| +C

Trigonometric Identities, Used for Conversion of
Integrals into the Standard Integrable Forms

G sin? nx = 1 - cos 2nx
2
+
(i) cos® nx = 1+ cos 2nx COZS 2nx

(111) sinnx = 2 sin o cos o

iv) sin® nx = g sin nx — i sin 3 nx

() cos® nx = % cos nx + i cos 3nx

(vi) tan®nx= sec? nx -1
(vii) cot? nx = cosec® nx -1
(viil) 2sin Acos B=sin(A + B) +sin(A - B)
2cos Asin B=sin(A + B) —sin(A - B)
2 cos A cos B=cos (A + B) +cos (A —B)
2 sin A sin B=cos (A - B) —cos (A +B)
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Standard Substitutions

S.No. Functions Substitution
M) | @ +x®) A2 + a2 1 x =atan® oracot®orasinh®
X2+ &
(i) | (@2 —x?) a2 —x2, 1 x =asin® oracos®
a° - x°
(i) | (x £ 4/x% +a°)" expression inside the bracket =t
(iv) 2x 2x & =X x=atan®
@ -x2 & XA X
) ! (nON, & 1) X*a_y
_1 41 xX+b
x+a "(x+b 1
(vi) 2 2 1 X =asecBoracosecH

(vii)

(viii)

(ix)

—d

N
a-x a+x
a 2oor |22
a+x a-x
)[;_a or Jix — )@ - x)
- X

J2ax - x°

X ,/a+X, x(a + Xx),
a+ X
X a-—x 1
\ il cX@=x), ——
a-x X ramx Jx@@ = x)
X X—a 1
. . XX —a), ———
X—a X e JXx(x = a)

or a cosh @

X =acos20
- 2 2
X =0cos” 6+ Bsin” 6

x=a( —cos 0)

x=atar’ B or acot’ 0
x = asin’ Bor acos’ 8

x = asec® 8 or acosec® 8

Special Integrals

W [
i) [

21 2dx:1tan_1£+c
x“+a a a

1 1 + 1
5 de:—loga Ylec=2
a” - x 2a a-x a

tanh™ %H+ C
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(111)I dx 2dx:ilogx_a +C=-=coth™ %§+C
x“-a 2a x+a a
(1V)J' dx =sin ' +C=-cos = +¢

a’-x a a

dx
) I /xz - g2
. dx
W eva

=log|x ++/x% —a®| +C =cosh™! %ﬁ+€

=log|x ++/x% +a®| +C = sinh™! %H+C

Important Forms to be Converted into Special Integrals

@

(i)

(iii)

Note

1

FormI [———W—M
Iax +bx +c

dx orI

Jax? +bx +c

Express ax® + bx + ¢ as sum or difference of two squares.

For this write

—p20
ax2+bx+(j:a +bg+mm
2a 4a?

px +q
\a. ax? +bx+c

Put px+q =A Elj—(cwc2 +bx +c) +1.
x

Form I1 J’de orJ'

Now, find values of A and 4 and then integrate it.
P(x)

dx, when P(x) is a polynomial of
ax® + bx + ¢

Form III J’
degree 2 or more carry out the dimension and express in the
PO oy, B

2

formi 3
ax” +bx +c ax” + bx +

, where R(x) is a linear
c

expression or constant, then integral reduces to the forms
discussed earlier.

If degree of the numerator of the integrand is equal to or greater than
that of denominator divide the numerator by the denominator until the
degree of the remainder is less than that of denominator i.e.

Numerator . Remainder
———— = Quotient + ————

Denominator Denominator
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dx _[ dx _[ dx
. ’ ’ . 9
a+bsin?x J a+beos’x ' J asin?x+ beos?x
dx dx
_r ) 2 ’I . 2
asin“x+bcos“x+c J (asinx+ bcosx)

(iv) Form IV J’

To evaluate the above type of integrals, we proceed as follows
(a) Divide numerator and denominator by cos? x.

() Replace sec? x, if any in denominator by 1 + tan? x.
() Puttanx=1¢0 sec’xds dt
dx dx dx
a+bsinx ’J' a+ bcosx ’J' asinx + bcosx’
dx
-[ asinx +bcosx +¢

(v) FormV I

To evaluate the above type of integrals, we proceed as follows

2 tanf 1 - tan? X

(a) Put sinx = — and cos x = 73%
1+ tan® = 1+tan® >

2 2

(b) Replace 1 + tan® g by sec? g

(c) Puttan X =¢ 0 lsecQde:dt
2 2 2

(vi) Form VII asinx+ bcosx dx,

csinx + d cos x
Write numerator

= A (differentiation of denominator) + 1 (denominator)

lLe. asinx+bcosx=A(ccosx —d sinx)+ p(c sin x + d cos x)
asinx+ bcos x ccosx—d sinx
—dx:)\J’_—dx
csinx +d cosx
csinx +d cosx
U
csinx +d cosx
=Aloglcsinx +d cos x| +px +C
.. asinx+bcosx +c
(vii) Form VII J' . dx
psinx+qcosx+r

Icsinx+dcosx

dx

Write numerator = A (differentiation of denominator)
+ ((denominator) + vy
le. asinx+bcosx+c=Apcosx —q sin x)

+U(psinx +qcosx +r) +y
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asinx+bcosx +c = pcosx—qsinx

dx

0f— dx =\
psinx+qcosx +r psinx+qcosx+r

Psmx+qcosx+rdx+yj. 1 da

psinx+qcosx +r

+u_[ :
psinx+qcosx+r

=)\ log| psinx+qcosx +r|

+ux+yJ' - ! dx
psinx+qgcosx +r
2 2 _
(viii) Form VII [ — > gy [ X "L ax,
X"+ Ax” +1 X"+ Ax” +1
1 x?

dx, dx
xt + A +1 xt + A +1
To evaluate this type of integrals we proceed as follows:
(a) Divide numerator and denominator by x2.

(b) Express the denominator of integrands in the form of
@c + IHZ + k2
x
1 1 .
(c) Introduce d @c + —ﬁor d @c - —@or both in numerator.
x x

(d) Putx+l:torx—1:tasthecase may be.
x X

1 1

5 dx orI dx.

(e) Integral reduced to the form of I

x2+a xz—az

(ix) Form IXI,/tanx dx,J’Jcotx dx, J'.4d7x4
sin® x + cos” x
To evaluate this type of integrals
puttanx=¢> O sec’xdx 2tdt

O Then do same as in Form VIII.

2. Integration by Parts

This method is used to integrate the product of two functions.
If f(x) and g(x) be two integrable functions, then

- _c0d O
[ )@ dr= [ [ e@) dv= [ LT f@) | g dade
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(i) We use the following preferential order for taking the first
function.

Inverse - Logarithm - Algebraic - Trigonometric —
Exponential. In short, we write it ILATE.

(i1) If one of the function is not directly integrable, then we take it as
the first function.

(ii1) If only one function is there, e.g. J’ log x dx orI sinlxdx etc.

then 1 (unity) can be taken as second function.

(iv) If both the functions are directly integrable, then the first
function is chosen in such a way that its derivative vanishes
easily or the function obtained in integral sign is easily
integrable.

Note
(i) Integration by parts is not applicable to product of functions in all cases
e.g.J’&sin X ax

(i) Normally, if any function is a polynomial in x, then we take it as the first
function.

Integral of the Form J’e" {f(x)+f' (x)}dx

[+ ' (x)jdx =_|'e]; f(oIC)dx *[e'f (x)dx
= f(x)I e“dx —I {f' (x)j e“dx}dx +J' e* f' (x)dx
= f(x)e* -f f'(x)e*dx +Iexf'(x)dx
=" [f(x)+C

Note [ {x"(x)+ f(x)} o = xf(x)+C.

Integral of the Form J’e"" sin(bx + c)dx orIe"’"‘ cos(bx + c)dx

@) Ie‘” sin (bx + ¢) dx :ei{a sin (bx + ¢) — b cos (bx +c¢)} +k
a’® + b*

(ii)J'eax cos(bx + c)dx :% {acos(bx+c)+bsin(bx +c)} +k
a“+b
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Some More Special Integral based on Integration by Parts

O [T de=L BT oot + 7 5
(i1) Imdx :%%m +a?sin! %%+ C
() [ - aPdr =L B —a® —a?loglx +fe* —a?l

Important Forms to be converted into special Integrals
Form IJ’\/ax2 +bx +cdx

Express ax? + bx + ¢ as sum or difference of two squares. For this write

_ 320
ax2+bx+c:a§c+2b 4ac bl]ora%+g+k2
a

dac - b?
40>

Form IIJ’(px +gWax? + bx +cdx

Put px+gq= ADd (ax® + bx + c)D+ B= A(2ax +b) +B
Hix H

where k2 =

Now, find the values of A and B and then integrate it.

3. Integration by Partial Fractions

Sometimes, an integral of the formJ’ Plx ; dx, where P(x) and Q(x) are

polynomials in x and @ (x) # 0, also @ (x) has only linear and quadratic
factors. For solving such types of integrals, we use the partial
fractions.

Partial Fraction Decomposition
f(x)
8(x)

algebraic function of x. If degree of f(x) < degree of g(x), then %
x

(1) If f(x) and g(x) are two polynomials, then -~~~ defines a rational

is called a proper rational function.

(1) If degree of f(x)= degree of g(x), then % is called an improper
X

rational function.
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() If Q ; is an improper rational function, then we divide f(x) by
X

g(x) and convert it into a proper rational function as
fx) _ o(x) + @)
gx) 8lx)
(iv) Any proper rational function f E x)
g(x
rational functions each having a simple factor of g(x). Each such
fraction is called a partial fraction and the process of obtaining

can be expressed as the sum of

them, is called the resolution or decomposition of f Ex; into
g(x
partial fraction.
S.No. | Type of proper rational function Partial fraction
(i) px+gq azb A , B
(x —ax - b x—a x-b
i 2 A B C
W | _prgxrr ,atb#c + +
(x —a)x — b —0¢) XxX—-a Xx-b x-c
(i) | Px+q A, B ., C
x -a)? x-a (x-a® (-a?
(V) | px® +gx +r A + B + ¢
(x - aP(x - b) x-a (-a° -b
2 A Bx +C
V) Pt gx+r , where t
(x —a)(x* + bx +c) X—a x“+bx+c
x> + bx + ¢ cannot be factorised.
(vi) px3 + gx° +rx +s Ax+B . Cx+D
, Where > 5
% + ax + (X2 +cx +d) X“+ax+b x“+cx+d
(x> +ax + b and (x> + cx + d)
can not be factorised.

Shortcut for Finding Values of A, B and C etc.
Suppose rational function in the form of Lx;

x
Case 1 When g(x) is expressible as the product of non-repeated linear
factors.
Let  g(x)=(x - a)(x —ax)(x —ag)... (x ~a,),
fo_ A A A o+ A
gx) x-a, x—-a, Xx-as x—a

then
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NOW, A1 - f(al)
(a; — ag)(aq —ag)(ay —ay)...(a; —a,)
A = f(az)
9
(ag = a;)(ay —ag)(ag —ay)...(ay —a,)
fa,)

n

(@, - a)(a, —ay)(a, —ay)...(a, ~a,)

Trick To find A, put x=a, in numerator and denominator after

deleting the factor (x — a,).

Case II When g(x) is expressible as product of repeated linear factors.

Let  g(9)=(x - a)'(x -~ @) ~ay)... (x ~a,),

then ™= Ay Ay o, Ar , B, B
gx) x-a (x-a) (x-a)f (x-a) (x-ay)

+...0+

B

n
(x—a)
Here, all the constant cannot be calculated by using the method in
Case 1. However, B, B,, B;,...,B, can be found using the same
method 1i.e. shortcut can be applied only in the case of non-repeated

linear factors.

Integration of Irrational Algebraic Function

Irrational function of the form of (ax + b)'" and x can be evaluated by
substitution (ax + b) =¢", thus

n_b |:|
[ fix(ax + b)Y di =[f L,tlﬁl
0a O

nt"

a

-1
dt.

. dx . 2 .
@ , substitute Cx+ D=t then the given
) J'(Ax+B)w/Cx+D &
2dt

integral reduces into J’ m
e - +

dx

(11) , substitute Cx + D = ¢, then the given
I (Ax®+ B)|/Cx+D

20 dt
2DAt* +(AD? + BC?)

integral reduces into_[ pr
t _

dx
(x - k) JAx? + Bx +C

(111) I , substitute x — k = %, then the given

r-1
integral reduces into J’ 2):7 dt
At*+Bt+C
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(iv) I 1 dx, substitute x= 1, then the given
(Ax® + BNCx?2 + D t
integral reduces intoj ~t dt.
(A + BEEWC + Di?
Again substitute C + Dt® = u?, then it reduces into the form
1
du.
I u’+a®
ax®+bx +c

) dx
J’(dx+e)\/fx2 +gx +h
Here, we write
ax? +bx+c=A (dx +e)di(fx2 +gx +h) +B, (dx +e) +C,
x
where, A,,B, and C; are constants.

Integrals of the Type x™ (a+ bx")?,p #0

Case 1 If pON (natural number) we expand the integral using
binomial theorem and integrate it.

Case II If pOnegative integer and m and n are rational numbers
put x = t*, where k is the LCM of denominator of m and n.

m+1

Case 1III If

is an integer and p is rational number, we put
n

(a+bx™) = tk, where k is the denominator of the fraction p.

m+p

Case IV If is an integer and p is a rational number, we put

n
a+ bx"

, where & is the denominator of the fraction p.
x

Integration of Hyperbolic Functions
1) J'sinh xdx=coshx +C
(i1) J'cosh xdx=sinhx +C
(iii) I sech?x dx = tanhx +C
@iv) J'cosecth dx=-cothx +C
) J'sechx tanhx dx = - sechx +C

(vi) J'cosechx cothx dx = — cosechx +C
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Important Results of Integration

(i) (@) Anti-derivative of signum exists in that interval in which x =0 is not
included.
(b) Anti-derivative of odd function is always even and of even function is

always odd.

x"e™ n

(i) If1, :J'x"e‘”dx, then |/, =

(iii) (a)J’(Iog x)dx =xlogx —x +C

2
(b)I ! dx =log(log x) +log x + (logx)
log x

+ (Iogx)3 +
2(2Y) 3(3Y)

It acosx +bsinx , _ac+bd +ad—bc
Iccosx+dsinx c+d®> c*+d?

log|ccosx + dsinx|+k

. on=1 . n-
sin"x , _ 1 _Sin" X p sin” 2 x

-1
(v) dx = B — ——dx
Icosmx m-1 cos™ 'x m—1-[ cos™ 2 x

X

(vi) (a)IaX cos(bx + ¢) dx :%[(Iog a) cos(bx + ¢) + bsin(bx + )] +k
(loga) +b
(b)Iax sin(bx + ¢) dx =(|095W[(Ioga)sin(bx +¢)—bcos(bx + )] +k

ax
(vii) (a)Ixe“" cos(bx + c)dx :%[a cos(bx + ¢) +bsin(bx +¢)]

ax
—67[(02 -b?) cos (bx + ¢) + 2absin (bx +c)] +k

(@ +b2)
ax

(b)I xe™ sin (bx + c)dx =%[asin(bx +¢) —bcos(bx + )]
a +b

ax
- & _[(a® -b)sin(bx + O) —2abcos(bx + )] +k

(az +b2)2
o —cosx@in"'x -1 D
(viii) (a)sin” x dx :7+—J'sm X dx
n n

sinx [€0s"'x -1 R
(b) J' cos" xdx = — + TI cos"™ x dx
tan" !

X
(0) J'tan”x dx = —J’tan" “2x dx

n-—1
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Definite Integrals

Let f(x) be a function debfined on the interval [a, b] and F(x) be its
anti-derivative. Then, J’a f(x) dx = F(b) — F(a) is defined as the

definite integral of f(x) from x=a to x = b.
The numbers a and b are called upper and lower limits of integration,
respectively.

Fundamental Theorem of Calculus
There is a connection between indefinite integral and definite integral
is known as fundamental theorem of calculus.

First Fundamental Theorem
Let f be a continuous function defined on the closed interval [a, b] and

let A(x) be the area of function i.e. A(x) =J'x f(x)dx. Then, A’ (x) = f(x)
for all xO[a, b].

Second Fundamental Theorem

Let f be a continuous function defined on the closed integral [a, b] and
F be an anti-derivative of f. Then,

[} fd = [F@), = F(b) - Fla),

Evaluation of Definite Integrals by Substitution
Consider a definite integral of the following form

[L flew) &' @ dx

Step 1 Substitute g(x)=¢ 0 g'(x)dx=dt
Step II Find the limits of integration in new system of variable
i.e., the lower limit is g(a) and the upper limit is g(b) and

the new integral will be Ij((j)) £(2) dt.

Step III  Evaluate the integral, so obtained by usual method.
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Properties of Definite Integral
L[ fe dx =[] o de
2. J'jf(x) dv =~ [ 'f(x) dx
3. f: f(x) dx =0
4. [ f) d = [ f@) e+ [ 'fx) d, where a < e < b

Generalisation

Ifa<e <e¢y<...<c,_; <c, <b, then

[l f@ dx= [ @ dxs [P f@ dx + [0 f) d
ot [0 f) dat Lb f(x) dox

5. I;f(x) dx = f: f(a - x)dx

Deduction GL =4
-rof(x)+f(a—x) 2
6. Lff(x) dx :J’jf(a +b-x)dx
Deduction ’ f(x) dx = b-a
J"’I’(?C)Jff(a’fb—x) 2

7. J‘ja f(x)dx = J':f(x) dx +J’§f(2a -x) dx
8. [ fx) dix = [ fx) dx + [ f(-) dx

. “f(x) dx if, f(2a - x) = f(x)
9.‘[_02 f(x)dx=§210 x) dx 1 a—-x X

. if f(2a - x) = - f(x)
[0, if fla+x)=~f(b~-x)
10. [ fde=H .,
B[, 2 f@adx, iffla+x)=f(b-x)

u ELZJ': f(x) dx, if f(x)1is eveni.e. f(— x) = f(x)
11. I_ . f(x) dx =]

H, if f(x) is odd i.e. f(- x) = — f(x)
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1 [ fx) dx = (b= @) [ fI(b=a)x +a] da

If f(x) is periodic function with period T [i.e. f(x+T) = f(x)].
Then, J'G“T f(x) dx is independent of a.

@ " fede=nf  fde,n 0T

o [ f@dx=nf, f@)dyn0l

(<;)I“++ ”; f(x)dx :I”; f(x) dx=(n - m)JOT £(x) dx, m.n O
@[T f@de= (" f@) dv,n 01

@ " fde=[ f dx

Leibnitz Rule for Differentiation under Integral Sign

If (x)and Y (x) are defined on [a, b] and differentiable at point
x D(a b) and f(¢) is continuous, then

W (x) 0_ d B d
In H(p( y F®dig= flUEIE - W)= £ eG)] B o)

I f(x)> 0 on the interval [a, b], then Ij f(x)2 0.

If f(x)< @ (x) for x O [a, b, then fj f(x) dx < fab 0 () dx.

If at every point x of an interval [a, b] the inequalities

8(x)< f(x)< h(x)
are fulfilled, then

J'j a(x) dx < f: f(x) dx < Lf h(x) dx.
[ fwydxls [’ | ) dx

If m is the least value and M is the greatest value of the
function f(x) on the interval [a, b] (estimation of an integral),
then

m(b—a)sIab f(x) dx< M (b - a).

If fis continuous on [a, b], then there exists a number cin [a, b]
at which

_ 1 b
0= =g ) de

is called the mean value of the function f(x)on the interval [a, b].
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22.

23.

24.

25.

26.
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If % (x) and g* (x) are integrable on [a, b], then

| Lf f(x)g(x)dx|< %j f2 (x)olacg2 %jg2 (x)dxgm

If f(t) is an odd function, then (p(x):J': f(t)dt is an even
function.

If f(t) is an even function, then (p(x):I;Cf(t)dt is an odd

function.
If f(¢)is an even function, then for non-zero a, Ixf(t) dt is not
a

necessarily an odd function. It will be an odd function, if

I; f(t)dt=0.

If f(x) is continuous on [a,®), then I: f(x)dx 1s called an
improper integral and is defined asJ’ oof (x)dx= l}im J' ’ f(x)dx.
[ f@dx= lim [f(x)dxand

0 b o0
[ fde=[_ flx)dx+(—flx)dx
Geometrically, for f(x)> 0, the improper integral J': f(x)dx

gives area of the figure bounded by the curve y = f (x), the
axis and the straight line x = a.

Integral Function

Let f(x) be a continuous function defined on [a, b], then a function @(x)
defined by @(x) :I: f(t)dt,x0[a,b] is called the integral function of the

function f.

Properties of Integral Function
(1) The integral function of an integrable function is continuous.

(i1) If @(x)1is the integral function of continuous function, then

@(x)1s derivable and ¢ (x) = f(x), O xOJa, b].



Definite Integrals 273

Walli’s Formula

/ /
Inz sin”xdx:‘l'n2 cos" x dx
0 0
gontlp T3 2 Ghenn s odd.
— n n-2 n—-4

2
LW
= 3
%L_lﬁn_SEn_5...§leﬁ when n is even.
Un n-2 n-4 4 2 2

Some Important Deduction
) I;ﬂz sin™x cos™ x dx

_ [(m-1)(m-=38)...20r1] [(n —1)(n - 3)...20r1]
[(m+n)y(m+n-2)...20r1]

On multiplying the above by g, when both m and n are even.

(GEBO)(2) _

9 FBO 63
(706 B0O) gt - T

10BBMER 2 512
(vi) Particular case when morn =1

m+1 lj'l/Z

(a)J’ sm "x cosx dx = 57 =
O m+1 H) m+1

(a)J' s1n bx cos® x dx =

(b)J' sm 8% cos? x dx =

2

0 1y

(b)J' cos Mx sinx dx =3 cos™ D =
0 0 m+1 0 m+1

Summation of Series by Definite Integral

Let f(x) be a continuous function in [a, b] and & be the length of n
equal subintervals, then

b n
f(x)dx= lim h f(a +rh)
J'a x) dx nljrloo ,Zo a+r

where, nh=b-a
Now, put ¢ =0,b=1
0 nh=1-0=1lor h=

1
n
n-1 7 [
O I f(x)dx—hm—z f%%
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Method Express the given series in the form of

X 1 . rQg
Jm > L TEH

Replace L by x and l by dx and the limit of the sum is J'; f(x) dx.

Note ”iﬂo f%ﬁ If

where, a=lim L:O (asr=1)
n-o N

and B=lim L:,o (asr=pn)
n-— o N

The method to evaluate the integral, as limit of the sum of an infinite

series is known as integration by first principle.

Some Important Results

. n/2 sin” x TT_ T2 cos” x
(i) ( I ————dx= J’ ———dx
0 sin"x + cos" x 4 Jo sin"x+ cos"x
b) 2 tan” x
-[0 1+tan”x I 1+tan"x
2 dx T w2 cot” x
(C)I L. 4 :I 7ndx
0 1+cot'x 4 0 1+ cot'x
/2 tan” x /2 cot” x
I —dx = J’ 7dx
0 tan”x + cot” x 4 Jo tan” x + cot” x
/2 sec” x T /2 cosec” x
(e)J’ ﬁdx :*:I N n
0 sec’ x + cosec'x 4 0 sec’ x + cosec'x
. 2 asin" X 2 acos" X T
W [ =  * e o e T
0 gsin” X 4 geos’ X 0 gsin” X 4 geos’ x 4

/2 . /2 Tt
(iii) (a)J‘0 logsin x dx :J'O log cos x dx :—Elogz
/2 /2
(b).[o log tan x dx :Io log cotx dx =0
@™ de=[ " dx=Tlog2
C J’O ogsecx dx —J’O 0g cosecx X—E og
(iv) (a)J’;o e ™ sinbx dx =# (b)J': e ™ cosbx dx =

n!
J’e a+1

a2

dx where,n R

a
+b?
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Applications of
Integrals

The space occupied by the curve along with the axis, under the given
condition is called area of bounded region.

(1) The area bounded by the curve y = F(x) above the X-axis and
between the lines x = a, x = bis given by

y=FX)

U;’y dx:J'jF(x) dx}

(i1) If the curve between the lines x = a, x = blies below the X-axis,
then the required area is given by

Y

% I ax X
O
Y y=F(x)

Ejab(—y) dxl=|- [y dvl =1-[ F@) dx]
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(i11) The area bounded by the curve x = F(y)right to the Y -axis and
between the lines y = ¢, y = d is given by

[fwdy=["Fdy

dy

X' 0 X
yr

(iv) If the curve between the lines y = ¢, y = d left to the Y-axis,
then the area is given by
Y

dy

X' X

d d d
At endyi=i-[ xdyi=l- [ Foydyl|
(v) Area bounded by two curves y = F(x) and y = G (x) between
x=aand x = bis given by
Y

y =F(x)

[ R - 6 d
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(vi) Area bounded by two curves x = F(y) and x = G(y) between
y=cand y = d is given by

x=ep= *T Y

7 IFG) - GOl dy

(vii) If F'(x)=G (x)1n [a,c] and F'(x) <G (x) in [c, d], where a<c<b,
then area of the region bounded by the curves is given as

y, Y=FX) y=G(x

X Ol a c b X
N

Area :I:{F(x) -G(x)} dx +J'Cb{G (x) =F(x)}dx

Area of Curves Given by Polar Equations

Let f(B) be a continuous function, 6 (q, B), then the area bounded by
the curve r = f(8) and radius a,B (a <B) is

A=1("r2q0
2J)a

Area of Curves Given by Parametric Curves

Let x= @(¢) and y = Y (¢) be two parametric curves, then area bounded
by the curve, X-axis and ordinates x = @(t,), x = W(Z,) is

_ t=tg X
T
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Curve Sketching
1. Symmetry

(1) If powers of y in an equation of curve are all even, then curve

is symmetrical about X-axis.

(11) If powers of x in an equation of curve are all even, then curve
is symmetrical about Y -axis.

(i11)) When xis replaced by —x and y is replaced by —y, then curve is
symmetrical in opposite quadrant.

(iv) If x and y are interchanged and equation of curve remains
unchanged, then curve is symmetrical about line y = x.

2. Nature of Origin
(1) If point (0, 0) satisfies the equation, then curve passes
through origin.

(11) If curve passes through origin, then equate lowest degree
term to zero and get equation of tangent. If there are two
tangents, then origin is a double point.

3. Point of Intersection with Axes

(1) Put y = 0 and get intersection with X-axis, put x = 0 and get
intersection with Y -axis.

(1) Now, find equation of tangent at this point i.e. shift origin to
the point of intersection and equate the lowest degree term to
Z€ro.

(i11) Find regions where curve does not exists i.e. curve will not
exit for those values of variable when makes the other
imaginary or not defined.

4. Asymptotes

(1) Equate coefficient of highest power of x to get asymptote
parallel to X-axis.

(1) Similarly equate coefficient of highest power of y to get
asymptote parallel to Y -axis.

5. The Sign of dy
dx

Find points at which % vanishes or becomes infinite. It gives us the
x

points where tangent is parallel or perpendicular to the X-axis.



Applications of Integrals 279

6. Points of Inflexion

d?y d*x . . .
Put F =0or W = 0 and solve the resulting equation. If some point
X Y

of inflexion is there, then locate it exactly.

Taking in consideration of all above information, we draw an
approximate shape of the curve.

Shapes of Some Curves

S.No. Equation Curve

Y
X

10) ay? = x> (Semi-cubical parabola) X

N

Y
(i) y = x> (Cubical parabola) X /]\O/

Y

<]

(iii) (x*> + 43°)y =8a°
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S.No. Equation
(iv) ay? =x*(a-x X'
W) a’y? =x%a® - x? X'
. Intersection| Area of shaded
S.No. Equation A M
points region
(i) Ifo,p>0,a>, 2 Lo O .
then area p© log Eﬁ%sq units
bounded by the
curve xy = p?, —
X-axis and
ordinate
x=ao,x =0
(i) Area be_twegzeg the Oé}EJYFO)' . 2(p32 = 5372
curvey = cx°, AD—a,aD T
Y-axis and line e O sq units
=a,y=b
yeyhoBl
Oc 0
= kcos 3x, when )
iy | T n K sq units
00< x<— Osx< —, 3
6 6
then
0< 3x< I
2
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S.No. Equation Inters.ectlon Area of .shaded Graph
points region
. 2 =
) f(ny)Y); i 0(0,02)/3 1/3 E(ab) Sq units x*=4ay Y A(4a23p1/3:
y2=4bx |A4a®Pbp'c| 3 44113p2/3)
431 13p%13)
X X
4bx
Y!
W) [ Fp; 0(00),Ala,a),| (i) For x=0,y= 0 Y
2 2 B(a,-a) cam 2
X<+ y© <2ax ' Area = -2 Aa, a
y2 rea =a QZ 3@
and y“©=ax i
sq units X X
(i) For x= 0, (0,0)0
2
Area =222 H -2
ea =22° - S B(a, -a)
sq units Y
(vi) | Area bounded by | A(a,2a), §22 sq units
th2e parabola ~ B(a - 2a) 3
y< =4dax and its
latus rectum
x=a
(vii) | Area bounded by |A(b-a,2+ab), §«/%(a + b)
the curves Blb-a,-24ab) | 3

y? =4a(x +a)

and
y2=4b(b-x)

sq units
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Intersection

Area of shaded

S.No. Equation points region Graph
(viii) | Common area Area of region Y
between ad 1 PQRS
oY1 F ———— = 4 x Area of
R e B J2+2]|" rea o ol Mo
b= a a°b
oLQm ,
and 4 an -1 X T X
2 — tan
SN N
a b ab a2 + p? O sq units (0,0)
y/
) | fx,; Ala,0), =2 Y
2 2 4
XT .y B(0,b)
=+ ?51, sq units (a.0) B(0, b)
A TRype
a b (0,0 )
2 2
Y
or —+7 <1
a® b
<X4Y 4
a b
x| fFop; B(0,0), 1.md
ax® < y< mx %@ 20 g%
5 A ,—0O .
|:|y =ax®, y=mx Oa ang Sq units
) o 5
(xi) f();, y),}|/2 = |4ax 0(;1)6;0),4a 38a3 sq units Y
and y=| mx A E,,T 4afd| 3m
, 4
Bt N gch
X
0 X
(0,0)
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Volume and Surface Area

If we revolve any plane curve along any line, then solid so generated is
called solid of revolution.

1. Volume of Solid Revolution
(1) The volume of the solid generated by revolution of the area
bounded by the curve y = f(x), X-axis and the ordinates

x=a,x=b 15_[ Ty2dx, it is being given that f(x)is a continuous
a

function in the interval (a, b).

(1) The volume of the solid generated by revolution of the area
bounded by the curve x = g(y), the axis of Y and two abscissae

. d L. . . .
y=cand y=d is J' mc®dy, it is being given that g(y) is a
c

continuous function in the interval (¢, d).

9. Surface Area of Solid Revolution

(1) The surface area of the solid generated by revolution of the area
bounded by the curve y=f(x), X-axis and the ordinates

x=a,x =bis 2T[J'b y %l + %g% dx,it is being given that f(x)
R I= *- 8

is a continuous function in the interval (a, b).

(i1) The surface area of the solid generated by revolution of the
area bounded by the curve x=f(y),Y-axis and y=c,y =d is

om x %u %ﬁﬁgﬁdy, it is being given that f()is a
¢ | Y=g

continuous function in the interval (c, d).



Differential
Equations

Differential Equation

An equation that involves an independent variable, dependent variable
and differential coefficients of dependent variable with respect to the
independent variable is called a differential equation.

E2 g
e.g. (i) x? 32}D+ i %g = Tx?y”
Odx” 0 x
(i) (¢ + y*) dx =(x* = y*) dy

Order and Degree of a Differential Equation

The order of a differential equation is the order of the highest
derivative occuring in the equation. The order of a differential equation
is always a positive integer.

The degree of a differential equation is the exponent of the derivative
of the highest order in the equation, when the equation is a polynomial
in derivatives, i.e. in y',y",y" etc.

e.g. The order and degree of a differential equation

&D +2 &D + 3y =0 are 3 and 2 respectively.
Odx® O Odx® 0

Note If the differential equation is not a polynomial equation in derivatives,
then its degree is not defined.

e.g. Degree of Z—y +cos %Q: 0 is not defined,
X X

as Z—y +Cos %Q: 0 is not a polynomial in derivatives.
X X
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Linear and Non-Linear Differential Equations

A differential equation is said to be linear, if the dependent variable
and all of its derivatives occuring in the first power and there are no
product of these.
A linear equation of nth order can be written in the form
n n - 1 n - 2
P, "y +Pl d =1 +P2 d _2 ...+Pn_1@+Pny =Q
dx" dx" dx" dx
where, Py, P, P,,...,P, _;, P, and @ must be either constants or
functions of x only.

A linear differential equation is always of the first degree but every
differential equation of the first degree need not be linear.

) y Edyl:f d? y dy 3
e.g. The e uatlons + +xy =0, x +y—+ X
g q %E Y = Y dx Yy =
and Edyﬁd—g + y =0 are not linear.

Solution of Differential Equations

A solution of a differential equation is a relation between the variables,
of the equation not involving the differential coefficients, such that it
satisfy the given differential equation (i.e., from which the given
differential equation can be derived).

2

e.g. y = Acosx + Bsinx is a solution of ay + y =0, because it satisfy
dax*

this equation.

1. General Solution

If the solution of the differential equation contains as many
independent arbitrary constants as the order of the differential
equation, then it is called the general solution or the complete integral
of the differential equation.
. d’ : :
e.g. The general solution of d—g +y=01s y = Acosx + Bsinx because
x

it contains two arbitrary constants A and B, which is equal to the order
of the equation.
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9. Particular Solution

Solution obtained by giving particular values to the arbitrary constants

in the general solution is called a particular solution. e.g. In the

previous example, if A=B=1, then y=cosx +sinx is a particular
. . : . d?

solution of the differential equation —32, +y=0.

Solution of a differential equation is also called its primitive.

Formation of Differential Equation
Suppose we have an equation f(x, y, ¢, Cq,...., ¢, ) = 0, where ¢, cy,...c,
are n arbitrary constants.

Then, to form a differential equation differentiate the equation
successively n times to get n equations.

Eliminate the arbitrary constants from the (n + 1) equations (the given
equation and the n equations obtained above), which leads to the
required differential equations.

Solutions of Differential Equations of the
First Order and First Degree

A differential equation of first degree and first order can be solved if
they belong to any of the following standard forms.

1. Equation of the form

FCh(x, y) d(fi(x, 3)) + @, y))d(fo(x, ) +...= 0

If the differential equation can be written as f [f(x, ¥)Id{fi(x,y)} + @
[ (e, M1 {f; (x, ¥)} +...=0, then each term can be integrated
separately.

For this, remember the following results

(1) xdy+ydx=d(xy) (1) dx+dy =d(x+y)
(i) X YdT_ %@ (i) 292Xy _ g HH
X y Y
— 2 20 — y2 Oy20
BB gl R g
y dy O x Ox 0O
2 _ 2 ZD 2 _ 2 O 2|:|
(vi) 2xy~ dx 42x ydy :d%zlj (vii) 2xy dy 42xy dx _ dl]y—zlj
y ™0 x k™0
(ix) xdy+ydx:d(logxy) ®) ydx—xdy:déogim
xy xy

(si) TR YD g Hog 7Y i) LD 2 g og (x + )
xy X ty
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(xiii) M-d%og\m +y2% (xiv) =22~ xdy ydx d@:an 194
+y x

ydx—xdy % 0! x[] xdy+ydx _ ,0r1g
G =d =d
(xv) 2ty yE (xvl) ———5— Ex—yg
x _ X X [] y y Y
(ovity 2Dy g (g R T g
y y O x? Ox O

(xix) xjﬂy d(x2 +y2)
X +y

(xx) ™71 Oy" T (mydx + nx dy) = d(x™ y™)
_ x+y0d
dEEI x—y
(i) L y) _dlfn"

(xxi) xdy ydx

[f (x, )]" 1-n
(exiii) 22— B = gL 10
2y y  x

2. Equations in which the Variables are Separable

If the equation can be reduced into the form f(x) dx = g(y), we say that
the variables have been separated. On integrating this reduced form
solution of given equation is obtained, which is J’ f(x)dx = J' g(y)dy +C,
where C is an arbitrary constant.

3. Differential Equation Reducible to Variables Separable Form

A differential equation of the form % = f(ax + by +¢)
x

can be reduced to variables separable form by substituting

ax+by+c=z 0 a+bQ:%
dx dx

The given equation becomes

2% = f2) 0 —-a+bf<z>

_dz _
a + bf(z)

Hence, the variables are separated in terms of z and x.

O
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4. Homogeneous Differential Equation
A differential equation of the form

dy _ f(x,)

dx gx,y)

where, f(x, y) and g(x, y) are homogeneous function of same degree is
called a homogeneous differential equation.

[

This equation can be reduced to the form dy =F %@ or dx =G
dx dy ly

To solve y = F%@ we put y = vx
dx

dy _ dv
L =v+x—.
dx dx

Then, the given equation reduces to
v+x dv =F(v)
dx

dv
O —~=F() -
* dx ©-v

which is invariable separable form and so it can be solved in the usual
manner.

O

.. dx k]
Similarly, to solve — =G we put x = vy.
o lvo =0 womi=

Note A function f(x, y) is said to be homogeneous function of degree n, if
A, Ay)= N"F(x, y).

5. Differential Equations Reducible to Homogeneous Form

The differential equation of the form

dy _ax+bhyt+a , where a;b, — asb, # O,i.e.& # b ()
dx agx+ byy +cy ay by
can be reduced to homogeneous form by substituting
x=X+hand y=Y +k
ﬂ = alX + bIY +(a’1h + blk +cl) (ll)
dX  a,X + b)Y +(ayh +byk +cy)
For finding 2 and &, put a;h + bk +¢; =0 and ayh + byk + ¢y = 0.

On solving, we get

o k1

bicy = byey  cag = ca;  a1by — aghy
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0 h= bicy — by and k= 9% ~ &%
aby — agb aby — agb
ay _aX+bY

Then, Eq. (i1) reduces to , which 1s a homogeneous

dX a,X+bY
form and can be solved easily.

6. Linear Differential Equation

A linear differential equation of the first order can be either of the
following forms

@) % + Py =@, where P and @ are the functions of x or constants.
x

(i1) % + Rx =8, where R and S are the functions of y or constants.

Consider the differential Eq. () i.e. % +Py=@Q
x

For this now, integrating factor (IF)= ed P

and solution is yeI P :J'QeI P g+ C
ie. y (IF) = J’ QUAF) dx+C

Similarly, for the second differential equation % + Rx =S, the
Y

integrating factor, IF = eI *% and the general solution is
xd "=y« c
1e. x (IF) :IS(IF)dy+C

7. Differential Equation Reducible to the Linear Form
Equation of the form f'( y)%+ f(y)P=Q, where P and @ are
X

functions of x only or constants, can be reduced to linear form by
substituting
dy _ du

ie. f=ul ==

This will reduce the given equation to chu +uP =Q,
X

which is in linear differential equation form and can be solved in the
usual manner.
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8. Bernoulli’s Equation
An equation of the form % + Py =Qy" (n #0,1), where P and @ are
x

functions of x only or constants, is called Bernoulli’s equation.
It is easy to reduce the above equation into linear form as below
Dividing both the sides by y", we get

y—n @+Py—n+1:Q

dx
Put y =g
. dy _dz
O -n+1 — =
( )y dx dx

Then, the equation reduces to
! £+PZ:Q O @+(1—n)Pz =R (1-n)
1-n dx dx

which is linear differential equation in z and can be solved in the usual
manner.

Orthogonal Trajectory
Any curve, which cuts every member of a given family of curves at
right angle, is called an orthogonal trajectory of the family.

Procedure for Finding the Orthogonal Trajectory

(1) Let f(x,y,c)=0 be the equation of the given family of curves,
where ‘C’ is a parameter.

(1) Differentiate f =0, with respect to ‘¢’ and eliminate ¢ to form a
differential equation.

(iii) Substitute D—de in place of F?Hin the above differential
dy E x

equation. This will give the differential equation of the
orthogonal trajectories.

(iv) By solving this differential equation, we get the required
orthogonal trajectories.
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Vectors

A vector has direction and magnitude both but scalar has only
magnitude. e.g. Vector quantities are displacement, velocity,
acceleration, etc. and scalar quantities are length, mass, time, etc.

Characteristics of a Vector

(i) Magnitude The length of the vector AB or a is called the
magnitude of AB or a and it is represented as ‘AB ‘ or ‘ a ‘

(1)) Sense The direction of a line segment from its initial point to
its terminal point is called its sense.

e.g. The sense of AB is from Ato Band that of BA is from Bto A.

initial point @&——e Terminal point
A B
(111) Support The line of infinite length of which the line segment
ABis a part, is called the support of the vector AB.
A l B
Support

Types of Vectors

(1) Zero or Null Vector A vector whose initial and terminal
points are coincident is called zero or null vector. It is denoted
by 0.
(1) Unit Vector A vector whose magnitude is unity i.e., 1 unit is
called a unit vector. The unit vector in the direction of nis given
by ﬁ and it is denoted by 1.
n
(111) Free Vector If the initial point of a vector is not specified, then
it is said to be a free vector.

(iv) Like and Unlike Vectors Vectors are said to be like when
they have the same direction and unlike when they have
opposite direction.

(v) Collinear or Parallel Vectors Vectors having the same or
parallel supports are called collinear vectors.
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(vi)

(vii)

(viii)

(ix)

(x)

(x1)

(xii)

Equal Vectors Two vectors a and b are said to be equal, written
as a = b, if they have same length and same direction.

Negative Vector A vector having the same magnitude as that
of a given vector a and the direction opposite to that of a is called
the negative vector a and it is denoted by — a.

Coinitial Vectors Vectors having same initial point are
called coinitial vectors.

Coterminus Vectors Vectors having the same terminal point
are called coterminus vectors.

Localised Vectors A vector which is drawn parallel to a given
vector through a specified point in space is called localised
vector.

Coplanar Vectors A system of vectors is said to be coplanar,
if their supports are parallel to the same plane. Otherwise they
are called non-coplanar vectors.

Reciprocal of a Vector A vector having the same direction as
that of a given vector but magnitude equal to the reciprocal of
the given vector is known as the reciprocal of a and it is denoted

4. . _ 1
by a ! je.iflal=a,then|lal=—.
a

Addition of Vectors

Triangle Law of Vector Addition

Let a and b be any two vectors. From the terminal point of a, vector b
is drawn. Then, the vector from the initial point O of a to the terminal
point B of b is called the sum of vectors a and b and is denoted by
a + b. This is called the triangle law of addition of vectors.

Note

B

a+bhb

o A
a

When the sides of a triangle are taken in order, then the resultant will be
AB+ BC + CA =0
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Parallelogram Law of Vector Addition

Let a and b be any two vectors. From the initial point of a, vector b is
drawn and parallelogram OACB is completed with OA and OB as
adjacent sides. The diagonal of the parallelogram through the common
vertex represents the vector OC and it is defined as the sum of a and b.
This is called the parallelogram law of vector addition.

B Cc

o

) a

The sum of two vectors is also called their resultant and the process of
addition as composition.

Properties of Vector Addition
Let a, b and ¢ are three vectors.

i) atb=b +a (commutative)
(i) a+(b+c)=(@a+b)+c (associative)
(i11)) a+0=a (additive identity)
@iv) a+(-a)=0 (additive inverse)

Note The bisector of the angle between two non-collinear vectors a and b is

given by
La
A ]
o

Difference (Subtraction) of Vectors

If a and b are any two vectors, then their difference a — b is defined as
a+(—b). In the given figure the vector AB' is said to represent the
difference of a and b.
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Multiplication of a Vector by a Scalar

Let a be a given vector and A be a scalar. Then, the product of the
vector a by the scalar A is A a and is called the multiplication of vector
by the scalar.

Important Properties
1) A al=|Allal, where A be a scalar.
@ A0=0
(1)) m(-a)=-ma = -(ma)
@iv) (-m)(-a) =ma
v) m(na)=mna=n(ma)
(vi) (m+n)a=ma+na

(vil) m(@+b)=ma+mb

Position Vector of a Point

The position vector of a point P with respect to a fixed point say O, is
the vector OP. The fixed point is called the origin.

Let PQ be any vector. We have,
PQ=PO +0Q =-0P +0Q =0Q -0OP
= Position vector of @ — Position vector of P.

P Q
O (origin)
ie. PQ =PV of Q -PV of P

Collinear Points

Let A, Band C be any three points.
Points A, B, C are collinear = AB, BC are collinear vectors

< AB = ABC for some non-zero scalar A.

Components of a Vector

1. In Two-dimension Let P (x, y)be any point in a plane and O be
the origin. Let 1 and j be the unit vectors along X and Y -axes,
then the component of vector P is OP =xi + yj.
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2. In Three-dimension Let P(x,y,z) be any point is a space
and O be the origin. Let i, jand kbe the unit vectors along X, Y

and Z-axes, then the component of vector Pis OP = xi + yj + k.

Vector Joining Two Points
Let P, (x,,,2) and P, (x9,5,25) are any two points, then the vector
joining P, and P, is the vector P,P,.

The position vectors of P, and P, with respect to the origin O are
OP, = x;i + y,j +211:1 and OP, = x,1 + y,) +22R
Then, the component form of P, P, is
PP, = (w1 + o) +2,K) — (3,1 + 3] +2,k)
= ()1 +( — )] +(z —2)k
Here, vector component of PP, are (xy — x;) i, (g — yl):i and (z, — zl)lA{

along X-axis, Y-axis and Z-axis respectively.

Its magnitude is | P, P,| = \/(xz —x)% +(yy =) +(z9 —2)°

Section Formulae

Let A and B be two points with position vectors a and b, respectively
and OP=r.

(1) Internal division Let P be a point 2
dividing AB internally in the ratio m : n.
Then, position vector of P is a P
op=" OB + n OA d
(m +n) O B
mb+na b

ie. r=
m+n
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T

(i1) The position vector of the mid-point of

aandbisa;b.

(111) External division Let P be a point
dividing AB externally in the ratio m : n.
Then, position vector of P is

OP = mOB - nOA

m-n
mb — na
r=——.

W—s5—
«——3 —

ie.
m-n
Position Vector of Different
Centre of a Triangle
(1) If a, b, cbe PV’s of the vertices A, B, C of a AABC respectively,

then the PV of the centroid G of the triangle is M.

(BC)a + (CA)b +(AB)c

BC+CA+ AB

(i11) The PV of orthocentre of AABC is
a(tan A) + b(tan B) + c(tan C)
tan A+ tan B+ tanC

(1) The PV of incentre of AABC is

Linear Combination of Vectors

Let a, b, c,...be vectors and x, y, z, ... be scalars, then the expression
xa+yb +zc+...1s called a linear combination of vectors a, b, ¢, ... .

Collinearity of Three Points

The necessary and sufficient condition that three points with PV’s
a, b, c are collinear, if there exist three scalars x, y, z not all zero such
that xa+ yb+zc=0 O x+y+2z=0.

Coplanarity of Four Points

The necessary and sufficient condition that four points with PV’s
a, b, cand d are coplanar, if there exist scalar x, y, z and ¢ not all zero,
such that xa+ yb+zc+td =0 = x+ y+z+t=0.

If r=xa+yb+zc...

then, the vector r is said to be a linear combination of vectors
a,b,c,....
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Linearly and Dependent and Independent
System of Vectors

(i) The system of vectors a,b,c, ... is said to be linearly
dependent, if there exists some scalars x, y, z, ... not all zero,
such thatxa+ yb +zc+...=0.

(i1) The system of vectors a,b,c,...is said to be linearly
independent, ifxa+ yb+zc+td=00% » = t..=0.

Important Points to be Remembered
(i) Two non-zero, non-collinear vectors a and b are linearly independent.
(ii) Three non-zero, non-coplanarvectorsa, b and carelinearlyindependent.
(iii) More than three vectors are always linearly dependent.

Scalar or Dot Product of Two Vectors

If a and b are two non-zero vectors, then the scalar or dot product of a
and b is denoted by a [b and is defined as al[b =|a||b]| cos6, where 6
is the angle between the two vectors and 0<0< Tt

b

0

> >

(1) Angle between two like vectors is 0 and angle between two
unlike vectors is Tt

(11) Ifeitheraor bisthe null vector, then scalar product of the vector
is zero.

(i11) Ifa and b are two unit vectors, then a [b = cos®.

(iv) The scalar product is commutative

ie. alb=bla
(v) Ifi,jand k are mutually perpendicular unit vectors 1,j and fg
then
id=jg= l} k=1
and i0g=j k=k=0
(vi) The scalar product of vectors is distributive over vector addition.
(a) alflb+c)=alb +ale (left distributive)
(b) (b+tc)la=bAa+cla (right distributive)

(vii) (ma)[(b) = m (a [b)=a(mb), where m is any scalar.
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(viii) Ifa = ai + ay) + ayk thenlal? =a@=a? +a? +a’
orlal =+a + a3 +a?
(ix) Angle between Two Vectors If 6 is angle between two
non-zero vectors, a, b, then we have

a [b =|al|b]| cosB

alb
or cosB =

Ifa=ai+ay) +agkand b = bi+bj + bk
Then, the angle 8 between a and b is given by

alb _ a b, + asby + agby
lallbl - Jaf + af +af Jof + b} +5

Condition of perpendicularity alb=0 = alb,a and b
being non-zero vectors.

cosO =

(x) Projection and Component of a Vector on a Line

The projection ofaon b =a = %
The projection of bona=b[a = % ,
a

B

(0<B6<90°
>/
b
Components of a along and perpendicular to b are
a5 onda-22 o

P an
I bl |b|?

(x1) Work done by a Force The work done by a force is a scalar
quantity equal to the product of the magnitude of the force and
the resolved part of the displacement.

O F I8 = dot products of force and displacement.

Suppose F,F,,...,F, are n forces acted on a particle, then
during the displacement S of the particle, the separate forces to
quantities of work K, [8, F, [8,..., F, [5.
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The total work done is z F 8= zS (F, =S[R
i=1 i=1

Here, system of forces were replaced by its resultant R.

Important Results of Dot Product
() (a+b)da-b)=lal® -|b|*
(i) la+bl* =|al® +|b|* +2(a B)
(i) la-b|* =|al® +|b|* -2 (a b)
(iv) la+b|* +|a-b|* =2(lal® +/b|*)
and [a+b|% -la-bl* =4(a b)

or aIIb:i[|a+b|2 -la -bl?]

(v) If|la + b| =|al| +| b|, then a is parallel to b.
(vi) If|a + b| =|a —b|, then a is perpendicular to b.
(vii) (ab)?<|al?|b|?

Vector or Cross Product of Two Vectors

299

The vector product of the vectors a and b is denoted by a x b and it is

defined as
axb =(|al|b|sinB) A=absinB i

|

axb

..

where, a =|al, b =| b|,01is the angle between the vectors a and b and i

is a unit vector which is perpendicular to both a and b.
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(ii
(iii

(iv

(v
(vi

(vii

(ix

(xi

= =

)

)

i)

)

)

fah

=

Important Results of Cross Product
Leta =Cl1i + azj + a3|2 andb :bﬁ +sz +b3|2

i j k
Then, axb=|a a a
b b b

If a=b orif ais parallel tob, thensin® =0 and soa xb =0.

The direction of a xb is regarded positive, if the rotation from a to b
appears to be anti-clockwise.
a xbis perpendicular to the plane, which contains both aandb. Thus, the

unit vector perpendicular to both a and b or to the plane containing is
axb _ axb

laxb| absin®

Vector product of two parallel or collinear vectors is zero.

given by n =

Ifaxb =0,thena=00rb =0 oraandb are parallel or collinear.
Vector Product of Two Perpendicular Vectors

If6 =90° thensin® =1,i.e.a xb =(ab)nor|a xb|=|abn| =ab
[|a|=aand|b|=b]

(viii) Vector Product of Two Unit Vectors If aandb are unit vectors, then

a=|a|=1,b =|b| =1

0 a xb =absin® A =(sin6) A
Vector Product is not Commutative The two vector products a xb and
b x a are equal in magnitude but opposite in direction.
ie. bxa=-a xb L)
Distributive Law For any three vectors a,b, ¢

ax(b+c) =(a xb) +(a xc)
Area of a Triangle and Parallelogram

(a) The area of a AABC is equal to%| AB xAC| or%|BC xBA|
1
orE|CB x CA|.

(b) The area of a AABC with vertices having PV’s a,b, c respectively, is
1/2|axb +b xc +c xal.

(c) The points whose PV's a,b and c are collinear, if and only if
axb +b xc +c xa =0.

(d) The area of a parallelogram with adjacent sidesaandbis|a x b]|.

Contd. ...
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(e) The area of a parallelogram with diagonals a and b is% |axb]|.

(f) The area of a quadrilateral ABCD is equal to %|AC xBD|.

(xii) Vector Moment of a Force about a Point The vector moment of
torque M of a force F about the point O is the vector whose magnitude is
equal to the product of F and the perpendicular distance of the point O
from the line of action of F.

D
=z
-n

g M =r xF
where, r is the position vector of A referred to O.

(@) The moment of forceF about O is independent of the choice of point A
on the line of action of F.
(b) If several forces are acting through the same point A, then the vector
sum of the moments of the separate forces about a point O is equal to
the moment of their resultant force about O.
(xiii) The Moment of a Force aboutaline LetFbe A
aforce acting at a point A, O be any point on the
given line / and a be the unit vector along the
line, then moment of F about the line / is a scalar
given by (OA xF) [a. 0
(xiv) Moment of a Couple
(a) Two equal and unlike parallel forces whose lines of action are different
is said to constitute a couple.
(b) Let P and Q be any two points on the lines of action of the forces
—F andF, respectively.

ay

F

The moment of the couple =PQ xF
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Scalar Triple Product

If a,b and c are three vectors, then (ax b) [t is called scalar triple
product and is denoted by [a b ¢].

O [abc]=(axb)le

Geometrical Interpretation of Scalar Triple Product

The scalar triple product (a x b)[t represents the volume of a
parallelopiped whose coterminus edges are represented by a,b and ¢
which form a right handed system of vectors.

Expression of the scalar triple product (axb)le in terms of
components R )
a=qgilt+bjt+tck,b =asi +bj tck

and c:a3i+b(3ji+cgl:11s
a b o
[abel=|a, b, ¢y
@ b b

Properties of Scalar Triple Product

(1) The scalar triple product is independent of the positions of dot
and cross i.e. (ax b) [e=a [[b x c).

(i) The scalar triple product of three vectors is unaltered so long as
the cyclic order of the vectors remains unchanged.

1.e. (axb)le=(bxc)la=(c xa) b
or [@abec]=[bca]l=[cab]

(111) The scalar triple product changes in sign but not in magnitude,
when the cyclic order is changed.

ie. [abc]l=-[acb]

(iv) The scalar triple product vanishes, if any two of its vectors are
equal.
1.e. [aab]l=0,aba]=0and [baa]=0.

(v) The scalar triple product vanishes, if any two of its vectors are
parallel or collinear.

(vi) For any scalar x,[xabc]=x[ab c].
Also, [xa yb zc] = xyz [a b c].
(vii) For any vectorsa, b,c,d; [a+bcd]=[acd]+[bcd]
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(viii) The scalar triple product of cyclic components i,j and k is 1,
lLeJijk]=1

. e blt

(ix) (ax b)Tex d)=|"

ald bd

aln bhOr clu
x) [@abc]luvw]=|alv b clv
alw bOw clw

(xi) Three non-zero vectors a, b and ¢ are coplanar, if and only if
[abc]=0.

(xi1) Four points A, B, C, D with position vectorsa, b, ¢, d respectively
are coplanar, if and only if [AB AC AD] = 0.

ie.ifandonlyif [b—a c—a d -a] =0.
(xiii) Volume of parallelopiped with three coterminus edges a, b and
cis|labc]l.

(xiv) Volume of prism on a triangular base with three coterminus

edgesa,bandcis%l [abc]l.

(xv) Volume of a tetrahedron with three coterminus edges a, b and
.1
cis—|[abc]l.
6 [ ]

(xvi) Ifa, b, c and d are position vectors of vertices of a tetrahedron,
then

Volume:%l[b—a c-ad-a]l.

Vector Triple Product

If a, b, ¢ be any three vectors, then (a x b) xc and a x (b x ¢) are known
as vector triple product.

O ax(bxc)=(alkdb —-(alb)c
and (axb)xc=(ad)b —-(ble) a

Important Properties

(i) The vector r=a x(b x ¢)is perpendicular to a and lies in the plane
b and c.

(1) ax(bx c)#(axb)xe¢, the cross product of vectors is not
associative.
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@111) ax(b x ¢)=(a xb) x ¢,if and only if
(alc)b-(alb)c=(ale)b-(b[t)a,ie. c= b%a
a

or vectors a and c are collinear.

Reciprocal System of Vectors

Let a, b and ¢ be three non-coplanar vectors and let
,_bxec ,,_ ecxa ,_ axb
a'= b'= ,c'=

mabc]l’ abc] abcl

Then, a', b’ and ¢' are said to form a reciprocal system of a, b and c.

Properties of Reciprocal System
(1) alh'= blb'=cle' =1
(1)) alb'=allc’'=0,bla’= blc'=0,cla=clb'=0

@1i1) [a' b’ ¢ Jlabe]=10 a 'b’' ¢ 1
[abc]
b'x ¢’ _c'xa _a'xb’

l - ) c=
[al b' c' ] [a' b' cl ] [al bl c' ]
Thus, a, b, ¢ s reciprocal to the systema', b’ ,c.
(v) The orthonormal vector triad i, j, k form self reciprocal system.

(vi) Ifa, b, c are a system of non-coplanar vectors anda', b’ , ¢ are
the reciprocal system of vectors, then any vector r can be
expressed asr=(r[A")a+(r(b' )b+ (rlk') c
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Three Dimensional
Geometry

Coordinate System

The three mutually perpendicular lines in a space which divides the
space into eight parts and if these perpendicular lines are the
coordinate axes, then it is said to be a coordinate system.

y:O V4

z 01(0, 0, 0)

Note The coordinates of any point on the X,Y and Z-axes will be the form
(x, 0, 0), (0, v, 0)and (0, 0, z) respectively.

Sign Convention

Octant Coordinate

(02474
ox'vz
oxy'z
oxXyz'
oxX'y' zZ -
ox'yz - + -
oxy'z' + - -
ox'y 'z - - -

+ +
I+ o+ =
+ + +|N

|
+
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Distance between Two Points

Let P(xy, y;,2;) and Q(xy, ¥9,25) be two given points. Then, distance
between these points is given by

PQ = (x, = 1) + (v, = )* +(2y —2))°
The distance of a point P(x, y, z) from origin O is

OP = \|x? + y? + 22

Section Formulae
(i) The coordinates of any point, which divides the join of points
P(x,, y1,2,) and Q(x,, ¥9, 25) In the ratio m : n internally are
%me + nx MYy + ny, mzy + nZ1E
U m+n m+n m+n [

(11) The coordinates of any point, which divides the join of points
P(x,, y,,2) and Q(x,, y5, 25) in the ratio m : n externally are
meQ - nx;, mys—ny, mzy- mZ1E
Om-n  m-n  m-n O

(ii1) The coordinates of mid-point of P and @ are
Lo +xy ¥ +Yy 2 250

’ ’

2 2 2

(iv) Coordinates of the centroid of a triangle formed with vertices
P(x17 yl; Z1)7 Q (x2> y27 22) and R (x?,s y3 ) 23) are
Ly +xp+x5 ¥y ty3 2 +25 +z0]
3 ’ 3 ' 3 0
(v) Centroid of a Tetrahedron
If(x;, 91, 20), (%9, Y9, 29), (%3, 5, 25) and (x4, ¥,, 2,) are the vertices
of a tetrahedron, then its centroid G is given by

[hy +xg +x5 +xy Yy gty Yy 2t 2y t2g 2400
4 ’ 4 ’ 4 H

Area of Triangle

If the vertices of a triangle be A(x;, y;,21), B(xg, ¥9,25) and C(xs, y5,25),
then

Area of AABC=\|AZ +A] +A7
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» oz 1 % 2z 1 v oy 1
where, A, ==|y, 2z 1, A,=—|xy 2 llandA, =—|xy yy 1
y3 23 1 Xy 23 1 Xy 1

Direction Cosines

If a directed line segment OP makes angle a,3 and y with OX,0Y and
OZ respectively, then cosa, cosf3 and cosy are called direction cosines
of OP and it is represented by I, m, n.

ie. [ =cosa
m = cosf
and n =cosy

If OP =r, then coordinates of OP are (Ir, mr, nr)
1) Ifl,m,n are directionAcosines of a vector r, t}}en

@r=r|(i+mjy+nk) O t=4L+mj+nk

®) I +m*+n® =1

(c) Projections of r on the coordinate axes are

llrl,mlr|,n|r|

sum of the squares of projections
(d) Irl= .
of r on the coordinate axes

@) If P(x;, y1,2;) and Q(x,, ¥y, 29) are two points, such that the
direction cosines of PQ are [, m, n. Then,

X~ 2 =1PQl,y, -~y =m|PQl, 2, -2 =n|PQ
These are projections of PQ on X,Y and Z-axes, respectively.

@i11) If I, m, n are direction cosines of a vector r and a, b, ¢ are three

numbers, such that l = % = E. Then, we say that a, b and c are
a c

the direction ratios of r which are proportional to I, m, n.
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a b

m=2 2 2, 2
\/a +b“ +¢

Also, we have [ = +
\/az + b2 +¢?

c
Ja? + b2 +¢?

@iv) If 6 is the angle between two lines having direction cosines
L, my,n; and Iy, my, ny, then cos® =1, + mmy +n.n,

n==

(a) Lines are parallel, if b =M -
2 My Ny
(b) Lines are perpendicular, if [;l, + mym, + nyng =0.
(v) If 0 is the angle between two lines whose direction ratios are
proportional to a;, b, ¢; and a,, b,, ¢, respectively, then the angle
0 between them is given by
a5 + by + cicy
af + b +¢f ai + b +c}
_b_qg

. o
Lines are parallel, if =+ = L = L,
ay o G

cosB =

Lines are perpendicular, if q,ay + b b, + ¢;c4 = 0.
(vi) The projection of the line segment joining points P(x;, ¥, 2,)and
Q(xq, ¥y, 29) to the line having direction cosines /, m, n is
[(xy =) L+ (yy =) m +(25 —2)nl.

(vii) The direction ratio of the line passing through points P(x,, y;, 2;)
and Q(x,, y9,25) are proportional to x, — X, ¥y = 1,29 — 2.
Then, direction cosines of PQ are

Xo =% Yo~ )1 R2"3

IPQ| ~ IPQI | PQ|

Angle between Two Intersecting Lines

If [,, my,n, and [y, my, n, are the direction cosines of two given lines,
then the angle 6 between them is given by
cosB = [l, + mymy +nn,

(i) The angle between any two diagonals of a cube is cos™* %@

(i1) The angle between a diagonal of a cube and the diagonal of a face

O/o0
of the cube is cos™! %F%
3
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Line in Space
A line (or straight line) is a curve such that all the points on the
line segment joining any two points of it lies on it.
A line can be determined uniquely, if
(1) its direction and the coordinates of a point on it are known.

(i1) it passes through two given points.

1. Equation of a Line Passing through a given Point and
Parallel to a given Vector

Vector Equation Equation of a line passing through a point
with position vector a and parallel to vector b is r=a + A b,
where A is a parameter.

Cartesian Equation Equation of a line passing through a
fixed point A(x,, y;, 2;) and having direction ratios a, b, cis given
byx_xl B

a b c
form of a line.

, it 1s also called the symmetrically

2. Equation of Line Passing through Two given Points
Vector Equation A line passing through two given points
having position vectors a and bisr=a + A (b —a), where A is a
parameter.

Cartesian Equation Equation of a straight line joining two
fixed points A(x;, ¥;, 2;) and B(x,, ¥4, 25) is given by

X—X% _YV~Hh _ET&
Xo=% Yo~ 1 2272

3. Perpendicular Distance of a Point from a Line
Vector form The length of the perpendicular from a point

P(a) on the line

2
_ E(a -a) Eb%
[ bl
H H
Cartesian Form The length of the perpendicular from a

point P(x;, y;,2;) on the line
x—-a_y-b_z-c

r=a+ Abis given by ||a —a|?

is given by
l m n
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{(a-x)" +(b=y)" +(c —2)*} ~{(a —x)1

+(b-y)m+(c-z)n}?

where, [, m, n are direction cosines of the line.

Skew Lines

Two straight lines in space are said to be skew lines, if they are neither
parallel nor intersecting. Thus, skew-lines are such pair of lines which
are non-coplanar.

Shortest Distance

If [, and [, are two skew lines, then a line perpendicular to each of
lines /; and [/, is known as the line of shortest distance.

If the line of shortest distance intersects the lines /; and —P—'h
l, at P and @ respectively, then the distance PQ between
points P and @ is known as the shortest distance

between [ and /. —a 'k

Vector Form
(1) The shortest distance between lines r=a; +Ab; and
r = a, + b, is given by
(b; xby)[a, —a,)
b, x by

d=

(1) The shortest distance between parallel lines
r=a; + Ab and r =a, + b is given by

(ag—a;)xb
[ bl

(iii) Two lines r =a; + Ab; and r =a, +pb, are intersecting, when
(by x by) Hay, —a;) =0.

Cartesian Form
(1) The shortest distance between the lines
X=X _Y~N _Z"7
a by G
X=Xy _ Y=Yy _Z~
Qy by Ca

and %2 is given by
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Xo =X Yo~ V1 2273
%] by G
_ Qg by Cy
Jab, = ash)? + (e — by + (s — e,
0y ~ Ay Co 2C1 Qg ~ Coy
x—x - z-z X=X - z-z
1Y~ _ 1 and 2 Y "N _ 1
@ by 5] Qg b, Cy
are intersecting, when

Xo = X; Yo T 1 B2 TR

a b G =0

d

(11) Two lines

Qg b, Cy

Important Points to be Remembered
Since, X, Y and Z-axes pass through the origin and have direction cosines
(1,0,0),(0,1,0) and (0, 0, 1), respectively. Therefore, their equations are
x-0_y-0_z-0
S0 0
x-0_y-0_z-0
==
x-0_y-0_z-0
=5

X-axis : ory=0,z=0

Y-axis :

orx=0,z=0

Z-axis :

orx=0,y=0

Plane

A plane is a surface such that, if two points are taken on it, a straight
line joining them lies wholly on the surface. A straight line, which is
perpendicular to every line lying on a plane is called a normal to the
plane.

General Equation of the Plane

The general equation of the first degree in x, y, z always represents a
plane. Hence, the general equation of the plane is ax + by + cz +d =0.
The coefficient of x, y and z in the cartesian equation of a plane are the
direction ratios of normal to the plane.



312 Handbook of Mathematics

Equation of Plane in Normal Form

Vector Form \

The equation of plane having normal unit
vector i to the plane is r h =d, where d is LL \
N

the perpendicular distance of the plane from
origin and r in the position vector of any point
P on the plane and A is the unit normal
vector.

Cartesian Form

The equation of a plane, which is at a distance p from origin and the
direction cosines of the normal from the origin to the plane are [, m,n
is given by lx + my + nz = p.

Note The coordinates of foot of perpendicular N from the origin on the plane
are (Ip, mp, np).

Equation of the Plane Passing Through a
Fixed Point

Vector Form

The vector equation of a plane passing through a given point A with
position vector a and perpendicular to a given vector nis(r —a)n =0.

Cartesian Form

The equation of a plane passing through a given point (x;, y;,2;) is
given by a(x - ) +b(y - y) +¢(z ~z) =0

where, a,b,c are direction ratios of normal to the plane.

Intercept Form
The intercept form of equation of plane represented in the form of
f + Z + E =1
a b c
where, a, b and ¢ are intercepts on X,Y and Z-axes, respectively.
Note There is no vector form of plane in intercept form.

For x intercept Put y =0, z =0 in the equation of the plane and
obtain the value of x. Similarly, we can determine for other intercepts.
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Equation of Plane Passing Through Three
Non-collinear Points

Vector Form

The equation of plane passing through three non-collinear points A, B
and C with position vectors a, b and c is

(r-a)[(b-a) x(c-a)]=0
where, 7 is the position vector of any point P on the plane.

Cartesian Form

The cartesian equation of a plane passing through three non-collinear
points A (x, y;,21), B(%q,¥9,25) and C (x5, y5,25) is

Z-x y—-»n z-z 0
O 0

Q, - - ~z,0=0,
2 X Yo~ R Z1D

0 0
s~ % Y3 =) 2 ~2[

where, P(x,y,z) be any point on the plane.

Equation of Plane Passing Through the
Intersection of Two given Planes

Vector Form

The equation of plane passing through the intersection of the planes
rCh, =d; and rbhy=d, is r{n, + A ny) =d; +A dy, where A is a
scalar.

Cartesian Form

The carteian equation of plane passing through the intersection of two
planes a;x+ b y +¢;z2 —d; and agx + by y +coz —dy =0

Is(gx+b y+tez—d)+A(ayx +byy +cpz —dy) =0

or x(a; +Aag)+y(b +Aby) +z2(c +Acy)=d; +A dy, where AOR.

Equation of a Plane Parallel to a Given Plane

Vector Form
The vector equation of a plane parallel to the given plane r.n =d, is
r[h=d,.
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Cartesian Form

The cartesian equation of a plane parallel to the given plane
ax+by+cz+d;, =0 is ax+ by +cz +d, =0.

Important Results
(i) Equation of a plane passing through the point A(x, y;, 2;) and
parallel to two given lines with direction ratios
X=X Y~T)h 272
a,b,¢ and ay, by, 05 18| @ b ¢ |=0.
ay by Co
(i) Equation of a plane passing through two points A(x;, y;,2;) and
B(xy, y9,25) and parallel to a line with direction ratios a, b, c is
X—x Y-y Z-Z
Yo =Xy Yo~ Zp 2 =0
a b c
(iii) Four points A(x;, y1, 21), B(xy, ¥g, 25), C(%5, ¥5, 25) and
D(x4, y4,2,) are coplanar if and only if
Xo =% Vo™ N 2272
X3=X Y3~y 2 ~2 (=0
Xg =X Ya~™N R4 TA

Condition for Coplanarity of Two Lines

Vector Form

Two lines r = a, +\ b, and r= a, +U b, are coplanar or intersecting if
(ag —a;)[(b; xb,) =01.e(a, —a,;) is perpendicular to (b; xb,).

Cartesian Form
The lines > 1 =2 "N 2721 jpg X% Y=Y _ 272
a bl 5] Qg bz Cy
Xo —X Yo TN R2 T3
are coplanar if | q; b ¢ |=0.

Qg by Cy
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Angle between Two Planes

The angle between two planes is defined as the angle between their
normals.

Vector Form

If n, and n, are normals to the planes, and 6 be the angle between the
planes r [h; = d; and r.n, = d,.

n, th,
\annz\

Then, cosB=

Cartesian Form
The angle between the two planes

aqx+by+cz+d =0and ayx + byy + ¢z +dy =01s
a0y + bby + 10y

Jaf + b7+t a} + 6} +}

cosB =

Parallelism and Perpendicularity of Two Planes
Two planes are parallel or perpendicular according as their normals
are parallel or perpendicular.

Vector Form

Two planes r [h; = d; and r Ch, =d, are parallel, if n; =\ n, for some
scalar and perpendicular, if n; Ga, = 0.

Cartesian Form

The planes qx+ by +c¢z+d, =0 and aqux + byy +cyz +d, =0 are

parallel, if R R | perpendicular, if a,a, + bb, + ¢,c, =0.
1@ o+ 61Co

ay o G
Note The equation of plane parallel to a given plane ax + by + cz + d =01is

given by ax + by + cz + k =0, where k£ may be determined from given
conditions.
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Distance of a Point From a Plane

Vector Form

Let the equation of plane be r [h = d. The perpendicular distance from
a point P whose position vector is a, to the plane is

lalh-d|
In|
Note The length of perpendicular from origin to the plane r th = d is %
n

Cartesian Form

The perpendicular distance of a point P(x1, 1, z1)
P(x,, y,,2) from the plane

|
Ijaxl+by1+czl+dD "I /

ax +by +cz +d =01s[3 O ax +by +cz+d=0
212 2

0 Ja +b”+c¢”

If the plane is given in normal form Ix + my +nz = p. Then, the

distance of the point P(x,, y;, 2;) from the plane is| lx; + my, + nz; — pl.

Note The length of perpendicular from origin to the plane
Id|

/a2+ b2 +c2.
Distance between Two Parallel Planes

If ax+ by +cz +d; =0 and ax + by +cz +d, =0 be equation of two
parallel planes. Then, the distance between them is

O do—d O
O0——=—0
mya® + b% + ¢ g

Angle between a Line and a Plane

The angle between a line and plane is the complement of the angle
between the line and normal to the plane.

ax+ by+cz+d =0is

Vector Form
If the equation of a line is r =a + A b and plane is r Ch = d, then the
angle between the line and normal is

(b
cos@ = ‘ n ‘
nb|
and the angle between the line and plane is
sin ¢ =2 [+ @ =90 °—4]

In|lb]



Three Dimensional Geometry 317

Cartesian Form

X=X% _ Y~ _2F~ 4
ol by G

plane a,x + byy + ¢z +dy =01is

aqaytb byt

Jai +b +cf ai +b5 +f
and the angle between a line and the plane is
a5 + bby + 0y

2,92, 2 [ 2,12, 2
\/‘11 +b \/az +by +¢

The angle between a line and normal to the

cos 0 =

sin @ = [ @=90°-6]

Bisectors of Angles between Two Planes

The bisector planes of the angles between the planes
aqx+by+tcaztd =0,a.x +byy tcez +dy =018
aqx+by+cz+d; . agx + byy + cyz + d,

\/Z al2 - \/Z a%

One of these planes will bisect the acute angle and the other obtuse
angle between the given plane.

@) Ifaiay + bby + ¢y <0,then origin lies is in acute angle and the
acute angle bisector is obtained by taking positive sign in the
above equation. The obtuse angle bisector is obtained by taking
negative sign in the above equation.

@11) If ajay + b by + ¢y > 0, then origin lies in obtuse angle and the
obtuse angle bisector is obtained by taking positive sign in above
equation. Acute angle bisector is obtained by taking negative
sign.

Important Points to be Remembered
() Theimage or reflection (x,y,z) of a point (x;,y;,2,) in a plane
ax +by +cz +d =0is given by
X=X, _Yy—Y,_z—z _—2(ax, +by, +cz +d)
a b ¢ a+b*+c

(i) Thefoot(x,y,z)of a point (x;,y,,z)inaplaneax +by +cz +d =0is
given by
X=Xy _Yy =y, _z2-2z _—(ax, +by, +cz +d)
a b ¢ @2+
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Sphere
A sphere is the locus of a point which moves in a space, such a way
that its distance from a fixed point always remains constant.

General Equation of the Sphere
Vector Form

The vector equation of a sphere of radius a¢ and centre
having position vector ¢ is| r — ¢| = a. The vector equation

of sphere of radius a with centre at the origin, is | ;I =a.

Cartesian Form

The equation of the sphere with centre (a, b, ¢) and radius r is
(x—a)? +(y = b)? +(z —¢)? =r? ()

the equation of a sphere with centre at origin and radius r is

X2+ y? 422 =r,

In generally, we can write as x2 + y? + 2% + 2ux + 2uy +2wz +d =0.

Here, its centre is (—u, — v, — w) and radius = \/u2 + 02 +w?-d

Important Points to be Remembered
(i) The general equation of second degreeinx, y, zis
ax? +by? + cz* + 2hxy +2kyz +2lzx +2ux +2vy +2wz +d =0

represents a sphere, if

(@)a=b=c(#0) (b)h=k =1=0
Then, the equation becomes
ax? +ay® +az> +2ux +2vy +2wz +d =0 ... (i)

To find its centre and radius first we make the coefficients of x*, y* and z*
each unity by dividing throughout by a.

Thus,wehavex2+y2+z2 +§x +&y +2—Wz+g=0 ()]

a a a a
. u -v -w
[ Centre is %——
a a a

. v v w? d_JuP+vi+w’-ad
and radius = St st == ;
a a a a |al

(ii

=

Any sphere concentric with the sphere
x> +y? +22 +2ux +2vy +2wz +d
is x> +y? + 22 +2ux +2vy +2wz +k =0

I
o

Contd. ...
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(i) Since,r” =u* +v? +w? —d, therefore, the Eq. (ii) represents a real sphere, if
v +v:+w? —d >0.
(iv) The equation of a sphere on the line joining two points (x;, y;, z,) and
(X5, ¥,,2,) as a diameter is
(x =x7) (x =x5) +{y =y)y —y5) +(z2-2)(z -2z,) =0.
(v) The equation of a sphere passing through four non-coplanar
points (X, ¥4, Z}), (Xp, Y2, 25), (X3, Y3, 23) and (x4, ¥4, 24) IS
x2+y2+z2 x y z 1
XHyitR x ooz

1
2, .2, 2 _
X3+ty, vz X3 ¥, % 1|=0.
2,2, 2
x3ty;+z X3 y3 oz 1

1

2, .2
x4+y4+zi X4 Ya 24

Condition for Tangent Plane to a Sphere

We know that plane touch the sphere, if the perpendicular distance
from centre to the sphere is equal to the radius.

Vector Form

The plane r (h=d touches the sphere the |r-c|=a, pen-dl_
n

Cartesian Form

The plane Ix + my + nz = p will touch the sphere x + y* + 2% + 2ux

+2vy + 2wz +d =0, if

lu+mv+nw+
| pl:\/u2+v2+w2—d
\/l2+m2 +n?
or (lu + mv+nw + p)? =@W? +v? +w? =d) (2 +m? +n?

Plane Section of a Sphere

Consider a sphere intersected by a plane. The set of points common to
both sphere and plane is called a plane section of a sphere.

In ACNP, NP?=CP%?-CN? =r? - p? O NP =r? - p?]
Hence, the locus of P is a circle whose centre is at

the point IV, the foot of the perpendicular from the

centre of the sphere to the plane.

The section of sphere by a plane through its centre i

is called a great circle. The centre and radius of a
great circle are the same as those of the sphere.



Statistics

Statistics is the Science of collection, organisation, presentation,
analysis and interpretation of the numerical data.

Useful Terms

1.

10.

Primary and Secondary Data The data collected by the
investigator himself is known as the primary data, while the
data which are not originally collected but rather obtained from
some sources is known as secondary data.

. Variable or Variate A characteristics that varies in

magnitude from observation to observation. e.g. weight, height,
income, age, etc are variables.

. Grouped and Ungrouped Data The data which is organised

into several groups is called grouped data where as ungrouped
data is present in original form, i.e. it is just a list of numbers.

. Class-Intervals The groups which used to condense the data

are called classes or class-intervals.

. Limit of the Class The starting and ending values of each

class are called Lower and Upper limits, respectively.

. Class Size or Class Width The difference between upper and

lower boundary of a class is called size of the class.

. Class Marks The class marks of a class is given by

Lower limit + Upper limit
5 .

. Frequency The number of times an observation occurs in the

given data, is called the frequency of the observation.

. Frequency Distribution It is a tabular summary of data

showing the frequency of observations.

Discrete Frequency Distribution A frequency distribution
is called a discrete frequency distribution, if data are presented
in such a way that exact value of the data are clearly shown.
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11. Continuous Frequency Distribution A frequency
distribution in which data are arranged in classes (or groups)
which are not exactly measurable.

12. Cumulative Frequency Distribution In this type of
distribution, the frequencies of each class intervals are added
successively from top to bottom or from bottom to top.

A cumulative frequency distribution is of two types

(1) Less than cummulative frequency distribution In
this frequencies are added successively from top to bottom
and we represent the cumulative number of observation less
than or equal to the class frequency to which it relates.

(i1) More than cummulative frequency distribution In
this frequencies are added successively from bottom to top
and we represent the cummulative number of observation
greater than or equal to the class frequency to which it
relates.

Graphical Representation of
Frequency Distributions

(1) Bar Diagrams In bar diagrams, only the length of the bars
are taken into consideration. To draw a bar diagram, we first
mark equal lengths for the different classes on the horizontal
axis, i.e. on X-axis.

On each of these lengths on the horizontal axis, we erect
(vertical) a rectangle whose heights are proportional to the
frequency of the class.

YA
40 4 — —

Tso—

>

220 - | & ol | 8

3 Sl .l el |>

g 10 - 2118

w 3
0 »X

Registered vehicles ——

(i) Histogram To draw the histogram of a given continuous
frequency distribution, we first mark off all the class intervals
along X-axis on a suitable scale. On each of these class intervals
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(iii)
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on the horizontal axis, we erect (vertical) a rectangle whose
height is proportional to the frequency of that particular class,
so that the area of the rectangle is proportional to the frequency
of the class.

>

= N W b O
o o o o o
| | | | |

Frequency

10 20 30 40 50 60

Class interval —>
If however the classes are of unequal width, then the height of
the rectangles will be proportional to the ratio of the frequencies
to the width of the classes.
Pie Diagrams Pie diagrams are used to represent a relative
frequency distribution. A pie diagram consists of a circle divided
into as many sectors as there are classes in a frequency
distribution. The area of each sector is proportional to the
relative frequency of the class.
Now, we make angles at the centre proportional to the relative
frequencies. And in order to get the angles of the desired sectors,
we divide 360° in the proportion of the various relative
frequencies, i.e.
O Frequency 0O

x 360°
HFotal frequencyH

Central angle =

The above pie diagram represent an illustration of types of
vehicles and their share in the total number of vehicles of a city.

(iv) Frequency Polygon To draw the frequency polygon of an

ungrouped frequency distribution, we plot the points with
abscissae as the variate values and the ordinate as the
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corresponding frequencies. These plotted points are joined by
straight lines to obtain the frequency polygon.

Y
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(v) Cumulative Frequency Curve (Ogive) The curve given by
the graphical representation of cummulative frequency
distribution is called on ogive or commulative frequency curve.

There are two methods of constructing an ogive, (i) ‘less than’
type ogive (ii) ‘more than’ type ogive.
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S 401 S 40-
o o
o Qo
° 30 + é 301+
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g IS
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Measures of Central Tendency

A single value which describes the characteristic of the entire data is
known as the average. Generally, average value of a distribution lies in
the middle part of the distribution, such type of values are known as
measures of central tendency.
The following are the five measures of central tendency

1. Arithmetic Mean 2. Geometric Mean 3. Harmonic Mean

4. Median 5. Mode
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1. Arithmetic Mean

The arithmetic mean (or simple mean) of a set of observations is
obtained by dividing the sum of the values of observations by the
number of observations.

(1) Arithmetic Mean for Unclassified (Ungrouped or Raw)
Data If there are n observations, x;, %y, %3,...,X,, then their

arithmetic mean

n
2 i
- =

n n

XXy . X

Aorx = I

(i) Arithmetic Mean for Discrete Frequency Distribution
or Ungrouped Frequency Distribution Let f, f;,..., f,
be corresponding frequencies of x;, x,,. .., x, . Then, arithmetic
mean

x;f;
A:xlfi +x2f2 t... +xnfn = le

h+h+.. +h i £
1=1

(iii) Arithmetic Mean for Classified (Grouped) Data or
Grouped Frequency Distribution For a classified data,

we take the class marks x;, x,,..., x,, of the classes, then
arithmetic mean by
n

xf;
(a) From Direct Method A =" '11
S
=

(b) From Shortcut Method Or Deviation Method

O [l
0y fd;0
A=A +57 Dp
Dif 0
O A
O&F O

1=

where, A; = assumed mean, d; = deviation = x; — A,

h = width of interval
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(c) Step Deviation Method is x = A, + =1 xh

where, A = assumed mean

x; —
u; = step deviation = ’Tl and i = width of interval.
(iv) Combined Mean If A,, A,,..., A, are means of n, n,...,n,

observations respectively, then arithmetic mean of the
combined group is called the combined mean of the
observation

nA +n,A,++n A, _L.ZlniAi

nitngt...+n, _

n;
2

(v) Weighted Arithmetic Mean If w,w,,..., w

weights assigned to the values x;, x,,...,x, respectively, then the
weighted arithmetic mean is

A

, are the

s

A, =

w

1=1

Properties of Arithmetic Mean

(i) Mean is dependent of change of origin and change of scale.

(11) Algebraic sum of the deviations of a set of values from their
arithmetic mean is zero.

(111) The sum of the squares of the deviations of a set of values is
minimum when taken from mean.

9. Geometric Mean

@) If x,x,,...,x, be n positive observations, then their geometric
mean is defined as

G=%x x5... %,
Hogx, +logx, +... +logx, O

n H

or G = antilog
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(i) Let f£,fs,...,f, be the corresponding frequencies of positive
observations x,%,,...,%, , then geometric mean is defined as
1

G= (xlflxg?... x,{" )N

or G = antilog %(}‘1 logx, + fylogxy +... + f, logxng

where N = ifl

3. Harmonic Mean (HM)

The harmonic mean of n non-zero observations x;, X, ..., x,, is
defined as
n n

AM == 1

n
— L+ Zl
X Xy X 5 x

If their corresponding frequencies are fi, f, ..., f, respectively, then

0% k. .

Dxl Xy

R\\ =

o Ath ;D_HZ
ol 2

3

4, Median

The median of a distribution is the value of the middle observation,
when the observations are arranged in ascending or descending order.

() Median for Simple Distribution or Raw Data

Firstly, arrange the data in ascending or descending order and then
find the number of observations n.

(a) If nis odd, then E%lﬁth term is the median.

(b) If nis even, then there are two middle terms namely %@th and

% + lﬁth terms.
2
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Hence, Median = Mean of %ﬁth and % + lﬁth observations

= L ch + % + lﬁthIj of observations
2 Hi2 2 H

(i) Median for Unclassified (Ungrouped) Frequency
Distribution

(1) Firstly, find %, where N = z f.
=

(11) Find the cumulative frequency which is equal to or just greater

than ﬁ
2

(i11) Take the value of variable corresponding to cummulative
frequency obtained in step (i1).

(iv) This value of the variable is the required median.

(i) Median for Classified (Grouped) Data
or Grouped Frequency Distribution

If in a continuous distribution, the total frequency be N, then the class
whose cumulative frequency is either equal to IN/2 or is just greater
than N/2 is called median class.
For a continuous distribution, median

N

—-C

My =1+2
f

x h

where, [ = lower limit of the median class
f = frequency of the median class

n
N = total frequency = z f
=1
C = cumulative frequency of the class just before the median
class

h = length of the median class

Note The intersection point of less than ogive and more than ogive is the
median.
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Quartiles

The median divides the distribution in two equal parts. Similarly, quartiles
divide the distribution in four equal parts.

é1 szl My Cl)s

Quartiles for a continuous distribution is given by

N_c

Q (first quartile) =/ + -4 —xh

N c
2

Similarly,  Q, (second quartile) =/ + xh =median,

N_c
Q; (third quartile) =/ + 4f xh

where, N = total frequency
I = lower limit of the quartile class
f = frequency of the quartile class
C = the cumulative frequency corresponding to the class just
before the quartile class
h = the length of the quartile class.

5. Mode

The mode (M) of a distribution is the value at the point about which
the observations tend to be most heavily concentrated. It is generally
the value of the variable which appears to occur most frequently in the
distribution.

() Mode for a Simple Data or Raw Data

The value which is repeated maximum number of times, is the
required mode.

e.g. Mode of the data 70, 80, 90, 96, 70, 96, 96, 90 is 96 as 96 occurs
maximum number of times.

(i) Mode for Unclassified (Ungrouped) Frequency
Distribution

Mode is the value of the variate corresponding to the maximum
frequency.
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(i) Mode for Classified (Grouped) Distribution or
Grouped Frequency Distribution

The class having the maximum frequency is called the modal class

and the middle point of the modal class is called the crude mode.

The class just before the modal class is called pre-modal class and the
class after the modal class is called the post-modal class.

Mode for classified data (Continuous Distribution) is given by
M, 0= 1+ M x h
2f=h-F
where, [ = lower limit of the modal class
fo = frequency of the modal class
fi = frequency of the pre-modal class
f5 = frequency of the post-modal class
h = length of the class interval

Relation between Mean, Median and Mode
(1) Mean — Mode = 3 (Mean — Median)
(i) Mode = 3 Median — 2 Mean

Symmetric and Anti-symmetric Distribution

A distribution 1s symmetric, if the
frequencies are symmetrically distributed
on both sides of the centre point of the
frequency curve. In this, frequency curve is
bell shaped.

In symmetrical distribution,
Mean = Median = Mode, i.e. A= M, = M, A=Mqy=Mo

A distribution which is not symmetric is called anti-symmetric
(or skew-symmetric).

Measure of Dispersion

The degree to which numerical data tend to spread about an average
value is called the dispersion of the data. The four measure of
dispersion are

1. Range 2. Mean deviation

3. Standard deviation 4. Root mean square deviation
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1. Range

The difference between the highest and the lowest observation of a
data is called its range.

Le. Range = X, .x = Xmin
0 The coefficient of range = Xinax = Xinin
Xmax + Xmin

It i1s widely used in statistical series relating to quality control in
production.

(i) Inter quartile range = @5 — @,

(i) Semi-inter quartile range (Quartile deviation) = @ -Q 5 @
and coefficient of quartile deviation = @~ Q
Q; + @

2. Mean Deviation (MD)

The arithmetic mean of the absolute deviations of the values of the
variable from a measure of their average (mean, median, mode) is
called Mean Deviation (MD). It is denoted by d.

n
|xi - x|

(i) For simple (raw) distribution & = =1
n

where, n = number of terms, x = Aor M, or M,

n
z filx; = x|
(ii) For unclassified frequency distribution & = =1

f;

M-

1

iflxi_ﬂ
2

where, x; is the class mark of the interval.

(i11) For classified distribution & =

Note The mean deviation is the least when measured from the median.

Coefficient of Mean Deviation

It is the ratio of MD and the average from which the deviation is
measured.

o) 0
Thus, the coefficient of MD = %4 or Md o Mo
A, T M,
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Limitations of Mean Deviation
(1) If the data is more scattered or the degree of variability is very
high, then the median is not a valid representative.

(1) The sum of the deviations from the mean is more than the sum of
the deviations from the median.

(i11)) The mean deviation is calculated on the basis of absolute values
of the deviations and so cannot be subjected to further algebraic
treatment.

3. Standard Deviation and Variance
Standard deviation is the square root of the arithmetic mean of the
squares of deviations of the terms from their AM and it is denoted by .

The square of standard deviation is called the variance and it is
denoted by the symbol o2.

(1) For simple distribution

where, n is a number of observations and X is mean.

(i) For discrete frequency distribution

Shortcut Method ¢ = 1\/Nz fd” - @ f; dLH
NV & s U

where, d; = deviation from assumed mean =x; — A and A = assumed
mean

(i11) For continuous frequency distribution

where, x; is class mark of the interval.

Shortcut Method o = /- \/N > fiu? - § fiuig
Ny & S

-A

where, u; = i , A= assumed mean and A = width of the class
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Standard Deviation of the Combined Series

If n; n, are the sizes, X,,X, are the means and 0,, 0, are the standard
deviation of the series, then the standard deviation of the combined
series 18

e \/nl(of +d2) +ny(0% +d2)

ny +ng
where, d=X,-X,d, =X, -X
and X = X Xy
n, + ng

Effects of Average and Dispersion on
Change of origin and Scale

Change of origin Change of scale
Mean Dependent Dependent
Median Dependent Dependent
Mode Dependent Dependent
Standard Deviation Not dependent Dependent
Variance Not dependent Dependent

Note (i) Change origin means either subtract or add in observations.
(i) Change of scale means either multiply or divide in observations.

Important Points to be Remembered
The ratio of SD (o) and the AM (x) is called the coefficient of standard

deviation %@

(ii) The percentage form of coefficient of SD i.e. %meo is called

—
=

coefficient of variation.

The distribution for which the coefficient of variation is less is more
consistent.

(iii

=

Standard deviation of first n natural numbers is

=

(iv

<

Standard deviation is independent of change of origin, but it is depend
on change of scale.

(vi) Quartile deviation =§ Standard deviation

(vii) Mean deviation =% Standard deviation
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4. Root Mean Square Deviation (RMS)

The square root of the AM of squares of the deviations from an
assumed mean is called the root mean square deviation.

Thus,
(1) For simple (discrete) distribution
— A 2
S = (x ) , where A' = assumed mean
n

(1) For frequency distribution

oo |Sfa-ay
S/

Note If A= A (mean), thenS =0

Important Points to be Remembered
(i) The RMS deviation is the least when measured from AM.

2 x2
(i) 0% +A = S1
2
X
(iii) For discrete distribution, if f =1, then g2 + A :L.

n
(iv) The mean deviation about the mean is less than or equal to the SD.i.e.
MD<o.

Correlation

The tendency of simultaneous variation between two variables is called
correlation (or covariation). It denotes the degree of inter-dependence
between variables.

Types of Correlation

1. Perfect Correlation

If the two variables vary in such a manner that their ratio is always
constant, then the correlation is said to be perfect.

9. Positive or Direct Correlation

If an increase or decrease in one variable corresponds to an increase or
decrease in the other, then the correlation is said to be positive.

3. Negative or Indirect Correlation

If an increase or decrease in one variable corresponds to a decrease or
increase in the other, then correlation is said to be negative.
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Covariance

Let (x;,%;),i=1,2,3,...,n be a bivariate distribution, where
Xy, Xy,..., X, are the values of variable x and y,, y,,...,y, those of y,
then the cov (x, y) is given by

o>wvuyr=fz<x—xxx—y>
nis

where, X¥ and y are mean of variables x and y.

.. U = 0
(i1) cov(x,y)——LZIxyl %1_1 ﬁ%i21yiﬁ

Karl Pearson’s Coefficient of Correlation

Karl Pearson’s coefficient of correlation is based on the products of the
deviations from the average of the respective variables and their
respective standard deviations.

The correlation coefficient r(x, y) between the variables x and y is given

cov(x,y) . cov(x, )

re )= Jvar(x) var (y) 0,0,
S (- (3 - 5)
=1

\/i(xi - x)Z\/i(yi -y
= =
TS,

n
zxiyi — =1 =1
- i=1 n
nof noof
x; y;U
- 2 ilﬂ - 2 i ‘0
Sxt-TLE sy E
=1 n =1 n
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Properties of Correlation
@1 -1<sr<i
(i1) Ifr =1, then coefficient of correlation is perfectly positive.
(i11) Ifr = =1, then correlation is perfectly negative.

(iv) The coefficient of correlation is independent of the change of
origin and scale.

(v) Correlation coefficient has no unit and it is a pure number.

(vi) If —1<r<1, it indicates the degree of linear relationship
between x and y, whereas its sign tells about the direction of
relationship.

(vii) If x and y are two independent variables, then r = 0

(viil) If »r = 0,x and y are said to be uncorrelated. It does not imply
that the two variates are independent.

(ix) If x and y are random variables and a,b,c and d are any
numbers such that a # 0, ¢ # 0, then

r(ax+b,cy+d) = lacl r(x,y).
ac

(x) Probable Error and Standard Error If r is the

correlation coefficient in a sample of n pairs of observations,
1-r2
N

And the probable error of correlation coefficient is given by

— 20
(06745 "
O+n O

then it standard error is given by

Rank Correlation (Spearman’s)

Let d be the difference between paired ranks and n be the number of
items ranked. The coefficient of rank correlation is given by

(1) When ranks are not repeated

GiZIdZ

n(n?-1)
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(i) When ranks are repeated If n ranks are repeated

my, Mg,..... ,m, times, then rank correlation is given by
- o, 1 & 3 0
6 d*+— Z (m;” —m;)q
-1 _ =1 12 5 0
r=1 5
n(n®-1)

(a) The rank correlation coefficient lies between — 1 and 1.

(b) If two variables are correlated, then points in the scatter
diagram generally cluster around a curve which we call the
curve of regression.

Regression

Regression helps to estimate or predict the unknown value of one
variable from the known values of the other related variables.

Lines of Regression

A line of regression is the straight line which gives the best fit in the
least square sense to the given sets of data.

Regression coefficient of yon xand xony

The regression coefficient shows that with a unit change in the value of
x (or y) variable, what will be the average change in the value of y (or
x) variable.

It is denoted by b,, (or b,,).

Oy _cov (x,9)

b,. =r =
X
> g, o2
o cov (x,
and by, =r—*= cov (%, 3)
o o?
¥ y

Regression Analysis

Regression Equation Regression equations are the algebraic
formulation of regression lines.

(i) Line of regression of y on x is
o
y=3=r ot -9
Ox
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(i1) Line of regression of x on y is

x=%=r 2x(y - 3)
Gy

(i11) Angle between two regression lines is given by
ZD 0,0, -2 D

f=tan! =tan"!
r D +0 , + byxg

(a) Ifr=0,1.e.0= 5 , then two regression lines are

perpendicular to each other.

(b) Ifr =1or —1,1.e.0 =0, then two regression lines coincide.

Properties of the Regression Coefficients
(i) Both regression coefficients and r have the same sign.

(1) Coefficient of correlation is the geometric mean between the
regression coefficients.

@111) 0<|b ey yx|<1 if r # 01.e. if| b, |>1 thenlb <1

(iv) Regression coefficients are independent of the change of origin
but not of scale.

(v) If two regression coefficient have different sign, then r = 0.

(vi) Arithmetic mean of the regression coefficients is greater than
the correlation coefficient.
by, +0b

ie. 7xy>r

2
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Mathematical
Reasoning

In mathematical language, there are two kinds of reasoning—inductive
and deductive. Here, we will discuss some fundamentals of deductive
reasoning.

Statement (Proposition)

A statement is an assertive sentence which is either true or false but
not both. Statements are denoted by the small letters i.e. p, q,r ... etc.
e.g. p : A triangle has four sides.

Note

(i) A true statement is known as a valid statement and a false statement
is known as an invalid statement.

(i1) Imperative, exclamatory, interrogative, optative sentences are not
statements.

1. Simple Statement

A statement which cannot be broken into two or more statements is
called a simple statement.
eg. p: V2 is a real number.

2. Open Statement

A sentence which contains one or more variable such that when certain
values are given to the variable it becomes a statement, is called an
open statement.

e.g. p: ‘He is a great man’ is an open statement because in this
statement, he can be replaced by any person.
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3. Compound Statement

If two or more simple statements are combined by the use of words
such as ‘and’, ‘or, ‘if... then, ‘if and only if ’, then the resulting
statement is called a compound statement.

e.g. Roses are red and sky is blue.

Note Individual statements of a compound statement are called component
statements.

Elementary Logical Connectives or
Logical Operators

(1) Negation A statement which is formed by changing the truth
value of a given statement by using the word like ‘no’, ‘not' is
called negation of given statement. If p is a statement, then
negation of pis denoted by ~ p.

(i) Conjunction A compound statement formed by two simple
statements p and ¢ using connective ‘and’ is called the
conjunction of p and ¢ and it is represented by p Oq.

(iii) Disjunction A compound statement formed by two simple
statements p and g using connectives ‘or’ is called the
disjunction of p and q and it is represented by p Ogq.

(iv) Conditional Statement (Implication) Two simple
statements p and q connected by the phrase, if--- then, is called
conditional statement of p--- ¢ and it is denoted by p O q.

(v) Biconditional Statement (Bi-implication) The two simple
statements p and q connected by the phrase, ‘if and only if’ is
called biconditional statement. It is denoted by p = q.

Truth Value and Truth Table

A statement can be either ‘true’ or ‘false’ which is called truth value of
a statement and it is represented by the symbols T and F, respectively.

A truth table is a summary of truth values of the compound
statement for all possible truth values of its component statements.

Logical Equivalent Statements

Two compound statements say, S; (p,¢,r) and Sy(p,q,7,....), are said to
be logically equivalent if they have the same truth values for all
logically possibilities. If statements S; and S, are logically equivalent,
then we write

Sl(p7q7r"') = Sz(p7q7r7"')
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Table for Basic Logical Connections
Number of rows =22 =4

~(pA ~(p = q)=

p q ~p ~q plq pOq plqp-q EN(ZDZL "E“;,FN‘Q (pr~q) O

(~pnq)
TITIF] Fl T T | 7 T F F F
TIFIF| T F | T F F T T T
FFT T F F | T | T F T F T
FFFT T F | F | T T T F F

Tautology and Contradiction

The compound statement which are true for every value of their
components are called tautology.

The compound statements which are false for every value of their
components are called contradiction (or fallacy).

Truth Table
p| q 'pOq qOp " DTa;;d(%gv ” ) {(20£t;}di¢(:%ionp)}
T T T T T -
T OF F T T F
FI T T F T -
F | F T T T r

Laws of Algebra of Statements
(1) Idempotent Laws
(@ p0Op= p (b)pUpr= p
(i) Associative Laws
(@ (U eE pl @ r) O@ELYIE p @ r)
(iii) Commutative Laws
(@ pUg= ¢ p (b) pUg= g0 p
(iv) Distributive Laws
(@ pO@ry (B @ U 1)
b) pO@ary (B @& [ 1)
(v) De-Morgan’s Laws
(@ ~(pUgE ~pU(~q) b)~(pUgrE (~pl(~q)
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(vi) Identity Laws

(@) pOF= F () pOT= p

(¢ pOT= T (d pOF= p
(vii) Complement Laws

(@ pOCpE T (®) pO(~pE F
(viii) Involution Laws

(@~C~p=p~T=F b)) ~~P)=P

Important Points to be Remembered
(i) (@) If pisfalse, then~ pistrue. (b)If pis true, then~ p is false.
(ii) The numberofrowsintruthtableisdepend onthe number of statements.

)
)
(iii) (@) The converseof p 0 gisqd p. (b) Theinverseofp [0 gis~p 0 ~q.
(iv) The contrapositive of p 0 gis~qO ~p.

)

(v) A statement which is neither a tautology nor a contradiction is a
contingency.

Quantifiers
Quantifiers are phrases like, “There exists” and “For all”
(1) The symbol I stands ‘for all values of ".
This is known as universal quantifier.
(1) The symbol ‘0 stands for ‘there exists’.

This is known as existential quantifier.

Quantified Statement

An open statement with a quantifier becomes a quantified statement.
e.g. x*> 0,08 R is a quantified statemet. Its truth value is T.

Negation of a Quantified Statement
1) ~{p(x)is true, 0 &1 A} ={xJ A such that (s.t.) ~ p(x)is true}
(1) ~{0ad A: p(x)is true} ={~ p(x) is true, D& A}

Validity of Statements

Validity of a statement means checking whether the statement is valid
(true) or not. This depends upon which of the connectives and
quantifiers used in the statement.
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1. Validity of Statement with ‘AND’

If p and ¢ are two mathematical statements, then in order to show
that the statement ‘pA ¢’ is true, the steps are as follow

Step 1 Show that the statement pis true.
Step II Show that the statement ¢ is true.

2. Validity of Statements with ‘OR’

If p and ¢ are two mathematical statements, then in order to show
that the compound statement “ p or g ’ is true, one must consider the
following.

Case I Assume that pis false, show that ¢ must be true.
Or
Case II Assume that ¢ is false, show that p must be true.

3. Validity of Statements with ‘If-then’

If p and ¢ are two mathematical statements, then in order to show
that the compound statement, ‘if p then ¢’ is true, one must consider
the following.

Casel Assume that pis true, show that ¢ must be true (direct method).

Casell Assume that q is false, show that p must be false
(contrapositive method).

4, Validity of the Statement with ‘If and only if’

In order to prove that of the statement ‘p if and only if q ’ is true, the
steps are as follow

Step I Show that, if pis true, then q is true.
Step II Show that, if q is true, then pis true.
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Linear Programming
Problem (LPP)

Linear programming problem is one that is concerned with finding the
maximum or minimum value of a linear function of several variables,
subject to conditions that the variables are non-negative and satisfy a
set of linear inequalities.

Note: Variables are sometimes called decision variables.

Objective Function

The linear function which is to be optimised (maximised/minimised) is
called an objective function.

Constraints

The system of linear inequations under which the objective function is
to be optimised is called constraints.

Non-negative Restrictions

All the variables considered for making decisions assume non-negative
values.

Optimal Value

The maximum or minimum value of an objective function is known as
the optimal value of LPP.

Mathematical Description of a General Linear
Programming Problem

A general LPP can be stated as (Max/Min)
Z = ¢x) +eoxy ...+ ¢, x, (Objective function) subject to constraints
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Oay % +apxy .. ta, x, (=25 0

Eam X+ Qgg X9 F... t @y, X,(S=2)by

Ay X+ Ay Xy *.ota, X, (S=2)b, and the non-negative restrictions
Xps Xg 5oy X, =0 where all a;; , Qg seees Qs 015 0y 5ees Dy 5014 Coeey €
are constants and x;, x,.,..., X,, are variables.

Some Basic Definitions

(1) Feasible Region The common region determined by all the
constraints including non-negative constraints is called the
feasible region (or solution region)

(i) Feasible Solution of a LPP A set of values of the variables
Xy, %9 ..., X%, satisfying the constraints and non-negative
restrictions of a LPP is called a feasible solution of the LPP.

or Points within and on the boundary of the feasible region
represent feasible solutions of the constraints.

(i11) Optimal Solution of a LPP A feasible solution of a LPP is
said to be optimal (or optimum), if it also optimises the objective
function of the problem.

(iv) Extreme Point Theorem An optimum solution of a LPP, if it
exists, occurs at one of the extreme points (i.e. corner points) of
the feasible region.

Note If two corner points of the feasible region are optimal solutions of same

type, then any point on the line segment joining these two points is also an
optimal solution of the same type.

Solution of Simultaneous Linear Inequations

The solution set of a system of simultaneous linear inequations is the
region containing the points (x, y) which satisfy all the inequations of
the given system simultaneously.

To draw the graph of the simultaneous linear inequations, we find the
region of the xy-plane, common to all the portions comprising the
solution sets of the given inequations. If there is no region common to
all the solutions of the given inequations, we say that the solution set
of the system of inequations is empty.

Note The solution set of simultaneous linear inequations may be an empty set
or it may be the region bounded by the straight lines corresponding to given
linear inequations or it may be an unbounded region with straight line
boundaries.
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Working Rule to Draw the Graph of an Inequation

@

(i)

Consider the constraint ax + by < ¢, where a® + b2 # 0 and ¢ > 0.
Firstly, draw the straight line ax + by =c. For this find two
convenient points satisyfying this equation and then join them.

This straight line divides the xy-plane in two parts. The
inequation ax + by < ¢ will represent that part of the xy-plane in
which the origin lies.

Again, consider the constraint ax + by = ¢, where a + b2 #0
and ¢ > 0.

Draw the straight line ax + by = ¢ by joining any two points on it.

This straight line divides the xy-plane in two parts. The
inequation ax + by = ¢ will represent that part of the xy-plane,
in which the origin does not lie.

Graphical Method of Solving a Linear
Programming Problem

This method of solving a LPP is based on the principle of extreme point
theorem, referred as corner point method.

The method comprises of the following steps

@)
(ii)
(iii)
(iv)
™)

(vi)

Consider each constraints as an equation.

Plot the graph of each equation each of these will geometrically
represent a straight line.

Find the feasible region.
Determine the vertices (corner points) of the feasible region.

Find the values of the objective function at each of the extreme
points.

(a) If region is bounded, then maximum (say M) or minimum
(say m) value out of these values obtained in point (v), is the
required maximum or minimum value of the objective
function.

(b) Ifregion is unbounded, then maximum (say M) or minimum
(say m) value out of these values obtained in point (v) may
or may not be required maximum or minimum value of the
objective function. In this case, we go to next point.
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(vi1)

Suppose the given objective function is ax + by, then for
maximum value draw the graph of inequality ax + by > M and
for minimum value draw the graph of ax + by < m. If open half
plane obtained by these inequalities has no point in common
with the feasible region obtained in point (iv), then M or m is the
required maximum or minimum value. Otherwise, objective
function has no maximum or no minimum value.

Different Types of Linear Programming Problems

®

(i)

(iii)

Diet Problems In these types of problem, we have to find the
amount of different kinds of constituents/ nutrients which
should be included in a diet, so as to minimise the cost of the
desired diet.

Manufacturing Problems In these types of problem, we
have to find the number of units of different product which
should be produced and sold by a firm when each product
requires a fixed manpower, machine hours, etc in order to make
maximum profit.

Transportation Problems In these types of problem, we
have to determine a transportation schedule in order to find the
minimum cost of transporting a product from plants/factories
situated at different locations to different markets.
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Number System

Number A number tells us how many times a unit is contained in a
given quantity.

Numeral A group of figures (digits), representing a number, is
called a numeral.

Face Value and Place Value of the Digits
In a numeral, the face value of a digit is the value.

In a numeral, the place value of a digit changes according to the
change of its place.

e.g. In the numeral 576432, the face value of 6 is 6 and the place value
of 6 is 6000.

Types of Number System

(1) Binary Number System (Base-2) It represents numerical
values using two digits usually ‘0’ and ‘1’. This system is used
internally by computers and electronics.

For binary systems, as we move left to the decimal point number
gets 2 times bigger and as we move right to the decimal every
number gets 2 times smaller.

e.2.1011101=1x 2% +0 x2% +1 x2! +1 x2° +1 x27!
+0x2%2+1x278
Decimal 0 1 2 3 4 5
Binary number 0 1 10 11 100 101

(i) Octal Number System (Base-8) It represents numerical
values using 8 digits from ‘0’ to ‘7’.
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As we move left to the decimal point number gets 8 times bigger
and as we move right to the decimal point number gets 8 times
smaller.

Decimal 0 | 1 |2 |3 |4 |5 |6|7/|8]|9]|10
Octal 0 1 2 3 4 5 6 7 10 | 11 | 12

(iii) Hexadecimal Number System (Base-16) Every numerical
value in this system is represented by decimal numbers 0 to 9
and letters (A, B, C, D, E, F) in place of number 10 to 15. As we
move left to decimal number gets 16 times bigger and as we
move right to the decimal numbers gets smaller by 16.

Decimal 0/1/2/3/4/5/6|7/8|9/10/11/12|13|14/|15

Hexadecimal |0 | 1|23 /4|5|/6|7|8/9 A|B|C|D|E|F
number

(ivy Roman Number System Roman Numerals and their
corresponding Indo-Arabic numerals

Roman numerals | v X L C D M
Indo-Arabic numerals | 1 5 10 | 50 | 100 | 500 | 1000

(v) Decimal Number System Numeric values are represented
by using digits from ‘0’ to ‘9’.

Classification of Numbers in
Decimal Number System

Real Number

¥ ¥
Rational Number Irrational Number
A
\
Integer Non-Integer Rational Number
A
¥ ¥ v
Positive Integer Negative Integer Whole Number Natural Number

Natural Numbers Numbers starting from 1, having no fraction
part, which we use in counting the objects, denoted by V.

N=1{1,2,3,..}
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Whole Numbers The system of Natural numbers along with
number 0, is called whole number (W).

W ={0,1,2,3,...}

Different Types of Natural Number

(1) Even Number A number, which is multiple of 2 is called an
even number.

(i) Odd Number A number, which is not a multiple of 2 is called
an odd number.

(ii1)) Prime Number The number which can be divided only by
itself and 1 is called prime number.

e.g. 28,5 7, 11, ...

(iv) Composite Number The number which can be divided by a
number other than 1 and the number itself is called composite
number.

(v) Consecutive Number A series of numbers in which each
number is greater by 1 than the number which precedes it.

Method to Determine a Given Number is Prime or Not

Step I Find a new number larger than the approximate square
root of given number.

Step II Test whether the new number is divisible by any prime
number.

Step III If the new number is not divisible by any of the prime
number, then given number is a prime number otherwise
it is composite number.

Division on Numbers (Division Algorithm)
Let ‘@ and ‘b’ be two integers such that & # 0 on dividing ‘a’ by ‘ b’

Let ‘¢’ be the quotient and ‘r’ the remainder, then the relationship
between a, b, ¢ and r is a=bq +r.

or in general, we have
Dividend = Divisor x Quotient + Remainder
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Test of Divisibility on a Natural Number
(1) Divisibility by 2 A number is divisible by 2, if digit on unit
placeis 0, 2, 4, 6, 8.
(ii) Divisibility by 3 If the sum of the digits of a number is
divisible by 3, then the number is divisible by 3.

(iii) Divisibility by 4 If the last two digits of a number is divisible
by 4 or the last two digits are ‘00’, then the number is divisible
by 4.

(iv) Divisibility by 5 A given number is divisible by 5, if 0 or 5
comes at unit place.

(v) Divisibility by 6 If a given number is divisible by 2 and 3,

then it is divisible by 6.

(vi) Divisibility by 7
(a) If a number is formed by repeating a digit six times, the

number is divisible by 7, 11 and 13. e.g. 666666.

(b) If a number is formed by repeating a two-digit number three
times, the number is divisible by 7. e.g. 676767.

(c) If a number is formed by repeating a three-digit number two
times, the number is divisible by 7, 11 and 13. e.g. 453453.

(vii) Divisibility by 8 If the last 3 digits of a number is divisible
by 8 or the numbers ends with ‘000’, then it is divisible by 8.

(viii) Divisibility by 9 If the sum of the digits of a number is
divisible by 9, then the number is divisible by 9.

(ix) Divisibility by 10 If ‘0’ comes at unit place of a number, then
it is divisible by 10.
(x) Divisibility by 11 A given number is divisible by 11, if the
difference between the sum of the digits in odd places and the
sum of the digits in the even places is either 0 or a multiple by 11.
(xi) Divisibility by 12 If a given number is divisible by 4 and 3,
then it is divisible by 12.
(xii) Divisibility by 25 When the number formed by last two
digits is divisible by 25.
(xiii) Divisibility by 27 When the sum of the digit of the number is
divisible by 27.

(xiv) Divisibility by 125 When the number formed by last three
digits is divisible by 125.
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Important Results on Divisibility
1. If N is a composite number of the form a? [b? (..., where a, b
and c are primes, then the number of divisors of IV is given by
(p+D(@+D( +1)....
2. The sum of the divisors of N is given by
S:wpﬂ—1ngﬂ”—1%¥”l—n
a-1 b-1 c-1

Important Results of Natural Numbers

(1) The sum of first n natural numbers = nn+1)

n
ie. z

(1) The sum of the squares of first n natural numbers
2 n(n+1)(2n +1)

2 _
A

(i11)) The sum of the cubes of first n natural numbers

n(n +1)

L [n(n+1)m L Dz
Z 5 H—IZI D

(iv) The sum of first n odd numbers
2

(1+3+5+7+.. +upto n terms) = n
(v) The sum of first n even numbers
(2+4+6 +... +upto n terms) = n(n +1)

(vi) The sum of the square of first n odd numbers
(1% + 32 + 5% +... +upto n terms) = %(4n2 -1)
(vil) The sum of the square of first n even numbers

2n(n +1)(2n +1)
3

(22 + 4% + 62 +... +upto n terms) =

(viii)) The sum of n terms of the series
1+(1+2)+(1+2+3) +... +(1 +2 +3 +.. +n)

:%n(n +1)(n +2)
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Important Points to be Remembered
(i) The product of any n consecutive numbers is divisible by n!.

(i) The product of any two consecutive odd or even numbers increased by 1
is a perfect square.
eg.(11x13+1=144 =122 (i) 12 x 14 +1=169 =(13)?

(iii) The difference between the squares of two consecutive numbers is equal
to the sum of those consecutive numbers.

152 —14> =15 +14 =29

Rule to Determine the Digit at Unit Place

Rule 1. For odd numbers When there is an odd digit at the unit
place of the base (except 5), multiplying the number itself until you get
1 in the unit place.
DY =00 LM =D
(.D" =1 (.9 =(.1

Rule 2. For even numbers When there is an even digit at unit place
of the base, multiplying the number by itself until you get 6 in the unit
place.

(.2 =(...6) (...6)" =(...6)

(4" =(..6)  (..8" =(..6)

Rule 3. 1, 5, 6 at unit’s place. If there is 1, 5 or 6 at the unit place of
base, then any times of its multiplication, it will get the same digit in
unit place.

.1 =(..1)
(..5)" =(...5)
(...6)" =(...6)

Integers

Any number having sign ‘+’ ve or =’ ve without having any fractional
part is called integer (including zero).

I or Z={.,-3,-2,-1,0,1,2,3,...}

Important Points to be Remembered
(i) If nis anatural number, then the number of integers between —nandn
is2n—1.
(i) If nand m are natural numbers such thatn <m, then numbers of integers
betweennand mism—-n—1.
(iii) 1fnand m are natural number, then number of integers between —n and
mism+n-1
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Rational Numbers

A number which can be written in the form of £, where p,q0Z and
q

q % 0, is called rational number. A rational number can be expressed as
decimal based, on which rational number are of two types :

(1) Terminating Ifthe prime factors of denominator contains no
factor other than 2 and 5, it is terminating.

(i) Non-terminating Recurring If the prime factors of
denominator contains factor other than 2 and 5, is
non-terminating recurring rational number.

Rational Number between Two Rational Numbers

If @ and b are two distinct rational numbers such that a< b, then
n rational numbers between a and b, may be

a _ . .
a; =a+t x 1, where 1=1,2,3,...,n.

n +

Irrational Number

An irrational number is a non-terminating, non-recurring decimal,
which cannot be written in the form of p/q, is called irrational number.

Important Points to be Remembered
(i) The number +/x, x is not a perfect square, is an irrational number and

N y is also irrational.

(ii) Ttis anirrational number.

(iii) Ois notan irrational number.

(iv) Sum, difference, product and quotient of two irrational numbers may be
rational or irrational.

(v) Sum, difference, product and quotient of one rational and other irrational
number is always irrational.

(vi) If a and b are two distinct rational numbers, then for a <b, n irrational
numbers between a and b may be

;=a+ b-a J2 xi, wherei=1,2,3,...,n.
2n+1)

Real Number

Any number, which is either rational or irrational is called real
number and it is denoted by the symbol R.
i.e. R = {Set of all rational and irrational numbers}
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Properties of Real Numbers
(i) Commutative property of addition
a+tb=b+a
(i) Commutative property of multiplication
alb=blh
(111) Associative property of addition
a+(b+c)=(a +b) +c
(iv) Associative property of multiplication
al(ble)=(alb)l&
(v) Left distributive property
allb+c)=alb+ald
(vi) Right distributive property
b+eo)l=blh +c &
(vil) Additive identity property
at0=a
(viil)) Multiplicative identity property
all=a
(ix) Additive inverse property
a+(-a)=0

(x) Multiplicative inverse property

a%@ﬂ

Note Here, a cannot be 0.

(xi) Zero property a D=0

Complex Numbers

If @ and b are two real numbers, then the number (a + ib) is called the
complex number and it is denoted by the symbol C.

ie. C={a+ib,a,bR}

Here, a is called real part and b is called imaginary part.
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Fraction

Fraction A fraction is a number representing ratio or division of two
natural numbers.

Types of Fractions
(1) Proper Fraction A fraction, having numerator smaller than

the denominator. e.g. 2 , 5 , §
3 817
(i) Improper Fraction A fraction, having numerator greater
. 2 259
than or equal to denominator. e.g. —, =, —,—.
2°'1 3 6
(iii) Like Fractions Fractions having same value in denominator.
26117
555’5
(iv) Unlike Fractions Fractions having different values in
. 2 2 2 2
denominator. e.g. —,—,—,—.
3 5 11 13
(v) Equivalent Fraction Fractions representing the same ratio

or numbers are called equivalent fraction. e.g. — = 6_9_ 1—2
5 10 15 20

(vi) Mixed Fraction It consists of two parts, an integer and a

fraction. e.g. 21 , 51.
3 4

(vil) Decimal Fraction A fraction having 10 or power of 10 in the

. 5 2 61
denominator. e.g. —,—,——.
100 10 1000

(viii) Vulgar/Common Fraction Fraction having denominator

other than 10 (or power of 10). e.g. % s

(ix) Complex Fraction A fraction, in which numerator and

denominator, both are fractions. e.g. 73 207

2/5°5/6
Comparison of Fractions

Fraction can be compared by any of the given method.

(1) LCM Method By taking LCM of all the denominators in the
given fraction, then comparing their numerators by making
their denominators equal.

(i) Decimal Method By converting fractional numbers into their
corresponding decimal numbers, which can be easily compared.
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(ii)) Cross-multiplication Method If we have two fractions %

and é, then cross-multiply the fraction. i.e. we get ad and bc.

The fraction, whose numerator after cross-multiplication gives
the greater value is greater.

i.e. If ad > be, then £> <,
b d

Ascending/Descending Orders in Fraction

Rule 1. When numerator and denominator of the fractions increase
by a constant value, then the last fraction is the greatest fraction.
X x+a x+2a x + na

le. =, , R .
y y+b y+2b y+nb
+ . .
Then, YT nd i greatest, if a = b.
y+n

Rule 2. In above case, consider a < b

. + .

@) If% > f, then X~ "% is greatest.
Y ytn
X X+ na

1s smallest.

Gi) 2<% then
by y+n

(ii1) If % = i, all values are equal.
Y

Rule 3. For arranging fractions in ascending/descending order
Step T Compare first two numbers.

Step II Compare the third number with the one obtained in Step I
(larger/smaller depending upon ascending/descending
order).

Step III Repeat Step II until the last term.

Power and Index

If a number a is multiplied by itself n times, then product is called nth
power of a and is written as a¢”. In a”, a is called the base and n is the
index.

(1) If a is a rational number and m is a positive integer, then

a™ =axax..xa(mtimes) or a™ =a xa xa X... Xa



(i1)

(iii)

@iv)

V)

(vi)

(vii)

Note
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If a is a non-zero rational number and m is a positive integer,

then
Yxa™ xaq™ x... xa }(m times)

o
l><l><... Xl(mtimes) :%ﬁ"
a a a

If @ and b are non-zero rational numbers and m is a positive
integer such that a™ = b, then we may write b = a.

b"™ may also be written as n[p (mth root of b).

Let a be a non-zero rational number and p/q be a positive
rational number, then a”? may be defined as
a”? = (a?)"? read as ‘gth root of the pth power of o’.

or a”9 = (a"?)? = ({a)” read as ‘ pth power of gth root of @’

If a is a non-zero rational number, then for positive rational
exponent p/ ¢, then number a ~ ”’? may be defined as

/q

_ 1 - . .

a Pl === . We say a” P9 is reciprocal of a”? on
a

(p/ q@)th power of the reciprocal of a.

Laws of Exponents If e and b are positive rational numbers
and m and n are rational exponents (positive or negative), then

Rule 1. o™ xa" =a™*" Rule 2. 0™ +a” =a™ ™"
Rule 3. (a™)" =a™ ™" Rule 4. a™b™ = (a )"
Rule 5.a° =1 Rule 6. (a/ b)" =a™/ b"™
Rule 7.0 ™ =1/ a™ Rule 8. (a/ b) " =(b/ a)™

Exponential Radical Forms If y is a positive rational

number and ¢ is a positive integer, then y'?=x, or x =9y

denotes the positive real gth root of y.

(a) The form yyq is called exponential form. The number y is
called the base and 1/q is called its exponent.

(b) The form % is called the radical form. The number ¢ is

called the index of the radical and y is called the radicand.
The index of the radical is always taken positive.

(i) A number written in exponential form can also be expressed in radical
form and vice-versa.

(ii) If a number expressed in exponential form has a negative exponent,
then first the exponent must be changed to positive by taking the
reciprocal of the base.
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Surds

Irrational root of a rational number is called a surd.

If n is a positive integer and a is a positive rational number, which
cannot be expressed as the nth power of some rational number, then
the irrational number, ¥a or " that is the positive nth root of a, is
called surd or a radical. The symbol ’{f is called the radical sign, n

is called the order of the surd (or radical) and a is called the
radicand. Hence, V2 is not a surd as /2 is not a rational number.

However, /7 is a surd as 7 is a rational number and square root of 7 is
not a rational number.

\/64 is not a surd as though 64 is a rational number but v/64 = 8 which
is not an irrational number.
O /12 is a surd of order 6.

Properties of Surds

1. Every surd is a real number. However, every real number is not
a surd.

2. A surd of order 2 is called a quadratic surd or square root. Hence,

J7 ,\/% ,\/3 are quadratic surds.

3. A surd of order 3 is called a cubic surd or cubic root. Hence,
/2, 3Y5,3/2/ 5 are cubic surds.

4. A surd of order 4 is called a biquadratic surd.
Hence, %, 2 ‘\‘/?, 4 ‘{/Z are biquadratic surds.

5. A surd containing only one term is called a monomial surd.
Hence, - 2?\’/3, 34/7 are monomial surds.
6. If %/a is surd, then (¥a)" = a.
7. If%a and ¥/b are surds, then ¥a x %/b =%ab
Ya _ [a

8. If ¥a and /b are surds, then ===

b \b

9. If %a is a surd and m is a positive integer, then
Wxa = 4a =a.
10. If ¥a” is a surd and m is a positive integer, then N a? = "Ya?"

(index of the radical and the exponent of the radical are
multiplied by same positive integer m).
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A surd which has a rational factor other than unity, the other
factor being irrational is called a mixed surd.

Thus, 2\/5, 7%,%% are mixed surds.

A surd which has unity as its rational factor, the other factor
being rational, is called a pure surd.

Thus, 10, 4 ,/7 are pure surds.

Two surds of same order can be compared by just comparing
their radicands. If ¥/a and ¥/b are surds, then %/a >%/b, if a> b
and”a<’\‘/5,ifa< b.

If two surds are not of same order, then to compare them they
must first be reduced to same order.

Let ¥a and Vb are surds such that m # n.

Let LCM of m and n be p. Then, to compare them both must be
reduced to pth order.

Surds having same irrational factor are called similar or like
surds.

Thus, 3\/5, %\/5, - 2\/7, - %x/i are similar surds (each has same

irrational factor of \/5).

Only like surds can be added or subtracted. If x ¥/a and y %/a are
surds, then x”a+y’\’/7=(x+y)’{/5

and x%a-y%¥a=@x-y) Y.

Product of a surd with a rational number is again a surd.

If p and ¢ are rational numbers and %/a is a surd, then
px(q¥a)=pg¥a.

Surds of same order can be multiplied as follows
Yo x 1b = '{/m (radicands get multiplied and order remains

same).

Also, p tfa x q e pxq*a xb (rational factor of first gets

multiplied by rational factor of second. Radicand of first gets
multiplied by radicand of second. Order remains same).

If %/a is a surd in simplest form, then its simplest rationalising

factor is ¥a" L.
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21. If ¥ a” is a surd in simplest form, then its simplest rationalising
factor is Na" %
22. If Xa”b? is a surd in simplest form, then its simplest

rationalising factor is X a" " ?b" 9.

23. A surd containing only two distinct terms is called a binomial
surd. Hence, J2 + \/g, 243 + 3\/5, 7 ++/3 are binomial surds.

24. Two binomial surds are said to be conjugates of each other, if
they differ only in sign (+ or —) connecting them.
Thus, 24/2 + 3v/3 and 242 - 33 are conjugates of each other.

25. Rationalising factor of a binomial surd is its conjugate.
e.g. Rationalising factor of av/b + c/d is avb - c/d.

26. Surds containing three distinct terms is called a trinomial

surd. Hence, J7+ \/27 + 3\/5, J7 =2 ++/3 are trinomial surds.

Some Useful Results

(i) Wa)=a (i) (avb)? =a xa xb

1 _+a . 1 _Ja-+b

(iii) ——==— (iv) =
Ja a Ja ++b a-b

o) 1 =\E+% i) Na++b _a+b+2Jab
Ja-vb  a-b Ja-vb  a-b

wii Ja-+b _a+b-2Jab wi «E+«E Ja-b _2Aa+b)
Ja+dbo~ a-b ) Va6 "Jarvb  a-b

General Formulae Used for Solving Product
() (xxy)* =2" * 2y +y°

(i) (x+y)(x=y) =x" -y°

(i) (x+y)® =2 +3x2%y +3xy? +5°

(v) (x=y) =" =y° =3xy(x —y) =x> -y° +3xy” 3«7y

W) (x+y+2)? =x2 +y? +22 +2xy +2yz +2xz

vi) 2° + 5" =(x + )" +y* ~xy)

(viD) 2° = y% =(x —y)’ +3xy (x ~y) =(x —y)(x* +y* +xy)
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(viil) (x + @)(x +b) =x” +(a +b)x +ab
(x) (&% + 5> +2° = 3ayz) =(x +y +2)(x® + y% + 2% —xy — yz —2x)
Ifx+y+z=0e o +)> +2% =3xyz
) &'+ 2%yt +yt = ay +yH(? —xy +y%)
xi) & +5° +2° =(x +y +2)° -3x +y)(y +2)(x +2)
xi) (x+ y)(y +2)(z +x) =(x +y +2)(xy +yz +zx) -xyz

(xii) (x = p)* +(y —2)* +(z —x)” =2(«* +y* +2* —xy —yz —2zx)

(xiv) a + b =+/(a - b)? +4ab
(xv) @ -b=4+(a +b)? -4ab

HCF and LCM
Factor and Multiple

Factor A number which can divide a given number exactly, is called
a factor of that number.

Multiple A number which is divisible by a given number, is called
multiple of that number.

HCF (Highest Common Factor)

HCF of two or more numbers is the greatest number, which divides all
the given numbers exactly.

1. Prime Factorization Method

Break the given numbers into their prime factor, the product of the
prime factors, common to all numbers gives the HCF.

2. Division Method
Step 1 Divide the larger number by smaller number.

Step II Take remainder (as obtained in Step I) as divisor and the
last divisor as the dividend.

Step III Repeat Step II until 0 is obtained as remainder. The last
divisor will be the required HCF.
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1. HCF of More than Two Numbers

First, find the HCF of first two numbers by any of the two methods.
Next, find HCF of the third number and previously found HCF.
Similarly, it can be done for any number of numbers.

2. HCF of Decimals

Step 1 First make the same number of decimal places in all the
given numbers.

Step II Remove the decimals as if they are integers, thus obtain
the HCF of obtained integers.

Step III Place as many decimal places in the obtained HCF as
there are decimal places in each of the numbers.

3. HCF of Fractions

HCF of fractions, after expressing them in their lowest form
_ HCEF of numerator
LCM of denominator

LCM (Least Common Multiple)

The least number which is exactly divisible by two or more given
numbers is called LCM of those numbers.

Factorization Method to Find LCM

Step I Find prime factors of each of the given number.

Step II Find the product of all the prime factors which appears
greatest number of times in the prime factorization of any
given numbers. The product is the required LCM.

1. LCM of Decimals

Step I Make the same number of decimal places in all the given
numbers.

Step II Remove the decimal and consider the numbers as integer.
Step III Find LCM of obtained integers.

Step IV Mark as many decimal places as there are decimal places
in each of the number.



Elementary Arithmetic-l 363

2. LCM of Fractions

LCM of the fraction numbers, after expressing them in their lowest
form = LCM of numerator

" HCF of denominator

Important Points to be Remembered

(i) Fortwo numbers aand b, HCF xLCM =a xb.
axbxc

(ii) Forthree numbersa, b, ¢, LCM = >
(HCF)

(iii) Fornnumbersa,, a,,a;,4a,,...,a,
LcM = B X% X as ... x a,
(HCF)"™!

(iv) Ifxisafactor of y, then HCF =x and LCM =y

(v) To obtain the greatest number that divide x, y and z leaving remainders
p, g and r, we will find the HCF of (x —p),(y —q) and(z —r).

(vi) To obtain the lowest number, which when divided by x, y and z leaving
remainder p, gand r respectively, then
(x =p) =(y —q =(z —r) =k (say).
Required number = (LCM of x, y and z) =k

Simplification
In mathematical expression, which consists of several operations.

Then, operations should be performed in the order of each of the letter
of ‘BODMAS’.

B - Brackets () 1511
0 - Of of
D - Daivision -
M - Multiplication X

A - Addition
S - Subtraction -
Note Brackets must be removed in the order of (), { } and [ ].

Quicker Methods
(1) For addition/subtraction of mixed fraction.
Step 1 Add/subtract integer part only.
Step 11 Add/subtract fraction part only.
Step III Add both the results.
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(i1) For subtraction of a whole number and fraction.
Step I  Subtract 1 from the whole number.

Step 11 In the fraction number, subtract numerator from the
denominator and write in numerator.

Step III Add both the results.

e.g.Consider mixed fraction 6 — ;—2

Step1 6-1=5

Step 11 25-23_ 2
25 25
2 2

Step I 5+ 2 =52
P 95 25

Average
Average is the ratio of the sum of the distributed data among different
objects divided by number of data.

Sum of data

ie. Average = —————————
Number of data

and  Sum of data = Average x Number of data

Combined Average

(1) If x and y is the average of objects m and n respectively, then the
. +
combined average of the data = mxrTny
m+n
(1) If x, y and z are the average of objects m, n and p respectively,

then combined average of the data
_mx+ny+ pz

m+n+p

Important Results on Average

(i) When the same value x is added to each element of the data,
then new average = original average + x

(i1) When the same value x is subtracted from each element of the
data, then new average = original average — x

(i11) When the same value x is multiplied to each element of data,
then new average = original average X x



(v)

V)

(vi)

(vii)

(viii)

(ix)

(x)
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When one element, x is removed from the data, then
Sum of data —x

New average =
Number of elements— 1

When one element x is added to the data, then
Sum of data +x

New average =
Number of elements+ 1

When one of the data is wrongly taken, then

New average
%\Tumber of data x Incorrect average — Incorrect valued
5 + Correct Valueg

Number of data
When more than one value is wrongly taken,

Correct average
%\Iumber of data x Incorrect average — Sum of incorrect datag

E + Sum of correct data §

Number of data

) +
The average of first n natural numbers = n?l

If a person travels half of the distance at x km/h and rest of the
distance at y km/h, then average speed during whole journey
_ 2xy

_x+y

If the average age of m boys is x and the average age of n boys out
of them is y, then the average age of the rest of the boys is
mx — ny

m-n

Ratio and Proportion

Ratio

Ratio is the relation between one quantity and another quantity, given
that both quantity must be of the same kind and same unit, denoted by
x:y,read as x " is to ‘y’

where, x is called antecedent and y is called consequent.

Note

If antecedent and consequent of a ratio is multiplied/divided by the same
number, then ratio remains same.
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Compositions of Ratios
(i) Compound Ratio Ratio obtained by multiplying together the
antecedents of different ratios to get a new antecedent and
consequents to get a new consequents is called compound ratio.
ie.,fora:b,c:d,e: f, compound ratio = ace: bdf
(i) Duplicate Ratio For x: y, duplicate ratio = x? : y*
(iii) Triplicate Ratio For x: y, triplicate ratio = x® : y°

(iv) Subduplicate Ratio For x: y, subduplicate ratio = v/x :4/y

(v) Subtriplicate Ratio For x: y, subtriplicate ratio = 272 : y¥3

(vi) Inverse Ratio/Reciprocal Ratio
For x: y, inverse ratio = y: x

Types of Ratios
For a ratio x: v,
(1) if x = y, then ratio is of equality.
(11) if x> y, then ratio is of greater inequality.
(u11) if x < y, then ratio is of lesser inequality.

Some Important Results

(1) If ratio between first and second quantity is @ : b and the ratio
between second and third quantity is c:d, then ratio among
first, second and third quantity is

ac:bc:bd

(i1) If the ratio between first and second quantity is a:b, ratio
between second and third quantity is ¢: d and the ratio between
third and fourth quantity is e: f, then ratio among first, second,
third and fourth quantity is

ace: bee: bde : bdf

(i11) To divide n things between two objectsin the ratiox: y : z, then

x n; Second object share = X n

x+ty x+ty

First object share =

Proportion

When the ratio of two quantities is same as the ratio of two other
quantities, then these quantities are said to be in proportion. i.e.

If a:b=c:d, then a, b, c and d are in proportions, where a and d are
called extremes and b and c are called means. And a:b=c:d is
denoted by a:b::c:d or ad =bc 0 Product of means = Product of
extremes
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1. Continued Proportion

(1) Quantities a,b and c are called continued proportion, if

a:b:b:ci.e.g:é.
b ¢

‘b’ is called mean proportional of @ and ¢ and b = v ac

and c is called third proportional of @ and b and ¢ = L

2

a

(i) Quantities a, b, ¢, d and e are called in continued proportion, if

a:b=b:c=c:d :d:ei.e.g:é:£:—.

2. Direct Proportion

Two quantities are said to be in direct proportion, if by increasing or
decreasing one of the quantities, the other increases or decreases,

respectively to the same extent.

3. Indirect Proportion

Two quantities are said to be in indirect proportion, if by increasing or
decreasing one of the quantities, the other decreases or increases,

respectively to the same extent.

Some Important Results
(1) Invertendo Ifa:b::c:d,thenb:a:: d:c

(i) Alternendo Ifa:b::c:d,thena:c::b:d

(iil)) Componendo Ifa:b::c:d,then(a+b):b::(c+d):d
(iv) Dividendo Ifa:b::c:d,then(a-0b):b::(c-d):d

(v) Componendo and Dividendo If a:b::c:d, then

(a@a+b):(a-b)::(c+d):(c —d)

(vi) d=C=°- | ,then each ratio is equal to
b d f
(a) atcte+t... (b) pat+qc+re+...
b+d+f+... pb+qd +rf +...
0 n n n |:ll/n
+ + +
Hpa” +qc” *ret +... 4

Opb" +qd" +rf" +...00
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Time and Work

Each person has different capabilities to do any work. If a person has
lot of capability to do a work, then he takes less time to do that work
and if a person has less capability to do a work, then he takes more
time to do that work.

O A person take a time to do any work
0 1
Capability of person to do that work

Important Points Related to Work are
(1) Work is considered as whole or 1.
(i) Time and work are always indirectly proportional.
(i1i) Men and work are directly proportional to each other.
(iv) Men and time are inversely proportional to each other.

(v) Ratio between the wages is equally divided between the work
done in a day by men.

(vi) It is assumed that the person works at uniform rate until and
unless specified.

(vi1) Unit of time is either days or hours.

Fundamental Formula

If M, person can do W, works in D; days and M, persons can do W,
work in D, days, when M; works 7} hour with efficiency of E, and M,
works 75, hour with efficiency of E,, then

M,D\T\E\W,, = M,D,ToE, W,
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Some Important Results

Let X,Y and Z are persons who are assigned a particular job. Working
alone ‘ X’ completes the job in ‘ x’ days / hours, ¢ Y’ completes the job in
¢y’ days/hours and ‘ Z’ completes the job in 2’ days / hours, then

(i) One day’s/hour’s work done by X = 1 .Similarly, one day’s/hour’s
X
work done by ‘Y’ and‘ Z’ be 1 and 1, respectively.
y z

1) In n days/hours, work completed by x, y and z are —, — and —.
(1) y p y X,y
Xy z

(i11) If X and Y are working together, then work completed in one

day/hour by them = 1 + = L_x*y
x Yy xy
or Number of days to complete the work by X and Y together
=
x+y

(iv) Similarly, if X,Y and Z are working together, then work
. + yz +
completed in one day/hour = Xyryerax

xyz
_wz
xy + yz +zx

(v) If X and Y are working together and complete the work in m

days, X can complete the work in x days working alone, then
xm

or Number of days to complete the work =

number of days to complete by Y, Y =
x—-m

(vi) If X and Y are working together and complete the job in m days.
If X takes a days more than m and Y takes b days more than m,
completing the job alone, then m? = ab

(vii) If A completes p/q part of the work in a days, then time taken by
him to complete the remaining part of the work

p7q§ qE

(viil) If m men can do 1/n of a work in a days, then the number of men
ma

p required to complete the work in b days, is p =

(ix) If X men or Y women can do a piece of work in a days, then m
men or n women can do the same work in
n
+
Xxa Yxa
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Speed, Time and Distance

Distance Length of the path covered by an object.
Speed Distance travelled by an object in unit time,

ie. Speed = 7Dlsjcance
Time
or Distance = Time x Speed

Average Speed Ratio of the total distance and the total time taken
by the object to cover that distance,

Total distance covered
Total time taken

o If the speed of a body is changed in the ratio a: b, then ratio of the
time taken to cover the same distance is b: a.

e Conversion of speed

1 km/h = ) m/s, 1 m/s = 18 km/h
18 5

1e. Average speed =

Some Important Results

(1) If an object covers a distance of x km/h and he covers the same
distance at y km/h, then average speed during whole of the

. 2 . .
journey = fy and if the total time taken for the complete
xTy
. . . . 2XtxXx X
journey is ¢, then distance covered by an object = #
xrty

(i1) If an object starts from point P and goes to @ at a speed of x km/h
in time ¢, and returns to P from @ in time ¢, at the speed y km/h,

then distance between P and @ = (¢, +¢,) 3?)

X

(i11) If an object starts at a point (say P) at a speed x km/h at
particular time (say p am) and another object starts at the same
point with speed y km/h at time (say ¢ am), then

Meeting point’s distance from starting point

_ xx y xDifference in starting time _ x x y x| q — p|

Difference of speed [x =yl

Now, suppose first object reaches its destiny (say ) at time
p, am/pm and second object reaches @ at ¢; am/pm, then first
and second object will meet at
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= First’s starting time
+ (Time taken by I) (IT reaching time - I reaching time)

Sum of time taken by I and II
(- P)(gy — p)
(p - (@ -9
@iv) If two objects X and Y, starts from point P at speed x and y

respectively (y > x), Yreaches at point @ and returns and meet X
at point say R, then

:p+

. 0 x O
Distance travelled by X =2 x d x
y Exi+ y
. Uy d
and distance travelled by Y =2 xd x —[]
[k + y0O

where, d = Distance between P and Q.

(v) If Pand @ are two points on a straight line, an object A starts from P
and reaches at @ in time ¢, and object B starts from @ and reaches
at P in time ¢,, then

Speed of A : Speed of B = \/g : \/E

Problems Based on Trains

(1) When two trains are moving with velocities x and y km/h
respectively, then relative speed will be
(a) (x — y) km/h, if they are moving in same direction.
(b) (x + y)km/h, if they are moving in opposite direction.

(i) When a train passes a platform, then to calculate time to pass

the platform, we should consider distance as the sum of length of
train and the length of the platform.

Some Important Results
(1) Suppose a train A of length /; and train B of length /,, are moving
at speed of x km/h and y km/h respectively, then
(a) Iflengths [, and [, are negligible, then time take to cross each
other is negligible.
B= ll + 12
x
(c) If A and B are moving in same direction, then time taken to
cross each other is given by
L+l
lx =yl

(b) If B is stationary, then time taken by A to cross
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(d) If A and B are moving in opposite direction, then time taken
to cross each other is given by

L+l
x+y
(e) Time taken by train A to cross a telegraph post or a
stationary man is given by
b
X
(f) Time taken by train A to cross a bridge/railway station of
length [ is given by
h+1

X
(g) Time taken by train A to cross a walking man (walking at
speed z km/h), is given by
h
x-z

, if man is walking in same direction.

L
x+z

and , if man is walking in opposite direction.

(i1) Suppose, two trains A and B starting from P and @, with speed x
and y respectively, meet at a point R. Between P and @,
difference of the distances travelled by A and B be d km, then

. +
distance between P and @ = d x | X y|.
x—y

(ii1) If a train passes a man/pole, standing on the platform in ¢ time
and passes the platform in ¢, time, then

Length of train =

Xt

| t1 - tzl

where, d = Length of the platform

(iv) Suppose, there are two trains A and B are of length [, and [,

respectively, if time taken by them to cross each other be ¢,

when moving in same direction and ¢, when moving in opposite
direction, then

Lo _Oh+LOo 1
Speed of faster train = F—200 + —
P ster tral HTE tz

. O O
and speed of slower train = %%@E)} - %D
1 b

0
U
U
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(v) If atrain overtakes two objects @ and b moving with speed x and
y km/h, respectively and time taken by train to cross a and b be
t, and t, respectively, then
(x =) Xt Xty
h—ty

Length of the train =

(vi) If two trains A and B are moving from P to @ and @ to P
respectively and after meeting at point R, time taken by them to
complete the journey be ¢, and ¢, respectively, then

Speed of train B = Speed of train A x %

2

and speed of train A = speed of train B x \/?2
1

Boats and Streams

Still Water When the speed of the water in the stream or river is ‘0,
it is called still water. It has no impact on boat or swimmer.

Moving Water If the water in the river or stream is flowing, it is
called moving water. It affects the speed of the boat/swimmer.

Downstream When the boat/swimmer moves in the direction of
stream/river, it is called downstream.

Upstream When the boat /swimmer moves against stream/river, it
is called upstream.
Some Important Results

Let the speed of the boat/river in still water is x km/h and speed of
water in stream is y km/h, then

(1) (a) Speed in downstream = (x + y) km/h
Speed in upstream = (x — y) km/h

(b) Speed in downstream > speed in still water

and speed in upstream < speed in still water.

.. 1 . .
(11) x= 5 (Speed in upstream + Speed in downstream)

and y = % (Speed in downstream — Speed in upstream)
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(11i)) When the downstream distance is equal to upstream distance,

then
(a) Average speed during whole journey = (+ y)(x - y)
x
(b) Time taken to cover the whole journey = _xxd
(x = y)(x+y)

where, d 1s the total distance.

Hx + y)(x - y)
2x

where, t = time taken to cover the whole journey

(c) The distance between the two places =

(iv) If the boat/swimmer cover a distance in ¢ time and returns the
same distance in ¢, time, then

‘= y(t +ty) and v = x(ty — tl)’
(&= 4) (4 +1y)
where, x = Speed of boat/river in still water

and y = Speed of flowing water.

Pipes and Cisterns

Cistern A vessal, which is used to store water, is called cistern, it is
connected by two pipes.

Inlet A pipe connected to cistern, which is used to fill the cistern is
called inlet.

Outlet A pipe connected to cistern, which is used to empty the
cistern, 1s called outlet.

Leak A hole in the cistern, through which water flows out of the
cistern.

Some Important Results

(i) Suppose three pipes A, B and C takes a,bandc time
respectively to fill/empty the cistern, then

(a) The part of the cistern filled/emptied by pipe Ain 1 h = l,
a
similar for pipe B and C.

(b) Part of the cistern, filled/emptied by pipe A in n hour = 2,
a

similar for pipe B and C.
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(c) If pipe A and B both are working as inlet pipe, then part of
the cistern, filled by A and B, bothin 1h = - + L =2+
a b ab

(d) If pipes A, Band C are all working as inlet, then part of the

cistern, filled by A, Band Cin1h= 1 + 1 + 1 :M

a b ¢ abe

abe

or the time taken to fill the cistern completely = —————
ab+ bc + ca

(e) If the cistern is full and pipe A and B working as an outlet,

. . . +
the part of the cistern emptied in 1 h = 1 + L_a b
a b ab
. . ab
or the time taken to empty the cistern = T3
a

(f) If the cistern is full and pipes A, B and C working together as
an outlet, then the part of the cistern emptied in 1 h
1 1 1 _ab+bc+ca
= +—+-=—
a b ¢ abce
abc

or the time taken to empty the cistern = ——+———
ab+ bc + ca

(g) If pipe A is working as inlet and B as outlet, then the part of

the cistern filled (Gf 5>a) when both are opened

= 1.1 = b-a or the time taken to fill the tank = ab
a b ab b-a

(h) If the cistern is empty and pipes A and B are working as inlet
and C as outlet, then part of the cistern filled in 1 h

_1,1_1_bctca-ab

a b ¢ abe

or time taken to fill the tank = . abe
bc + ca - ab
If only pipe A is working as inlet, which fills it in time a and
because of a leak in the cistern, takes x units of time more to fill
the cistern. Now, if the cistern is fall, then the time taken to

empty the cistern due to leak is given by a@ + %@

If A and Bare working together to fill the tank, takes x units of
time. When A works alone takes y units of time more than x and
when B works alone takes z units of time more than x, then
2
x°=yz
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Clock

Clocks consists of two arms, longer arm which shows minute is called
minute hand and shorter arm which shows hour is called hour hand.

Dial
Dial of a clock is a circle, whose circumference is divided into 12 equal

parts called ‘hour space’. Each hour space is further divided into
5 parts, called ‘minute space’.

Some Important Results
(i) The minute hand is 12 times faster than hour hand.

(11) In an hour, the minute hand covers 60 min spaces, while hour
hand covers 5 min spaces. So, in an hour, the minute hand gains

55 min space.

(i11) Minutes space gained by minute hand in 1 min = %

@av) In 1 h, minute hand covers 360°, so in one minute it covers 6°.

o

(v) In1h, hour hand covers = 30°, soin one minute, hour hand

covers (1/2)°. So, in 1 min, the minute hand gains %ég

(vi) In 1 h, both the hands coincide once, but in 12 h, they coincide 11
times.

(vil) Two hands are at right angle, when they are 15 min space apart,
this happens two times in an hour, but 22 times in 12 h.

(viil) Two hands are in opposite direction when they are 30 min space
apart, this happens one time in an hour and 11 times in 12 h.

(ix) If both hands start together from the same position, both will

coincide after 651—51 min.

(x) Slow Clock A clock in which both hands coincide at an

interval more than 65 1—51 min, is called slow clock.

(x1) Fast Clock A clockin which both hands coincide at an interval

less than 651—51 min, is called fast clock.
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(xi1) Angle between the hour hand and minute hand at time xx : yy, is
given by
(a) If hour hand is behind minute hand, then angle

| 11 [P
= X — = X
Byy 2 xx 305
(b) If minute hand is behind hour hand, then angle
O 11[F
= x 30 — X —|
i o
(xiii1) If hour hand and minute hand coincide at xx: yy, then
=2 x
11
(xiv) Between x and (x + 1) O’clock, the two hands will coincide at

5xx x %D min past x.
5

0 50

x = 65_—0
(xv) For a slow clock, total time lost in n hours = n x 60 —110min

0 x [l

0 O

where, x is the time in which the hands of slow clock coincide.

(xvi) For a past clock, total time gained in n hours

.. 5 O
65— —x[]
=nx60 00—l [min where, x 1s the time in which the hands
g x O
O O

of the fast clock coincide.

Calendar

Calendar is a measure of time having day as the smallest unit.
Ordinary Year A year having 365 days, is called ordinary year.
Leap Year A year having 366 days, is called leap year.

Odd Days Number of days more than the complete numbers of weeks
in a given period is called odd days.
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Important Points Related to Calendar
(1) Every year, except a centurial year is leap year, if it is divisible
by 4.
(11) Every 4th century is a leap year. A centurial year is a leap year,
if 1t 1s divisible by 400.
(i11) An ordinary year have only one odd day.
(iv) A leap year have only two odd days.
(v) 100 yr = 76 ordinary years + 24 leap years
(vi) 100 yr i.e. 1 century contains
76 + 24 x 2 =76 +48 odd days
=124 odd days
=17 weeks + 5 odd days
So, 100 yr have 5 odd days.
(vil) 200 yr contain 5 x 2 odd days =1 week + 3 odd days
So, 200 yr contain 3 odd days.
Similarly, 300 yr contain 1 odd day
400 yr contain 5 x 4 + 1 odd day = 21 odd days = 3 week
ie. 400 yr contain no odd days
(viii) Last day of a century can not be either Tuesday, Thursday or
Saturday.

(ix) The first day of a century must be either Monday, Tuesday,
Thursday or Saturday.
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Percentage

The word ‘per cent’, means ‘per hundred’ or ‘out of hundred’, symbol %
is used to express percentage.

1. To convert a fraction into percentage, multiply the fraction by
100.

If fraction = = ,then its percentage = é@ X 100@%.
y Y

2. Percentage can be converted into fraction, by dividing the
percentage by 100.

If percentage is a%, then its fraction will be a/100.
3. To convert decimal into percentage, multiply it by 100.
4. To convert percentage into decimal, divide it by 100.

5. x%of y=y% of x
Some Important Results

1. To express x as a percentage of y percentage = %@ X 100@%
y

2. If x% of a number is y, then the number is Y x 100.
X

3. If a quantity is increased, then

. increase 1 antit
Percentage increases = (x%) = Hncrease n quantity

— - X 100@%
original quantity

+
and new quantity = g%@x original quantity.
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4.

10.

11.

12.

If a quantity is decreased, then
[tecrease in quantity 1 OO@“ b

Percentage decrease = (x%) = — ;
original quantity

and new quantity = EM)LHX original quantity.

. If a quantity x is % more than another quantity y, then y is less

than x by E r
100

x 100@%.
r

If a quantity x is r % less than another quantity y, then y is more
than x by E T x 100@%.
100 -r

If two quantities are x% and y% more than a third quantity,

., . 00+ x
then the first is 517 X 100@“/ of the second.
1 1 00 " (1]

If a quantity xis x% of z and y is y% of z, then x is * x100% of y.

y
. If a quantity is first increased by x% and then decreased by y%,
then there percentage change in the quantity = Qc -y- % Do

(increase, if percentage is +ve and decrease, if percentage is —ve).

If a quantity is first increased by x%, and second by y% , then

final increase percentage is §c+ Y+ X s,
100
If x% of a quantity is taken by the first person, y % is taken by
second and z% of the remaining is taken by the third person and
quantity p is left, then total quantity in the beginning was
p*x100 %100 x100
(100 - x)(100 = ¥)(100 - 2)

If we have initial quantity A and x% of the quantity is added to
it, then y% is added, then z% is added and final quantity
becomes B, then

_ B x100 %100 x100
(100 + x)(100 + y)(100 + 2)
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Formulae Related to Population

(1) If the population of a town is A. Suppose, in first year, it
increases by x%, in second year by y% and in third year by z%,
then population after 3 yr

_ A x(100+ x)(100 + y)(100 + 2)
100 x 100 x 100

(11) In the above case, if the population ‘A’ “decreases” in third year,
then population after 3 yr

_ A% (100 + x)(100 + y)(100 - 2)
100 x 100 x 100

1. Formulae Related to Commodity

(1) If the price of a commodity increases by x%, then to keep the
expenses same, decrease in the consumption will be
0 «x

h 100@%.
00+ x

(1) If the price of a commodity decreases by x%, then to keep the
expenses same, Increases in the consumption will be

%% X 100%%.
00-x

(i11) If the price of the commodity is increased by x%, such that the
customer buy n units less for T y, then increased price of the

and original price was v per unit.

commodity is
(100 + x)n

(iv) If the price of the commodity is decreased by x%, such that the
customer buy n units more for % y, then decreased price is

3 @%Qper unit and original price was % v per unit.
00n (100 -— x)n

(v) If the sides of triangle, rectangle, square, rhombus (or any
2-dimensional figure) are increased by x%, then percentage

O 20
increase in the area of the figure will be [2x + X .
O
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2. Formulae Related to Marks

(i) If in an examination, pass percentage is x% and a candidate
scoring y marks fails by z marks, then maximum marks in the
100(y + 2)

X

examination is

(11) In an examination, if a candidate scoring x% fails by a marks
and another candidate scoring y% gets b marks more than the
minimum marks required to pass. Then, maximum marks in the

100(a + b)
y-x

examination will be

Profit, Loss and Discount

Some Basic Terms

(1) Cost Price (CP) The price paid by a customer or shopkeeper
to purchase an article.

(i1) Selling Price (SP) The price at which a shopkeeper sells an
article.

(iii)) Overhead Charges Money spent on the article for
transporting, handling, installation after purchasing it.

(iv) Marked Price (MP) The printed or original price of an
article.

(v) Discount Amount deducted from the marked price.

(vi) Net Price Amount paid by the customers to purchase an
article after deducing the discount.

(vi)) Gross Profit The total profit without deducing tax.
(viii) Net Profit Profit after deducing tax.

Important Points to be Remembered
(i) The gain (profit) or loss per cent is calculated on cost price.
(ii
(iii
(iv) Discount series x %, y %and z%,...,x %,z%, y %,...0r 2%, x %, y %, ...
any combination will give the same Selling Price (SP).

Overhead charges should be included in the cost price.

Discount is always calculated on Marked Price (MP).

)
)
)
)
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Some Important Results
1. Gain (Profit) = SP - CP
2. Loss =CP - SP

3. Profit/ Loss% = %Amount o(fjgroflt/ loss X 100@%

4. If profit is x%, then

p=100*%, cpandcp =199 xgp
100 + x
5. If loss is y%, then
sp=199"Y s cpanacp =12
100 -y

6. (1) When there are two successive profits of x, % and x,%, then
e | X,%9 ]
resultant profit will be + oy + E2H0,
p H’ﬁ 277 OOH o
(11) If there 1s a profit of x% and loss of y% in a transaction, then
Xy

profit or loss will be @c -y - 100 6.

If it is +ve, then there is profit and if it is —ve, then there will
be loss.

(111) If there are two successive loss of x% and y%, then resultant

. O xy [
I 1Ib +y - M%.
oss will be HC y lOOH o

@av) If the same article 1s sold at successive profits
X, %, %9 %, x5 %, ... and successive losses y; %, y,%,..., then CP
will be

0 100 100 100 100 O
SP x X X, % X X
HlOO+x1 100+ x4 100-y; 100-y, H

Dishonest Dealer

(1) If a shopkeeper sells an article at its cost price but cheats the
customer by using false weight, then percentage gain
_ True weight - False weight

- x 100%
False weight

or percentage gain = Error x 100%
True weight — Error
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(i1) If a shopkeeper uses A g in place of 1 kg (1000 g) to sell his goods
and bears a loss of y%, then his actual gain/loss is

(100 - ) é‘%@— 100.

Ifit is +ve, then there is profit and if it is —ve, then there is loss.

(111) If a shopkeeper uses A g in place of 1 kg (1000 g) and gains a profit
of x%, then his actual profit/loss is (100 + x) @l%@_ 100.

If it is +ve, then there is a profit and if it is —ve, then there is a
loss.

(iv) If a shopkeeper sells an objects with a profit % and uses a
weight to measure it which is [% less than its original weight,

XL 100%.
00 -1

then total profit = 1

False Weight

If a shopkeeper sells a substance at its cost price but uses an incorrect
weight (by mistake weighing more than that marked on it), then
percentage loss will be

Pecentage loss = Exror x 100%

True value + Error

@) If d,%,dy%,d;%,... are the successive discounts given on an
article, then
100 - d,J_ [00-d,[_ [100-ds[]
SP = MP x Lo Zx A% ...
H 100 55 100 5 H 100 0

(1) If discount offered are d;% and dy,% respectively, then net

. . 0 didy[]
d t will b +d, - 120%.
iscount wi egil 9 IOOE 0

(111) If two items are sold at same SP, one at a loss of x% and other at

2
a gain of x%, then there is a loss of 1380 % or @%g%

(iv) If CP of two items is same, if one is sold with a loss x% and other
is sold with a gain of x%, then there is no loss or no gain.

(v) If a man purchases x items for ¥ y and sell y items for ¥ x, then
X% - y?
e

profit or loss (depending upon +ve or —ve sign) is x 100% .
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(vi) If cost price of x articles is equal to the selling price of y articles,

then profit/loss is XY % 100%.
Yy

(vii) If a shopkeeper gains a profit of x; % on an article, if he sells it
¥ R more, then he makes a profit of x,%, then

_?RX100
x2—x1'

Cp

(viii) If a shopkeeper sells an article at a loss of y%, if he sells it T ‘R’
more, he would make profit x%, then

Sp = R(100 + x)
x+y
(ix) If a shopkeeper sells an article at 3 R, at a loss of x%, then to gain
x%, the
sp = FO0* 2,
00-x

(x) If CP and SP of an article is reduced by same amount (say R) and
profit is increased from x; % to x,%, then

Actual CP = X2 % F.
Xo — X1

Transaction in Part

(1) If m part of a consignment is sold at x; % profit, n part is sold at
x5 % profit and [ part at 3% profit and overall profitis ¥ R, then
R x100

value of total consignment = ———————,
mx; + nxy + Ix;

(ii) If a man purchases a certain number of articles at R, and the
same number at R, and after mixing them together, he sells
them at R;, then gain or loss

2RR, 0

. . O
(according +ve or —ve sign) = = 1% 100%.
(R, +Ry)

(ii1) If a shopkeeper marks an article at x% above its cost price and
gives purchasers as discount of d%, then the profit/loss

(depending upon +ve or —ve sign) is Qc -d - %@%
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(iv) If a person buys two articles at total cost of ¥ R and sells one at a
loss of y% and other at a profit of x%, then

CP of both x y
x+y

CP of both x x
x+y

Cost of one article =

Cost of second article =

(v) When each of the two articles is sold at same price and a profit of
x% 1s on first and a loss of y% is on second, then gain or loss
(depending upon +ve or —ve sign) is

100(x — y) — 2xy
(100 + x) + (100 — y)'
(vi) If a discount of d,%, the shopkeeper makes a profit of x,% and if
the discount is d,%, then profit
100 - d,0

xz% = (100 + xl) m - 100%
!

Simple Interest

Some Basic Terms
(1) Interest (I) Interest is the amount of money which is paid by
the borrower to the lender for the use of the money lent.
(i) Principal (P) The money borrowed by the borrower from the
lender.

(iii) Rate of Interest (R) The money paid by the borrower to the
lender for 1 yr use of ¥ 100 is called rate of interest per annum.

(iv) Time (T") The duration for which the money is borrowed by the
borrower.

(v) Amount (A) Principal together with the amount of interest is
called amount.

(vi) Simple Interest (SI) If the interest is calculated on the
original sum (principal) for any period of time, is called simple

interest.
Some Important Results
L SI:PXRXT 2'R:SIXIOO
100 PxT
g, 7 =51x100 4. A=P+SI

PxR
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A:P§+TXR§ 6. P = A x100
100 100+ TR

. If rate of interest is R, % for T} years, Ry% for next T, years, Ry %

for next T; years and so on and the total interest is SI, then

principal amount is
SIx 100

" RT, +RT, +RT, +...

When the sum of money (principal) become n times in 7 years,
then rate of interest is given by

R= 100(n = 1) %per annum.
T
. The annual payment that will discharge a debt of ¥ A in T years
at the rate of interest R% per annum is 1(;??(7, 1
1007 + Ty

If a sum of amounts to T A, in 7] years and ¥ A, in T, years at
simple interest, then rate of interest is given by
_100(A, - Ay)

B A1T2 - A2T1

If a sum of amounts to ¥ A, at rate R;% per annum and ¥ A, at
rate R,% per annum for the same duration, then time is
T= 100(A, - 4))
ARy - AR,

If a sum is put at simple interest at the rate R, %, for T years to
obtain simple interest SI;,if it had been put at rate R,% for same
years, then simple interest is SI,, then the sum was
p= (SI, - SI) x 100’
T x(Ry — R))

If a sum of ¥ Pis lent on simple interest in n parts such that the

interest on first part at R, % for 7] years, interest on second part

at R,% for T, years, interest on third part at R; % for T; years and

so on being equal, then the ratio in which the sum was divided in
1 1 1

arts, is given b : : I
n parts, 1s given leTl R2T2 &113 RnTn

If a sum of ¥ Pis lent on simple interest in n parts such that the
amount of first part lent at R, % for T} years, the amount of
second part lent at R,% for T, years, the amount of third part



388 Handbook of Mathematics

lent at R; % for T years and so on, being same. Then, the ratio in
which the sum was divided in n parts, is given by
1 . 1 . 1 . . 1
100 + R/T, 100 + R,T, 100+ R, T, "~~~ 100+ R, T,

Compound Interest

Money is said to be lent at Compound Interest (CI), if the
interest at the end of year or a fixed period of time is not paid by the
borrower to the lender, it is added to the principal and thus the
amount obtained becomes the new principal for the next period and
S0 on.

Important Points to be Remembered

(i) For 1yr,compound interest is equal to the simple interest.
(ii) Compound interest for more than one year is always greater than the
simple interest.
(iii) The amount of the previous year becomes the principal for the successive
year.

(iv) The difference between two consecutive amounts is the interest on the
preceeding amount.

Some Important Results

If R is the rate of interest per annum, 7 is the duration in years, A is
the amount and P is the principal.

1. (1) If interest is compounded annually, then

() A= P@ @T bmp=_ A4
3l

(i1) If the interest is compounded half-yearly, then

T

Aep Et R/ 2§2 '

(ii1) If the interest is compounded quaterly, then
47

A:PQ +R/ 4%
100
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@iv) If the rate of interest is R, %, Ry %, Ry %, respectively for I, IT
2

and III years, then A =P é R3 =
1008 * 100 " 1008

. Compound Interest, CI= A - P

. If interest is compounded annually and time is in fraction of

years, say n P years, then

g pRI:I

A= 1)%# EF
100 100D

g

. If a sum becomes x times in y years at compound interest, then

after ny years it will be (x)" times.

. If a certain sum becomes n times in T'years, then rate of interest

is R =100[(n)"T - 1].

. Relation between SI and CI,

RxT

100 @T
% 100

H]]DI:J

. Difference between CI and SI,

CI_SI=P 00*“RE§
100 100

. Annual instalment, compounded annually is given by

P _ {100 [f'

Rl Hoo+rD
3+

1005

instalment =

. If the difference between CI and SI for 2 yr at rate R% 1s3 x, on a

r1oor?

certain sum of money, then sum is given by P = x E—E

If the difference between CI and SI on a certain sum (principal)
for 3 yr at rate of interest R%, is ¥ x, then the sum is given by
x(100)’
R*(300 + R)
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11. If a certain sum becomes¥ A, in nyears and3I Ay,in(n + 1)years

at compound interest, then
A, - A;)x100
(i) rate of interest, R = % %.
1

. 04, O
(i) sum = A; BA—;H
12. If a certain sum becomes ¥ 4, in 7} years at compound interest,

( AI)TZ/Tl

W, where

then after T, years, the amount will be A, =%

P is the principal.

13. If the compound rate of interest is R, % for first 7} years, R, % for
next T, years, R; % for next T; years and so on, then

_ R ﬂl R dvz R‘gﬂé
A—Pé+1—olOH +F20§ +ﬁa

14. If certain sum at compound interest becomes x times in n, year
and y times in n, year, then x/™ = yV"2,

Growth and Depreciation

Some Basic Terms
(1) Growth Increase in price of an article or quantity with
respect to time, is called growth or appreciation.
(i) Depreciation Decrease in price of an article or quantity with
respect to time, is called depreciation.

(iii) Rate of Growth/Depreciation (R) The rate at which the
price of an article or quantity increases/decreases is called the
rate of growth/depreciation.

(iv) Original Value (P) The price of an article/quantity at
beginning of the period is called original value.

(v) Final Value (A) Price of an article/quantity at the end of the
period is called final value.

Important Points to be Remembered
Appreciated value is always greater than the original value.
Depreciated value is always less than the original value.
The same item may growth in one year and depreciate in another year.

—
=

(ii

(iii

= =
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Some Important Results

1. If original value is P and final value is A, rate of
growth/depreciation is R% per annum and time period is
T years.

(1) For growth

(a) A=P Q @T (b) increase = A - P

100

(1) For depreciation

() A=P Q @T (b) decrease = P — A

100

. If time is in fraction of year, say n = then
q

) 2af
(i) For growth A = P Q g n+9 0
100 100 g

0 0

p O P xRy

(ii) For depreciation A= P @ - ﬁg n-9 g

@ 100 %
3. If there is increase of R, % in T} years, decrease of R,% in next
T, years and an increase of R; % in next 73 years, then

A:PQ 100§§ 100?%l 100

4. (1) If A> P, there is an increase.

(1) If A< P, there is a decrease.

Applications

1. Population If there is an increase/decrease of R% per annum
in the population, then

(1) population after n years will be

A=P @ + —E P =Present population.
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P
3+ ig
100
Note If population decreases with the rate of R %, then negative sign will

be used in place of positive sign in the above mentioned formulae.

2. Old Wooden Objects If Old wooden objects decays at a
constant rate of R% per annum, then after n years, its value will
be

(i1) population n years ago will be A =

A=P @ - ig , P = Present value
100

Partnership

Partnership is an association of two or more persons who put their
money together to carry out on a certain business. These persons are
called partners.

(1) Active or Working Partners Partners who actively
participate in managing the process of the business.

(i) Sleeping Partners Partners who only invest their money in
the business and do not actively participate in it.

Types of Partnership

1. Simple Partnership If partners of the business invest their
money/capital in the business for same duration of time, the
partnership is called simple partnership.

In this case, the profit/loss is divided in the ratio of their

investment.

(1) If two partners P and @ invest their money in a business,
then investment of P : investment of @ = profit/loss of P :
profit/loss of @.

@i1) If there are three partners P, and R to invest, then
Investment of P : Investment of @ : Investment of R
= Profit/loss of P : Profit/loss of @ : Profit/loss of R.

2. Compound Partnership If the partners of the business invest
their money for different duration of time, then it is called
compound partnership.

In this case, the profit/loss is divided in the ratio of their
equivalent investment for a unit of time.

Equivalent investment = Investment x Number of Units of time
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(@) If two partners P and @ invest amount of ¥ x; and T «x,,
respectively for time ¢ and ¢, (units), then their profit/loss
will be in the ratio.

Profit/Loss of P : Profit/Loss of @ = x;t; : xyt.

(i1) If 3 partners P, @ and R invest their money of % x;, T x, and
Rx, for time t,t, and ¢ (units) respectively, then their
profit/loss will be in the ratio.

Profit/Loss of P : Profit/Loss of @ : Profit/Loss of
R=xt 1x9 by 1 231
Similarly, for more partners, profit/loss can be calculated.

Share and Debenture

Some Basic Terms
(1) Capital Total amount of money required to start or expand a

company.

(i) Share Capital is divided into smaller units, which are called
share.

(iii) Face Value/Nominal Value (FV) The original value issued
by a company for a share.
or It is the printed value of the share.

(iv) Market Value (MV) The value at which a share is available

in the share market, depending on market value. Three types of
shares are available.

(a) Share at Par If MV = FV, the share is said to be at par.

(b) Share at Premium If FV <MV, then the share is said to be
‘above par’ or ‘at premium’.
(c) Share at Discount If FV > MV, then the share is said to be
‘below par’ or ‘at discount’.
(v) Stock Total face value of the shares held by a shareholder.
Stock = FV x Number of shares
(vi) Investment Total amount of money paid by a shareholder to
the shares.
Investment = MV x Number of shares
(vil) Proceeds If a shareholder sells his shares, then total amount
of money, obtained after selling the shares, is called proceeds.

Proceeds = MV x Number of shares
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(viii) Dividend Shareholder are entitled to the profit of the
company subject to certain legal compliance, this profit is called
dividend.

Dividend = Stock x Rate of Dividend

100
(ix) Return Per cent This is the actual earning per cent of the
investor.
Return% = M x 100%
Investment

(x) Debenture Company can obtain loans from public at fixed
percentage of interest; the small unit of the loan granted by the
public is called debenture.

(xi) Broker Shares, stocks and debentures are sold or purchased
through a person, called broker.

(xii) Brokerage Amount paid to the broker for selling or
purchasing of shares is called brokerage.

Important Points to be Remembered

(i) Dividend on share is calculated on its face value.

(i) Interest on debenture is calculated on face value of debenture.
(iii) Same rules and formulae used for shares can be applied to debenture.
(iv) Brokerage is calculated on market value of share or debentures.

Some Important Results
1. When the stock is at premium sale, then
MV =100 +Premium
2. When the stock is at discount sale, then
MYV =100 - Discount
Stock _ Investment
MV
_ Total dividend
" Dividend per share

3. Number of shares =

4. Income per share = Rate of dividend x FV
5. Total income = Income per share x Number of share

Rate of brokerage

6. Brokerage on 1 share = MV x
100
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7. Total brokerage paid = Investment x Rate of brokerage

100
8. Purchase value for one share = MV Q + Rate ofllz)r(;)kerageg
9. Sale value for 1 share = MV % _ Rate ofllz)r(;)kerage@

Total income x 100
Total investment
Dividend % x FV

10. Rate of interest on the investment =

11. Rate of interest on the investment =

MV @1 + Rate of brokerage@
100
12, Amount of stock = Investment x 100 _ Investment x 100
MV Rate per cent

Amount of stock x Rate per cent
100
_ Investment x Rate per cent
B MV
Amount of stock x MV
100

13. Annual income =

14. Investment =

Alligation or Mixture

1. When two or more types of quantities of things are mixed, a
mixture is produced.
2. Alligation is a rule that enables us to find.

(a) The proportion in which two or more ingrediants of the given
prices must be mixed to produce a mixture at a given price.
Note The cost price of unit quantity of the mixture is called the mean
price.

(b) The mean price of the mixture when the prices of the
ingrediants and the proportions in which they are mixed is
known.

3. Rule of alligation
Quantity of cheaper ingrediant _ CP of dearer — Mean price

Quantity of dearer ingrediant  Mean price — CP of cheaper
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Quicker Method The above rule can be represented as under
CP of a unit quantity of CP of a unit quantity of
cheaper ingrediant (C) dearer ingrediant (D)

\/

Mean price (M)

N

D-M) (M -C)
Quantity of cheaper : Quantity of dearer =(D - M): (M -C)

4. Mean price
[Quantity of cheaper x CP of cheaper
_ + Quantity of dearer x CP of dearer H
- Quantity of cheaper + Quantity of dearer

5. Two vessels of equal size are full with mixtures of liquids A and
Bin theratios a; : b and a, : b, respectively. The contents of both
vessels are emptied into a single large vessel. Then,

O o + @
Quantity of liquid A _ [y + b, aq + by
Quantity of liquid B O & . by,

Om +b  ag+ by

[

O

6. Three vessels of size equal are full with mixtures of liquids A, B
and C in the ratios a,:b;;a,:b, and a4 : b;, respectively. The
contents of all three vessels are emptied into a single large
vessel. Then,

O o a, a; 0O
) + + 0
Quantity of liquid A _ [y + b aytb agt+b0
Quantity of liquid B E b N by N b, E
Cop +b ag+ by, ag+ B0

Note The above result can be extended to any number of vessels.
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Two vessels of capacities ¢; and ¢, have mixtures of liquids A
and Bin the ratio ¢, : b and a : by, respectively. The contents of
both vessels are emptied into a single large vessel. Then,
Dae | ay
Quantity of liquid A _ [y, + b, aq + by
Quantity of liquid B [ b¢ . bye, O
Cop +b ag + by0

[

. Three vessels of capacities ¢, ¢; and ¢ are full with mixtures of

liquids A and Bin the ratio @, : b, a4 : by and g : by, respectively.
The contents of these vessels are emptied into a single large
vessel. Then,

ae | a6 | a6 E
Quantity of liquid A _ [ + b aytb, ay+bh0
Quantity of liquid B E b N bycy N bycy E
Oop +b agtb, o+ b0

Note The above result can be extended to any number of vessels.

. A given m gram of sugar solution has x% sugar in it. It is desired

to increase the sugar content to y%. Then,
m(y - x)

Quantity of sugar to be added =
100 -y

A vessel contains x litre of liquid A. From this vessel, y litre
(y < x) are withdrawn and replaced by y litre another liquid B.
Next y litre of this mixture is withdrawn and replaced by y litre
of liquid B. This operation is repeated n times.

Then Quantity of liquid A left after nth operation

Quantity of liquid A initially present

35 5
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Polynomial
An expression of the form agx” + ax" ™" +anx" " +..+a,_x +a,,

where a,,q,,...,a, are real numbers and n is a non-negative integer, is
called a polynomial in the variable x. Polynomial in the variable x are
usually denoted by f (x), g (x) and A(x) etc.

Thus, f(x) = agx” +a;x" ™" o2

tax" 7+ ta, x ta,.

(1) If ay # 0,then n is called the degree of the polynomial f(x); it is

written as deg f(x) = n.
(i) apx™,ax" 7, anx""%,...,a, 1%, a, are called the terms of the
polynomial f(x); a, is called the constant term.

(i) ag,0;,09,...,a,_;,qa, are called the coefficients of the polynomial
1 ().

@iv) If @y # 0, then ayx” is called the leading term and q, is called
the leading coefficient of the polynomial.

(v) If all the coefficients a,q,,a,,...,q,_;,q, are zero, then f(x) is
called a zero polynomial. It is denoted by the symbol 0. The
degree of the zero polynomial is never defined.

Degree of a Polynomial

(1) In One Variable The highest power of the variable is called
the degree of the polynomial.

(i) In Two Variables The sum of the powers of the variables in
each term is obtained and the highest sum, so obtained is the
degree of that polynomial.

Types of Polynomials
(1) Constant Polynomial A polynomial having degree zero.
(i1) Linear Polynomial A polynomial having degree one.
(iii)) Quadratic Polynomial A polynomial having degree two.
(iv) Cubic Polynomial A polynomial having degree three.
(v) Biquadratic Polynomial A polynomial having degree four.



Elementary Algebra 399

Fundamental Operations on Polynomial

@

(ii)

(iii)

(iv)

Addition of Polynomials To calculate the addition of two
or more polynomials, we collect different groups of like powers
together and add the coefficients of like terms.

Subtraction of Polynomials To find the subtraction of two
or more polynomials, we collect different groups of like powers
together and subtract the coefficient of like terms.

Multiplication of Polynomials Two polynomials can be
multiplied by applying distributive law and simplifying the like
terms.
Division of Polynomials When a polynomial p(x) is
divided by a polynomial q(x) # 0, we get two polynomials g(x) and
r(x) such that

p (%) = g(x)g(x) +r(x)

Synthetic Division Method (Horner's Method)

This method is to find the quotient and the remainder when a
polynomial is divided by a binomial.

Rule for Synthetic Division

1.

. Write the successive coefficients a,a,0a,,...,a

First complete the given polynomial f(x) by adding the missing
term with zero coefficients.

of the

n

polynomial f(x).

. If we want to divide the polynomial by x — A, then write A in the

left corner.

. In third row write b, below a,, where b, = a, and then multiply b,

by h to get the product ib,.

. Adding hb, to a;, we get b,. Similarly by adding hb, to a,, we get

b, and so on

h ag a P a,
+ hby + hb, ...
by b by

. Repeat this till you get last term which is remainder R.

If R =0, then A is the root of the polynomial f(x) =0 and the
equation can be reduced by one dimension.
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Factorisation of Polynomials
Q) (x - a)® =x* - 2xa +a®

(i) (x+a)? =x® +2xa +a?

(i) (x+a)® =a® +3x%a +3a’x +d®

iv) (x - @) =2® - 3x%a +3a’x -d®

) (x+y+2)? =x® +y? +22 +2xy +2yz +2zx

2 442 +y2 +22 +2w(x +y +z2)

+ 2x(y +2) +2yz
(vil) @® + b + ¢ —3abe =(a +b +c){a? + b% +c? —ab - be —ca)

Vi) (w+x+y+2)7?=w

(vill) Ifa+b+c¢=00 &® + b® + ¢ =3abe

Some Special Products
@) (x-a)(x+a)=x> -a®

(i) (x - a)(x? +xa +a?) =x> -a®

(i) (x+ a)(x? - xa +a?) =2® +d°

iv) (x - a)(x + a)(x* +a?) =x* -a?

2 2 4

W) (% + xa +ad)(x? -xa +a?) =x* +x%a? +a

(vi) If nis a natural number, then
(x_a)(xn—l+xn—2a+xn 3a2 +. +an—l) =x" —q"

(vii) If n1s an even natural number, then

x+a)x" P -x""2a+x" %a® -... —a" ") =x" -a"
(viil) If n is an odd natural number, then,
(x+a)x P -x""Zg+x" 32 - +a" ) =x" +a"
Some Important Results
1. X2+ a® =(x +a)> =2xa =(x —a)* +2xa 2. x> + & =(x +a)® —3xa(x +a)
3. X} -d® =(x —a)® +3xalx —a) 4. (x +a) =(x —a)* +4xa
5. (x —a)’ =(x +a)* —4xa 6. (x +a)? +(x —a)® =2(x> +d?)
7. (x +a)® —(x —a)* =4xa 8. (x +a) +(x —a)® =2x(x* +3a°)
9. (x +a ~(x —a =2a(3x* +a?) 10. x2 +7 §<+ 1@ -2
b

Contd. ...
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Value of a Polynomial f(x) at x =«
Let f(x) = apx" + ax" ™! +amx"?

a real number, then the real number

+...+a, be a polynomial in x and a be

a@” + a0 +aa "% +..+a, is called the value of f(x) at x = q.

Thus, if f(x)is a polynomial in x and o is a real number, then the value
obtained by replacing x by a in f(x) is called the value of f(x) at x = a. It
is denoted by f(a).

Remainder Theorem

If p(x)is a polynomial in x of degree > 1 and a be any real number such
that, if p(x) is divided by a polynomial of the form (x — a), then the
remainder is p (a).

Factor Theorem

If p(x)is a polynomial in x of degree = 1 and a be any real number such
that p(a)=0, then (x — a) is a factor of p (x).

Zeroes/Roots of a Polynomial

A real number a is a zero of the polynomial p (x), if and only if f(a)= 0.

If p(x)is a polynomial of order n, such that

pE)=apx +ax " +ax" "E+.. +a,_x +a, =0,

where a4, q;, ay,...,a, OR and p (x) have roots 0,0 ,,d5,...,d , , then
(1) Sum of roots

a
a, +0y +... +a, =(-1)' 2L
Qg
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(i) Sum of product of two roots at a time,

a
A0, +O Oy +... :(—1)2672
0

(i11)) Sum of product of three roots at a time,

0105005 +O Q0+, :(—1)3%
0

(iv) Product of all roots
0,0405...0 , =(=1)" n
Qo

Number of Zeroes of a Polynomial
(1) A quadratic polynomial can have atmost 2 zeroes.
(11) A cubic polynomial can have atmost 3 zeroes.

(ii1) A polynomial of degree (n > 1) can have atmost n zeroes.

Important Points to be Remembered
(i) If a polynomial p (x) is divided by (ax —b), then remainder is p (b /a).
(ii) If a polynomial p (x) is divided by (ax + b), then remainder is p (—b/a).
(i) If a polynomial p (x) is divided by (b — ax), then remainder is p (b/a).

(iv) The set of polynomials has closure, commutative and associative
properties under addition as well as multiplication.

Note Subtraction is not commutative in the set of polynomials.
(v) Oisthe identity element under addition.
(vi) 1is the identity element under multiplication.
(vii) Every polynomial has an additive and multiplicative inverse.

HCF of Monomials

To find the HCF of two or more monomials, we multiply the HCF of
the numerical coefficients of the monomials by the highest power of
each of the letters common to both the polynomials.

LCM of Monomials

To find the LCM of two monomials, we multiply the LCM of the
numerical coefficient of the monomials by all the factors raised to the
highest power which it has in either of the given polynomials.
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(i)

(ii)
(iii)

Important Points to be Remembered

Product of polynomials
HCF of polynomials

LCM of two polynomials =

Product of polynomials
LCM of polynomials

HCF of two polynomials =

For any two polynomials p (x) and g(x);
p (x) x g(x) =[HCF of p(x) and g (x)] X [LCM of p(x) and g(x)]

Linear Equations

()

(i)

(iii)

@v)

V)

(vi)

Equation A statement of equality of two algebraic expressions
involving two or more unknown variable, is called equation.

Linear Equation An equation involving the variables in
maximum of order 1 is called a linear equation. Graph of linear
equation is a straight line.

Linear equation in one variable is of the form ax + b =0.
Linear equation in two variables is of the form ax + by + ¢ = 0.

Solution of an Equation A particular set of values of the
variables, which when substituted for the variables in the
equation makes the two sides of the equation equal, is called the
solution of an equation.

Simultaneous Linear Equation A setof linear equation in
two variables is said to form a system of simultaneous linear
equation, if both equations have same solution.

Consistency of Simultaneous Linear Equation If a

system of simultaneous linear equation has atleast one solution,
then the system of linear equation is called consistent.

Inconsistency of Simultaneous Linear Equation If a
system of simultaneous linear equation has no solution, then
the system of linear equation is called inconsistent.

Solving Linear Equation of One Variable
1. Rules for Solving a Linear Equation

(a) Same quantity can be added/subtracted both sides of an
equation without changing the equality.

(b) Both the sides of an equation, can be multiplied/divided by
the same non-zero number, without changing the quantity.



404 Handbook of Mathematics

2. Steps for Solving Linear Equation

Step I Obtain the linear equation and do cross-multiplication, if
necessary.

Step II Transpose the terms involving the variables on the left
hand side and those not involving the variables to the
right hand side.

Step III Simplify the two sides to obtain the equation of the form

ax = b.

Step IV Find the value of x as x = é

a
Solving Linear Equation of Two Variables
1. Elimination by Substitution

Step I Find the value of one variable (say y) in terms of another
variable (say x).

Step II Substitute this value in another equation to obtain the
value of another variable (say x).

Step III Substituting this obtained value of variable (x) in the first
equation, the value of first variable to be obtained.
2. Elimination by Equating the Coefficient

Step I  Multiply the equations by suitable non-zero constants so to
make the coefficients of one of the variable same.

Step I Add or subtract the equations obtained, to eliminate one of
the variable.

Step III Solve the linear equation in one variable obtained step II
and get the value of one variable.

Step IV Substitute the value of the variable obtained in above step
in any of the given equations and find the second value.
3. Cross-multiplication Method

Step I Consider the system of simultaneous linear equations, in
two variables x and y.

ie. aqx+by+c =0

and  ax+ byy tcy =0
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Step II Now, cross-multiply the terms, according to the arrow,
given below.

b1 1 C1q a a b1

o)X, X

by Co C2 as az bo

Step III Now, find the value of x and y according to the following
relation
X _ y _ 1

bicy = byey  cag = aby —agl

which gives

= bicy = byey

aby — ashy

and y= Gay ~ Gy
aby — agb

4. Graphical Method

When we draw the graph of each of the two equations, we have the
following possibilities.

(a) If two lines intersect at one point, then it has a unique solution
and point of intersection gives the solution.

(b) If two lines are parallel, then it has no solution.

(c) If two lines are coincide, then it has infinite solutions.

Solution for Linear Equation in Two Variables

When two linear equations q;x + by = ¢; and ayx + b,y = ¢, are given

Casel 1t%z ﬁ, then the system is consistent with unique
ay p)

solution.

Case II If 4 - ﬁ Z ﬂ, then the system is inconsistent with no
ay by ¢
solution.

Case TIT It X4 = % =4 , then the system is consistent (dependent),
Qg )

with infinitely many solutions.
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Rational Expression
f(x) .

If f(x) and g(x) are two polynomials and g(x) # 0, then quotient ﬁ is
g(x

called a rational expression.
Every polynomial is a rational expression but every rational expression

is not a polynomial. % is said to be in lowest form, if f(x) and g(x)
X
have no common factor.

Properties of Rational Expression
() Addition Addition Of% and 2™ is defined as

x) r(x)
f@) , p(x) _ f(x) O(x) + p(x) C&(x)
8(x)  r(x) g(x) O(x)
(i) Subtraction When we subtract flx )f p(x) , then
x) r(x)’
p(x) _ f(x) _ p(x) LBx) = f(x) B(x)
r(x)  gx) r(x) Lg(x)

(iii) Multiplication When gx) dAx))are multiplied, then

x) r(x
@) p@) _ )@
gx) rx) gl r(x)
(iv) Division When =~ fx) is divided by M we get it as
8(x) r(x)’
&) . p(0) _ f(%) jr(x)
g r(@) g p




3]
Logarithms

If @ is a positive real number other than 1 and a® = m, then x is called

the logarithm of m to the base a, written as log, m. In log, m, m
should be always positive.

(1) If m <0, then log, m will be imaginary and if m = 0, then
log, m will be meaningless.

(1) log, m exists only, if m,a>0and a # 1.

Types of Logarithms

1. Natural (or Napier) Logarithms The logarithm with base ‘e’
(e = 2.718)1s called natural logarithms.

e.g. log, x,log, 25 etc.

Note The another way of log, x can be represented as In.
2. Common (or Brigg’s) Logarithms The logarithm with base 10 1s
called common logarithm.

e.g. logy,x,log;, 75 etc.

Note In a logarithmic expression when the base is not mentioned,
it is taken as 10.

Characteristic and Mantissa of a Logarithm
The logarithm of positive real number n consists of two parts.

(1) The integral part is known as the characteristic. It is always
an integer positive, negative or zero.

(1) The decimal part is called as the mantissa. The mantissa is
never negative and is always less than one.

Method to Find the Characteristic
Case T When number is greater than 1.

The characteristic is one less than the number of digits in
the left of decimal point in the given number.
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Number (x) : 6125 61.321 725.132

Number of digits in
the integral part of x

Characteristic of logx : 1-1=0 2-1=1 3-1=2

1 2 3

Case II When number is less than 1.

The characteristic of the logarithm of a positive number less
than 1 is negative and is numerically greater by 1 than the
number of zeroes between the decimal sign and the first
significant figure of the number.
e.g.
Number (x) : 07684  0.06712  0.00031
Number of zeroes

after the decimal point 0 1 3
-(0+1 -(1+1 -(3+1

Characteristic of log x ( z ( ), ( ),
=-1=1 =-92=92 =—-4=4

Note In place of —1or -2 etc., we use 1 (one bar) and 2 (two bar) etc.

Properties of Logarithms

(1) A negative number can never be expressed as the power of 10,
mantissa should always be kept positive. Hence, whenever
characteristic is negative, minus sign is placed above the
characteristic and not to its left to show that the mantissa is
always positive.

(11) Mantissa of the logarithm of all the numbers having same digits
in the same order will be the same, irrespective of the position of
the decimal point.

Anti logarithm

The positive number a is called the anti logarithm of a number b, if a is
anti logarithm of b, then we write a = antilog b.

So, a = antilog b = loga = b.

Important Results on Logarithms
Q) a®a* =x;a#£0,2+1,x>0
(1) a'®* =419 >0,6>0,%1,x >0
(ii1) log,a=1,1l0g,1=0;a>0, #1

@iv) logax:#;x,a >0, #1
log, a

X
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W) logax:logabxlogbx:k)gbx; a,b>0,#1,x>0
log, a
(vi) Form,n>0,a>0anda#1

(a) log,(mn)=log, m +log, n

(b) log, é‘%%z log, m —log, n

(c) log,(m)" = nlog, m
(vii)) Forx>0,a>0,#1

(@) log_,(x) = - log, x
a n

(b) log , x™ = ﬁloga x
a n

(viil) Forx>y>0
() log, x>1log, v, ifa>1
(b) log, x<log, v, if 0<a<1
(ix) If a>1, then
(@log,x>p0 2 af
(b)0<log,x<pO & x af
(x) If0<a<1, then
(@log,x>p0 @ = a”
(b)O0<log,x<pOak x 1
(x1) (a)log, x>0 = x>1,a>lor0<x<1,0<a<1
(b) log, x<0 « x>1,0<a<lor0<x<1l,a>1
(xii) (a) logya - —o,if b>1anda — 0"
(b) logya - ©,ifb>1landa - ®
(¢)log,a - »,if 0<b<landa - 0"
(d)logya - —»,if0<b<landa - o
Graph of y = log, a is as follows
Y b>1

|<0<b<1

) (1,0) , (1,0)

X’ O\ X X' X
v

y'

409



Geometry

Point

A fine dot on paper or a location on plane is called point. Point has no
length, breadth or thickness.

Line
A line is defined as a line of points that extends infinitely in both
directions.

< 4 Ly
t t

P Q

Line Segment

A line segment is a part of line that is bounded by two distinct end
points and contains every point on the line between its end points.

A 5
Ray
If a line segment is extended to unlimited length on one of the end
points, then it is called a ray.

P s
[ 4 +—>

A B

Important Points to be Remembered
(i) A line contains infinite points.
(i) Infinite lines can pass through a point.
(iii) Two distinct lines in a plane cannot have more than one point common.

Angle

If two rays are drawn in different directions from

.. . . N

a common initial point, then they are said to form 2

an angle. Angle
(i) An angle of 90° is a right angle and an o Ray

angle less than 90° is an acute angle.
(i1) An angle between 90° and 180° is an obtuse angle.
(111) An angle between 180° and 360° is a reflex angle.
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(iv) The sum of all angles on one side of a straight line ABat a point
O by any number of lines joining the line ABat O is 180°.

(v) When any number of straight lines joining at a point, then the
sum of all the angles around that point is 360° which is called as
complete angle.

(vi) Two angles whose sum is 90° are said to be complementary to
each other and two angles whose sum is 180° are said to be
supplementary to each other.

Intersecting Lines

When two straight lines intersect each other, then vertically opposite
angles are equal.

re. OO 8 =21 4

Parallel Lines

When a straight line XY cuts two parallel lines /; and [, as shown in
the figure, the line XY is called the transversal line.
X

2 L

L
P
Y
The following are the relationships between various angles that are
formed.
(1) Alternate angles are equal.
Le. OFO 7,020 8, [alternate exterior angles]
030 5andd04 0 6. [alternate interior angles]
(i) Corresponding angles are equal.
ie. OFO & =21 06 03 Tand 4 8.
(ii1)) Sum of interior angles on the same side of the transversal line is

equal to 180°.
Le. O3 0% 180 andd4 05 180

This is also known as cointerior angles.

6
7
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(v)

Sum of exterior angles on the same side of the transversal is
equal to 180°.
ie. OO 180 andI20 % 180.

This 1s also known as coexterior angles.

Triangles

A figure bounded by three line segments in a plane is called a triangle.
It has three vertices, three sides and three angles.

@

(i)

(iii)

@iv)

)

(vi)

A

B c

Acute Triangle A triangle having all angles are acute, is
called an acute triangle.

Obtuse Triangle A triangle having one angle of a triangle is
obtuse, is called an obtuse triangle.

Scalene Triangle A triangle having all the sides are of
different lengths is called a scalene triangle.i.e. AB# BC # AC.

Isosceles Triangle A triangle having two opposite sides or
two opposite angles are equal, is called an isosceles triangle.

Equilateral Triangle A triangle having all sides or its each
angle is 60° are equal, is called an equilateral triangle.

A

8
60°

A8 80N\ ¢

ie. AB=BC=AC
or 04 0O B0 =C °60

Right Angled Triangle A triangle A
having one of the angles measures 90° is
called a right angled triangle. The side
opposite to the right angle is called its
hypotenuse and the remaining two sides are
called as perpendicular and base. B

Here, AC?= AB?+ BC?

Perpendicular
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Important Properties of Triangles

@)
@ii)
(iii)

@v)

V)

(vi)

(vii)

Sum of the three angles of a triangle is 180°.
Sides opposite to equal angles are equal and vice-versa

In an isosceles right angled triangle one angle is 90° and other
two angles are 45° each.

The exterior angle of a triangle (at each vertex) is equal to the
sum of the two opposite interior angles (exterior angle is the
angle formed at any vertex, by one side and the extended portion
of the second side at that vertex) 0Z=0 X0 Y.

V4
Side opposite to the greatest angle is the longest side and
vice-versa.

Also, side oppest to the smallest angle is the smallest side and
vice-versa.

If the sides are arranged in the ascending order of their
measurement, then the angles opposite to the side (in the same
order) will also be in ascending order (i.e. greater angles has
greater side opposite to it). If the sides are arranged in descending
order of their measurement, then the angles opposite to the side
in the same order will also be in descending order

(i.e. smaller angle has smaller side opposite to it).

There can be only one right angle or only one obtuse angle in any
triangle.

Different Centre of a Triangle
1. Circumcentre

The three perpendicular bisectors of the sides of
a triangle meet at a point is called circumcentre
of the triangle. The circumcentre of a triangle is
equidistant from its vertices and the distance of
circumcentre from each of the three vertices is
called circumradius (R) of the triangle. The
circle passes through all the three vertices of the

triangle is called circumecircle.
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2. Incentre and Excentre
If I is the centre, then OBIC = 90° + D—QA

The internal bisectors of the three angles of a triangle meet at a point
is called incentre (I) of the triangle. Incentre is equidistant from the
three sides of the triangle. i.e. the perpendicular’s drawn from the
incentre to the three sides are equal in length and this length is called
the inradius of the triangle.

The circle drawn with incentre as centre and touches all three sides on
the inside is called incircle. The point of intersection of two external
angle bisectors and one internal angle bisector is called an excentre.
Any triangle has three excentres, one opposite to each vertex.

3. Orthocentre

The perpendicular is drawn from a vertex to the opposite side is called

an altitude. The three altitudes meet at a point is called orthocentre.
A

4. Centroid

Median is the line joining the mid-point of a side to the opposite
vertex. The three medians of a triangle meet at a point is called the
centroid G. Centroid divides the median in the ratio 2: 1.

A
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Important Points about Centres of Triangles

@

(ii)

(iii)

(iv)

V)
(vi)

(vii)

In a right angled triangle, the vertex where the right angle is
formed ( i.e. the vertex opposite to the hypotenuse) is the
orthocentre.

In an obtuse angled triangle, the orthocentre lies outside the
triangle.

Centroid divides each of the medians in the ratio 2: 1, the part of
the median towards the vertex being twice in length to the part
towards the side.

In a right angled triangle, the length of the median drawn to the
hypotenuse is equal to half the hypotenuse. This median is also
the circumradius and the mid-point of the hypotenuse is the
circumcentre. In an obtuse angled triangle, the circumcentre
lies outside the triangle.

In an isosceles triangle, centroid, orthocentre, circumcentre
and incentre all lie on the median to the base.

In an equilateral triangle, centroid, orthocentre, circumcentre
and incentre all coincide.

The ratio of circumradius and inradius of an equilateral triangle
is2:1.

Congruency of Triangles

Two triangles that are identical in all respects are said to be congruent
and it is denoted by the symbol [I In two congruent triangles,

@
(i)

the corresponding sides are equal.
the corresponding angles are equal.

Two triangles will be congruent, if atleast one of the following
conditions is satisfied.

@
(i)

(iii)

@v)

Three sides of one triangle are respectively equal to the three
sides of the second triangle. (SSS)
Two sides and the included angle of one triangle are respectively

equal to two sides and the included angle of the second triangle.
(SAS)

Two angles and the included side of a triangle are respectively
equal to two angles and the corresponding side of the second
triangle. (ASA) or (AAS)

Two right angled triangles are congruent, if the hypotenuse and
one side of one triangle are respectively equal to the hypotenuse
and one side of the second right angled triangle. (RHS)
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Similarity of Triangles

Two triangles are said to be similar, if they are alike in shape only and
it is denoted by the symbol (~). The corresponding angles of two similar
triangles are equal but the corresponding sides are only in proportional
but not equal. Two triangles are similar, if
(1) the three angles of one triangle are respectively equal to the
three angles of the second triangle. (AAA) or (AA)
(i1) two sides of one triangle are proportional to two sides of the
other and the included angles are equal. (SAS)

(111) the corresponding sides of two triangles are in the same ratio,
then triangles are similar. (SSS)

Some Important Theorems

1. Pythagoras Theorem In AABC,if 0B 90 , then
AC? = AB® + BC™.

A
C ]
2. In AABC, if AD is the angle bisector intersecting BC at D, then
AB_ BD
AC DC
A
B D C
3. If D and E divide AB and AC in the ratio m : n respectively, then
DE=—"_BC.
m+n
4. Mid-point Theorem The line segment A

joining mid-points of two sides of a triangle
is parallel to the third side and equal to
half of it. b E

ie. BC|| DE and DE = é BC : c



10.

11.
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. In AABC, if D and E are the points on AB and AC, respectively

such that DE is parallel to BC, then AD = @

AB AC
In AABC, if AD is the median from A to side BC meeting BC at
its mid-point D, then 2(AD? + BD?) = AB? + AC?. This is called
the Apollonius theorem.
The ratio of areas of two similar triangles is equal to the ratio of
the squares of any two corresponding sides.

. The areas of two similar triangles are in the ratio of the squares

of corresponding altitudes.

. The areas of two similar triangles are in the ratio of the squares

of the corresponding medians.

The areas of two similar triangles are in the ratio of the squares
of the corresponding angle bisector segments.

If the areas of two similar triangles are equal, then the triangle
are congruent and vice-versa.

Quadrilaterals

A plane closed figured bounded by four segments is called
quadrilateral.

1.
2.

A

C

The sum of four angles of a quadrilateral is equal to 360°.

If the four vertices of a quadrilateral lie on the circumference of
a circle i.e. if the quadrilateral can be inscribed in a circle) it is
called a cyclic quadrilateral. In a cyclic quadrilateral,

the sum of opposite angles is 180°

ie. A+C=180°and B+ D =180°.
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Parallelogram

A quadrilateral having opposite sides are A B
parallel is called a parallelogram. In a

parallelogram,

(1) opposite sides are equal.

(1) opposite angles are equal. D L C

(111) each diagonal divides the
parallelogram into two congruent triangles.

(iv) sum of any two adjacent angles is 180°.

(v) the diagonals bisect each other.

Rhombus

A parallelogram is a rhombus in which every pair of adjacent sides are
equal (all four sides of a rhombus are equal).
A B

2N

D 5 C
Since, a parallelogram is a rhombus, all the properties of a
parallelogram apply to a rhombus. Further, in a rhombus, the
diagonals are perpendicular to each other.

Rectangle
A parallelogram is a rectangle in which each of the angles is equal to
90°. The diagonals of a rectangle are equal.

A B

90°
D Cc

A rectangle is also a special type of parallelogram and hence all
properties of a parallelogram apply to rectangles also.
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Square

A rectangle is a square in which all four sides are equal (a rhombus in
which all four angles are equal, all are right angles).

A B

D C
Hence, the diagonals are equal and they bisect at right angles.

Trapezium

If one pair of opposite sides of a quadrilateral are parallel, then it is
called a trapezium.

In the figure, side AD is parallel to BC. Any trapezium is said to be an
isosceles trapezium, if CD = AB.

Important Points to be Remembered

(i) The quadrilateral formed by joining the mid-points of the consecutive
sides of a rectangle is a rhombus and vice-versa.

(i) The figure formed by joining the mid-points of the pairs of consecutive
sides of a quadrilateral is a parallelogram.

(iii) The quadrilateral formed by joining the mid-points of the sides of a
square, is a square.

(iv) Two parallelograms on the same base and between the same parallel
lines have equal areas.

(v) One parallelogram and one rectangle on the same base and between
same parallel lines have equal areas.

(vi) Two triangles on the same base and between the same parallel lines have
equal areas.
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Polygon

Any figure bounded by three or more line segments is called a polygon.
A regular polygon is one in which all sides are equal and all angles are
equal. A regular polygon can be inscribed in a circle.

The name of polygons with three, four, five, six, seven, eight, nine and
ten sides are respectively triangle, quadrilateral, pentagon, hexagon,
heptagon, octagon, nonagon and decagon.

Convex Polygon

In a convex polygon, a line segment between two points on the
boundary never goes outside the polygon.

D

Concave Polygon

In a concave polygon, a line segment between two points on the
boundary goes outside the polygon.

Or
In concave polygon atleast one of the interior angle is more than 180°.
D
E C
A
B

(1) The sum of all the angles in a convex polygon is (2n — 4)90°.
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o

(1) Exterior angle of a regular polygon is

(ii1) Interior angle of a regular polygon is QSO" _ 360 @
n

(iv) Number of diagonals of a convex polygon with sides is n

(n-3)
.

Circles
A circle is a set of points which lie in a plane which area at a constant
distance from a fixed point in the plane.
1. Radius Radius is the shortest distance between the centre of
the circle and a point on the circumference of the circle.

2. Chord A chord is a line joining two points on the circumference
of a circle.

3. Diameter Diameter is the largest chord of a circle.

4. Secant A secant is a line intersecting a circle in two distinct
points.

5. If two chords APB and CPD intersect at P, then
PAPB= PCPD.

6. Tangent A line that touches the circle at only one point is called
a tangent to the circle (RR' is a tangent touching the circle at R).
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10.

11.

12.

13.

14.

. A tangent is perpendicular to the radius drawn at the point of

tangency (RR' 0 OR)i.e.at R.

. Two tangents can be drawn to the circle from any point outside

the circle and these two tangents are equal in length (in figure
X is the external point and the two tangents XY and XY' are
equal.)

. One and only one circle passes through any three given

non-collinear points.

Two circles are said to touch each other, if a common tangent can
be drawn touching both the circles at the same point. This is
called the point of contact of the two circles. When two circles
touch each other, then the point of contact and the centres of the
two circles are collinear.

If two circles touch internally, then the distance between two
centres is equal to the difference of their radii.

If two circles touch externally, then the distance between two
centres is equal to the sum of their radii.

A common tangent drawn to two circles is called a direct
common tangent, if the tangent cuts the line passing through
the centres not between the two circles but on one side of the
circles.

Direct common tangent

The maximum number of common tangents that can be drawn
for two non-intersecting circles is four. The number of common
tangents that can be drawn for two intersecting circle is 2.
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Arc and Sector

An arc is a segment of a circle. In the figure, ACB is called minor arc
and ADBis called major arc. In general, when we say it is an arc AB,
we refer to the minor arc. The closed figure AOBCA is called the
sector. JAOB is called the angle of the sector.

(i) Angles in the same segment are equal. In the figure,

UAXB- 0O AYB.

(i1) The angle subtended by an arc at the centre is double the angle

subtended by the arc in the remaining part of the circle. In the
figure, JAOB- % [0 AXB 20 AYB.

Some Important Theorems

1.

If two arcs of a circle are congruent, then the corresponding
chords are equal.

. The perpendicular from the centre of a circle to a chord bisects

the chord.

. The line joining the centre to the mid-point of a chord is

perpendicular to the chord.

. Chords which are equidistant from the corresponding centres

are equal.

. Equal chords of a circle are equidistant from the centre.
. The angle in a semi-circle is a right angle.

. Alternate Segment Theorem The segment opposite to the

angle formed by the chord of a circle with the tangent to a point
is called alternate segment for that angle, i.e. 1 BAT= 0 ADB.

an)
N




424 Handbook of Mathematics

Important Points to be Remembered
(i) Ina AABC, if E and F are the points on AB and AC, respectively and EF is
AE _AF

parallel toBC, then —=—.
AB  AC

B C

(i) InaAABC, if AD is the median, then AB? + AC? =2(AD? +BD?).
A

B D C

(iii) In parallelogram, rectangle, rhombus and square, the diagonals bisect
each other.

(iv) If two circles touch each other internally, then the distance between the
two centres is equal to the difference in the radii of the two circles.

(v) If PABis a secant to a circle intersecting the circle at Aand B and PT is a
tangent segment, then PA x PB =pPT2.
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Perimeter and Area of Plane Figure
Plane Figure A figure enclosed by three or more sides or by a
circular boundary.

Perimeter Total length of the sides of a plane figure.

Area Space covered by a plane figure.

Triangle
For any triangle having sides a, b and ¢, then

Perimeter =a +b +c=2s

Area = Base x Height = é(a x h)

(9}

or Area = \/s(s —-a)(s —-b)(s—c), it is called a
Heron’s formula.

+b+ . . .
where, s = % = semi-perimeter of the triangle.

Different Types of Triangles
(1) Right Angled Triangle

Perimeter=b+d + h d

Area = %(b x )

>

Hypotenuse = d = yh? + b? B b ¢
(ii) Equilateral Triangle A
Perimeter = 3a . ;
Altitude = Height (h) = ‘f a h
2 B 71 Cc

Area = —3 a
4
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(iii) Isosceles Triangle
Perimeter = a + 2b

2 _ 2
Altitude = Height (h) = V20~

Area = % 4b% - o> B

(iv) Isosceles Right Triangle
Perimeter = 2a + /2a

Hypotenuse (b) =/2a
Area = 1 a?
2
(v) Triangle having Two Sides
and One Angle
Perimeter =a + b + ¢

Area:labsiny:lbcsina :lac sinf3
2 2 2

(vi) Acute Angled Triangle

Perimeter=a + b +¢
st
Area_2_\/ M A

(vii) Obtuse Angled Triangle

Perimeter=a + b +¢

Area—2—\/ MDZ

Quadrilateral
Perimeter = AB+ BC +CD + DA

Area = é(h1 + hy)BD
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Different Types of Quadrilaterals

®

(ii)

(iii)

(iv)

V)

Rectangle A ; 5
Let [ = length, b = breadth s ///
Perimeter = 2(1 + b) \\\,«//
Area=1xb b ///’ \\\ b
Diagonal, AC=BD =4/1* +b* -~ S~
B l C
Rectangular Path

Let w be the width of the path.
Perimeter of outer path

=2 [(I +2w) +(b +2w)]
Area of outer rectangle

=(1+2w)(b +2w)
Area of path =(/ +2w) (b +2w) —1b

Square B

Perimeter = 4a

Diagonal AC = BD = V2a = /2% Area a a
Area = a?

Area = %(AC)(BD) - %(AC)Z - é(BD)Z D a ¢

Parallelogram
Perimeter = 2(a + b)

Area=axh
Also, df + d = 2(a” + b*) or
Area = 2\/8(8 -a)(s—-b)(s-d)
a+b+d

where, s =

Rhombus
Perimeter of rhombus = 4a

Area of rhombus=a x h

Area of rhombus = % d, d,

Also, d}+dZ =4a”
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(vi)

(vii)

Trapezium A a B

Let a and b are the length of the
parallel sides and A = height

Area:%(a+b)><h D b c

Area of trapezium, when the lengths A a B
of parallel and non-parallel sides are
given ¢ h d

Zb\/s(s—k)(s—c)(s—d) D c

a

k+c+d
2

Perpendicular distance (h) between the two parallel sides

:%\/s(s -k)(s—c)s—d)

where, k=(b—-a)and s=

Trapezoid
D
A/
h ha
L
B<+—> < C
a b c

Area = (hy + hy)b + ahy + ch,

2

A trapezoid can also be divided into two triangles. The area of
each of these triangles is calculated and the result added to find
the area of trapezoid.

Circle

@

Let radius of circle = r, diameter = d
Perimeter = 210r = T/ C-d=2r)

Area = Trr?

Semi-circle

Perimeter = (1t + 2)r = 0 +d :376,~ @
1

Area = 5 T2 A [¢]

m
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(i) Quarter Circle

Perimeter = % + 2@7‘ B@
Area = 1 w2
4

(ii1) Sector of a Circle

Length of the arc AB = ;32;([; 0 A
2106 ‘d\
Perimeter of the sector AOB = 2r + w B
360
-2
Area of the sector AOB= 0
360°

Area of the sector AOB = % x arc AB xr

(iv) Segment of a Circle
A

Minor
segment
D B

Major
segment

2
Area of minor segment = rd ch

2 (360° - 0)n

r . |
_ + e
2 H 180° =

- sin GE
Area of major segment =

Concentric Circles

Perimeter =21y +1y)
Area of the shaded region \ /)
2

_ 2
=Ty — 1)

=T(ry +17)(ry —11)
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Some Important Results

(i) Path Around a Garden/Verandah Around a Room
Area of the verandah
= 2 (Width of verandah) X [Length d
+ Breadth of room + 2 (Width of verandah)]
=2xd x[l +b+2d]
(i1) If area of the verandah is A and the width of the verandah is d,
then area of the ‘square shaped’ garden/room is given by
A - 4420
3 4d g
(ii1) If area of a rectangle is A and the ratio of its sides is @ : b, then

First side =+/Area x Ratio = \/A x(a:b)
Second side =+/Area x Inverse ratio = \/A x(b:a)

[ ——>

‘[
Y
D

Area of garden/room =

(iv) Regular Polygon
Area of a regular polygon = é x Number of sides

x Radius of the inscribed circle
33

(a) Area of regular hexagon = x (Side)?

(b) Area of regular octagon = 2 (+/2 + 1)(Side)®
(v) If the area of the square is A, then area of the circle formed by

the same perimeter = ﬁ
Tt

(vi) If all the measuring sides of a plane figure, is
increased/decreased by x%, then

(a) Its perimeter increases/decreases by x %.

. O x2 0 O x>0
(b) Its area increases or decreases by [Rx+——[P% or [2x———[%.
0o 1000 0 100

(vii) Area of room = Length x Breadth
(viil) Area of 4 walls of a room = 2(Length + Breadth) x Height

(ix) Radius of incircle of an equilateral triangle of side ‘a’ = e

243

(x) Radius of circumcircle of an equilateral triangle of side ‘a’ =

J3
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(x1) Angle inscribed by minute hand in 60 min = 360°
(xi1) Angle inscribed by hour hand in 12 h =360°
(x111)) Angle inscribed by minute hand in 1 min = 6°
(xiv) Distance moved by a wheel in one revolution = Circumference of
the wheel = 21, where r is the radius of a circle
(xv) If the length of a square/rectangle is increased by x% and the
breadth is decreased by y%, the net effect on the area is given by
0,

O
Net effect = x—y -
g Y 100

(xvi) If the side of a square/rectangle/triangle is doubled the area is
increased by 300%, i.e. the area becomes four times of itself.

(xvii) If the radius of a circle is decreased by x %, the net effect on the

0«20 . . Ox2 O
area is [ ——[P%,1.e. the area is decreased by O0—1[P4.
0 1000 Loog

(xviii) If a floor of dimensions (I x b)is to be covered by a carpet of width
w metre the length of the carpet is @l»bgm
w

(xix) If a floor of dimensions (I x b) m is to be covered by a carpet of
width w metre at the rate ¥ X per metre, then the total amount

required is ¥ g@@
w

(xx) If a room of dimensions (I X b)m is to be paved with square tiles,

then

(a) the side of the square tile = HCF of [ and b

(b) the number of tiles required = Ixb 5
(HCF of [ and b)

(xx1) If the sides of a rectangular field of area x sq m are in the ratio

m:n, then the sides are given by 0% and 1/x[«l’1 .
n m

(xxii) If the side of a regular polygon is a and the polygon has n sides,

then the area of the polygon is % cot %%2 sq units.

(xxiii) Area of a square inscribed in a circle of radius r is 2r 2 and the
side of a square inscribed in a circle of radius r 1s Jor.

(xxiv) The area of the largest triangle inscribed in a semi-circle of
radius risr 2
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(xxv) The number of diagonals of a regular polygon of n sides is

given by m

(xxvi) (a) If a square hall x metre long is surrounded by a verandah (on
the outside of the hall) d metre wide, the area of the
verandah is given by 4d (x+ d ) sq m.

(b) If the verandah is made inside the hall, then area of
verandah is given by 4d (x — d) sq m.

Surface Area and Volume of Solid Figure
Surface Area Area covered by the outer surface of a solid.
Volume Amount of space occupied by a solid.

Important Points to be Remembered
(i) The capacity of a container is equal to its volume.

(ii

=

The volume of the material in a hollow body is equal to the difference
between the external volume and internal volume.

(iii

=

To find the cost of polishing/covering/painting of a solid, firstly we will
have to find its exposed surface area and then multiply it by unit cost.

(iv) To find the quantity of a substance continued in a solid, we find its
volume.

(v) Volume of water accumulated on a roof after rain
=Surface area of roof x Rain falls

Solid Figure
The objects which occupy space (i.e. they have three dimensions) are
called solids.

1. Cuboid (Parallelopiped)

A figure which is surrounded by six rectangular surfaces is called
cuboid.

=4
—b

14—3»

—

Lateral surface area = 2(/ + b)h

Total surface area = 2(Ib + bh + [h)
Volume = [bh
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Length of the diagonal = /1% + b% + h?

Area of base/top x Area of side face
x Area of other side face

Volume = \/

2. Cube

A cuboid whose length, breadth and height are same is called a cube.

T

a

l

+—a——

Let side of a cube be a.

Lateral surface area = 4a?

Total surface area = 6a®
Volume = a®
Length of the diagonal = /3a

Edge of a cube = 3+ Volume

3. Right Circular Cylinder

A right circular cylinder is considered as a solid generated by the
revolution of a rectangle about one of its sides.

Curved surface area = 21rh = Tdh T
Total surface area = 21rh + 27r> h
d 0 l

=2 +h)=Td +h I

w(r+h)=nd o+ hQ —_——

Volume = 1r?h =0.7854 d°h

4. Hollow Cylinder
Curved surface area = 211(R +r)h
Total surface area = 2(R +r)(h +R -r)
Volume = T (R? - r?)

or Volume of material = (R? -r?)h
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5. Right Circular Cone

A right circular cone is a solid generated by revolving of a right angled
triangle through one of its sides (other than hypotenuse) containing
I

the right angle as axis.

~—r—

Curved surface area = 1!
Total surface area = vl + 12 = T([ +r)

Volume = émzh

Slant height, I = \/m

6. Frustum of Right Circular Cone

If a right circular cone is cut off by a plane parallel to its base, then the
portion of the cone between the cutting plane and the base of the cone
is called a frustum of the cone.

T\

|

\

Slant height = 1 = A2 +(r, — 1)

Curved surface area = T(r; +1y)!

Total surface area = Tt[(r, + 1)l +77 +77]

Volume = % (2 +rd +nry)
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7. Sphere

A sphere is a solid generated by the revolution of a
semi-circle about its diameter.

Surface area = 412 = id?

Volume = é e = n d? (©
3 6

8. Hemisphere

A plane passing through the centre of a sphere, divides the sphere into
two equal parts. Each part is called a hemisphere.

Curved surface area = 210>

Total surface area = 21r? + 2 = 3102

Volume = %TU‘S

9. Hollow Sphere (Shell)

The solid enclosed between two concentric spheres is called a hollow
sphere.

—>-e0<«—I—

N\

Volume of the material = %T[(rg’ )

= (0’ -d)
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10. Frustum of a Sphere
Volume :l6d{3(a2 —d2)+3(a? ~dy?) +d,? ~2d,dy +d,%}

=%(3r12 + 31"22 +d?), where d = d, - d,

x L

Curved surface area =2Ta(d, — d;) = 2Tad
Total surface area =2mad +(TT12 + 11'22)

=1(2ad +r12 +r22)

11. Tours (Solid Ring)

Tours is a solid revolution of three dimensions obtained when a circle
is rotated about an axis lying in its plane but not intersecting the
circle. e.g. A cycle tubes, rings, tennikoit ring, bangles, life belt.
If radius of the circle which rotates is r and a is the distance between
centre of the surface of circle and the axis of revolution, then

Curved surface area of tours = 21r x 2 To =410 ra

Volume of the tours = w? x 2 . =2 7r’a
Area of the ring around the top of the hemispherical vessel = 1t (R? —r?)
Total surface area of a hemispherical vessel = 31 (R? +r?)
where, R = Outer radius, r = Inner radius

12. Right Prism
A right prism is a prism in which the joining edges and faces are
perpendicular to the base faces.
Lateral surface area = Perimeter of base x Height
Whole surface area = Lateral surface area + 2 x Area of base
Volume = Area of base x Height



(1) Triangular Prism

A three sided prism having parallel bases and in
equilateral triangle. Lateral surface area = 3ah

f o

Total surface area = 3ah + —
Volume = \faz x h

(ii) Pentagonal Prism
Surface area of pentagonal =+/3a>

Lateral surface area = 5a x h = 5ah
Total surface area = 5ah + 2v/3a>

Volume = +/3a? x h =+/3a%h

(iii) Hexagonal Prism

3V3

Surface area of hexagonal = e a“=25981a

Lateral surface area = 6a x h = 6ah

3f2

Total surface area = 6ah + ——

Volume = { a’h = 2.5981a%h

13. Pyramid

Mensuration
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>

-~ —>

2

>

It is a structure whose outer surfaces are triangular and converge to

a single point at the top.

Lateral surface area = é x Perimeter of base x Slant height

Total surface area = Lateral surface area + Area of base

Volume = é x Area of base x Height

(1) Triangular Pyramid

Lateral surface area = —(3a) x s

Who | =

=—as

[\

V3

Total surface area = gas + e a

1 V3 , V3

Volume == x —a“ xh =—a“h
4 12

w
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(i) Square Pyramid

Lateral surface area = % X 4a x s = 2as
h

Total surface area = 2as + a’

!
1
1
1
\

1

S
!
1
i
i

2 ¢
Volume—lxhxa ——h
3 3

(iii) Pentagonal Pyramid
Lateral surface area = % xba xs=
Total surface area = gas ++/3a?
1 1
Volume = = x v/3a? = —— a?
3 V3

(iv) Hexagonal Pyramid

A

1
Lateral surface area = 5 X 6a X s = 3as

3f

Total surface area = 3as + 2 g ﬂ

Volume = X2 ¢2h

%
?

Some Important Results
(1) If a cuboid has length, breadth and height be a, b and ¢, each of
thickness d, then capacity = (a — 2d )(b —2d )(¢ —2d)
Volume of material = abc — [(a —2d )(b —2d )(¢ —2d)]

(i1) If three cubes of sides a, b and ¢ are melted and a new cube is

formed of side x, then x =3/a® + > +¢° .

(111) Volume of water released by a pipe
= Rate of flow x Area of cross section x Time

(iv) If a solid is transformed into a number of small identical solids,

then

Number of small solids = Volume of large solid

Volume of small solid
(v) Change in the Dimensions

(a) Cuboid If length, breadth and height of a cuboid is
increased by
x%, y% and z% respectively, then increase is volume
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. U + vz +
1sg1venby§c+y+z+xy yz+zx o xyz %/0

100 (100)*

(b) Cube If the sides of the cube are changed by x%, then

. . 0 3y’ «
change in the volume is given by $8x + —

o 100 (100)2
O
or + ’Cg —~ 10x 100%.
100 8

(c) Sphere If the radius of a sphere is changed by x%, then
change in its volume is given by

0
B + fgo " 1:;0 % * g - 1D>< 100%.
0

(d) Cylinder If height of a cylinder is changed by x%, then
change in its volume = x%.

(e) If height and radius are changed by x% and y% respectively,
then change in its volume is given by

x? + 2xy . xZy O
0.
100  (100)%[

g
Ex+y+
g

(D) If height and radius are changed by x%, then change in the
volume is given by
0 3x” x°

x + ——
E‘(ﬁ 100 (100)2

(g) If the length, breadth and height of cuboid are made x, y
and z times respectively, its volume is increased by
(xyz = 1) x100%.

(h) If the sides and diagonal of a cuboid are given, then the total
surface area in terms of diagonal and sides is given by

Total surface area = (Sum of the sides) - (Diagonal)®.
(1) If the side of a cube is increased by x%, then surface area is
0 20
increased by 2x+ x—g%.
0 1000

(§) If each side of a cube is doubled, its volume becomes 8 times.
i.e. Volume is increased by 700%.





