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LOGARITHM

LOGARITHM OF A NUMBER :
The logarithm of the number N to the base ‘a’ is the exponent indicating
the power to which the base ‘a’ must be raised to obtain the number N.
This number is designated as log, N .
(@) log N = x, read as log of N to the base a < a* = N
If a = 10 then we write log N or log, N and if a =e we write
In N or log N (Natural log)
(b) Necessary conditions : N>0;a>0;a=1
(c) log1=0
(d) loga =1

) log% a=-1
(f) log (x.y) = logx + logy; x, y > 0

(@) log, [gj =log,x—log,v; X, y> 0

(h) log, x* =plog,x; x > 0

(i) log.x :llogax; x>0
q

1
G) 10QaX=log—a; x>0, x=1

(k) log x = logx/loga;x>0,a,b>0,b#1 a=1
() log, b.log, c.log.d=log,d;a, b, c,d>0, =1
(m) aloanzx; a > O, a=z1l
(n) a%c — ki abe>0;b=1
x<y if a>1

(0) logx<logy < .

2 2 x>y if 0 <axl
) logx =logy=>x=y;xy>0;a>0,a=1
(q) elna"= ax
(r) log,,2=0.3010;log,,3 = 0.4771; /n2 = 0.693, /n10 =2.303
(s) If a>1then log,x<p=0<x<aP
(t) Ifa>1then log,x>p=x>aP
(W) If 0 <a<1then log,x<p=x>aP
(v) If 0 <a <1 thenlog,x >p=0<x<aP
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TRIGONOMETRIC RATIOS & IDENTITIES

e —

RELATION BETWEEN SYSTEM OF MEASUREMENT OF
ANGLES :

b_G _2C
90 100 =

180
1 Radian = — degree ~ 57°17'15" (approximately)

1 degree = radian ~ 0.0175 radian

T
180
BASIC TRIGONOMETRIC IDENTITIES :

(@ sin?0 +cos?0=1 orsin?0=1-cos?0 orcos?0 =1-sin?0

) sec?0-tan?0 =1 orsec?0 =1 +tan?0 ortan® O =sec? 60— 1
(c) If secO + tan@ =k = secO —tan® = % = 25ece:k+%

(d) cosec?®—cot?0 =1 or cosec?® =1 + cot?0 or cot?0 = cosec?0—1
(e If cosecO + cotd =k = cosecd —cot0 = % = 2cosecO =k +%

SIGNS OF TRIGONOMETRIC FUNCTIONS IN DIFFERENT
QUADRANTS :

90°, /2
@ II quadrant [ quadrant @
only sine All + ve
& cosec + ve
180°n 0°, 360°, 2n
only tan & cot | only cos
+ ve & sec + ve
@ Il quadrant IV quadrant ©
270° 3r/2

2

I odk06\B0A-BONKota\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng\Part-1.p65



I odk06\B0A-BONKoto\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng)\Part-1.p65

4.

TRIGONOMETRIC FUNCTIONS OF ALLIED ANGLES :

(@) sin (2nm + 0) = sin 0, cos (2n7 + 0) = cos 0, wheren e[

(b) sin(-0)=—sin 0 cos (—0) = cos 0
sin(90°- 6) = cos0 c0s(90°—-0) = sin0
sin(90° + 0) = cosO cos(90° 0) = —sind
sin(180°-0) = sind cos(180°-0) = —cosh
sin(180° + 0) = —sin0 cos(180° + 0) = —cosO
sin(270°—-0) = —cosO cos(270°-0) = —sind
sin(270° + 0) = —cosO cos(270° + 0) = sind

Note

(i) sinnn=0;cosnn=(-1)"tan nx =0, wheren < |
T

5= 1), cos(2n+1)§ =0, where n el
IMPORTANT TRIGONOMETRIC FORMULAE :
(i) sin (A + B) = sin A cos B + cos A sin B.

(ii) sin (A — B) = sin A cos B — cos A sin B.

(iii) cos(A+B)=cosAcosB-sinAsinB

(iv) cos(A-B)=cosAcosB+sinAsinB

(ii) sin(Z2n+ 1)

) tan(A+B)= ‘2nA+tanB
1-tanAtanB
tanA - tanB

i tan(A-B)= ——MM—

(vi) an ( ) 1+tanAtanB

. A+ B cotBcotA -1
(vii)  cot(A+B)= cotB + cotA

A_B cotBcotA +1
(viii)  cot (A-B) = cotB—-cotA

(ix) 2sin A cos B = sin (A+ B) + sin (A - B).
(x) 2 cos A sin B = sin (A + B) —sin (A - B).
(xi) 2cosAcosB=cos(A+B)+ cos(A-B)
(xii) 2 sin Asin B =cos(A-B)-cos(A + B)

3
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C+D C
(xiii) sinC+sinD=25in( 2 ]cos(

2
C

°)
_D]
2

C+D C-D
(xv) cosC+cosD=2cos( 2 )cos( 2 ]

C+D D-C
(xvi) cosC—cosD=2$in( 2 )sin( 2 ]

C+D
(xiv) sinC—sinD=2cos( 2 ]sin(

ii) sin 20 =2sin 0 0 —Ztane
(xvii) sin 20 = 2 sin 6 cos 6 = 1+ tn20
1-tan?0
(xviii) cos20 = cos® —sin®® = 2cos?0 -1 =1-2sin* 0= ————
1+tan“0

(xix) 1+ cos20=2cos?0or |cosf|= 1+C—20529
1-cos20
(xx) 1-cos26 = 2sin?6 or |sin6|=\/§

_1-cos26 _ sin26

i) tan® =
(od)  tan sin20 1+ cos26
2tan0
ij) tan20=————
(poxi) 1-tan®@

(xxiii) sin 36 = 3 sin 6 —4 sin® 6.
(xxiv) cos 30 = 4 cos® 0 — 3 cos0.

3tan0-tan’0
1-3tan?0
(xxvi) sin? A —sin? B = sin (A+B). sin (A-B) = cos? B — cos? A.

(xxvii) cos? A - sin? B = cos (A+B). cos (A - B).

(xxv) tan36 =
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(xxviii) sin (A + B+ C)
= sinAcosBcosC + sinBcosAcosC + sinCcosAcosB
— sinAsinBsinC
= ¥sinA cosB cosC - Isin A
= cosA cosB cosC [tanA + tanB + tanC —tanA tanB tanC]
(xxix) cos (A + B+ C)
= cosA cosB cosC - sinA sinB cosC —sinA cosB sinC
—cosA sinB sinC
=TIcos A —Xsin Asin Bcos C
= cosA cosB cosC [1 —tanA tanB — tanB tanC — tanC tanA]
(xxx) tan (A + B + C)

_ tanA+tanB+tanC—tanAtanBtanC ~ S; -S4
1-tanAtanB - tanBtanC—tanCtanA  1-S,

(xxxi) sin o + sin (a+B) + sin (a+2B) +... sin (a+n—1p)
e 75 )
sy
(xxxii) cos a + cos (a+B) + cos (o + 2B) + ... +cos(o. + n— 1p)
o ("2 ptel3)
sm(gj

6. VALUES OF SOME T-RATIOS FOR ANGLES 18°, 36°,15°,
22.5° 67.5° etc.

(@) sinl&°= V5-1 =cos72 = sin——

10

(b) cos36°= V5+1 — sin54° = cos—
4 5

(c) sinld°= V3-1 = c0s75° = sin——

202 12
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\/§+1

(d) cosl5°= =sin75° = 05—~

02 12

s \/§—1 575

tan-—% =23 = on
(@ N7y V3 3.1 12

\/§+1 t—
\/__ 12
3 s

(@) tan(225°) = J2-1= cot(67.5°) = cot§7I = tang

) tan——Z J3 =

(h) tan(67.5°) =2 + 1= cot(225°)
MAXIMUM & MINIMUM VALUES OF TRIGONOMETRIC
EXPRESSIONS :

(@) a cos 6 + b sin 0 will always lie in the interval

[—\/a2+b2,\/a2+b2], i.e. the maximum and minimum

values are Va2 + b2 , —\/ aZ+b? respectively.
(b) Minimum value of a?tan?0 + b? cot? © = 2ab, where a, b >0
(c) Minimum value of a?cos?0 + b? sec?0 (or a%sin®0 + b’cosec?0) is
either 2ab (when lal > Ibl)ora? + b?(when lal < Ibl).
IMPORTANT RESULTS :

(@) sin 0 sin (60°-0) sin (60° + 0) = %sin?)e

1
(b) cos 0. cos(60° - 6) cos(60° + ) = ZCOS39

(c) tan 0 tan (60° - 0) tan (60° + 0) = tan 30
(d) cot 6 cot (60°-0) cot (60° + 0) = cot 30

3
@ @) sin” @ +sin? (60°+ 6) + sin” (60°~6) =,

(ii) cos? 0 + cos? (60° + 0) + cos? (60°—0) =

N w

6
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() (i) Iftan A + tan B + tan C = tan A tan B tan C,
then A+B+C=nn,nel
(ii) ftanAtanB+tanBtanC +tanCtan A =1,

then A+B+C=(2n+1)g,ne1

sin(2"0)
2" sin@

(@) cos 0 cos 20 cos40 ....cos (2" 10) =

(h) cotA —tanA = 2cot2A
9. CONDITIONAL IDENTITIES :
If A+ B+ C=180° then
(@) tan A + tan B + tan C =tan A tan B tan C
(b) cot AcotB +cotBcotC+cotCcotA=1

(©) tarlétarlE + tanEtanE + tarlgtané =1
2 2 2 2 2 2

(d) cot% + cot% + cot% = cot%cot%cot%
(e) sin 2A + sin 2B + sin 2C = 4 sinA sinB sinC

(f) cos 2A + cos 2B + cos 2C =—1-4 cosA cosB cosC

A B
(@) sin A + sin B + sin C = 4 cos - Ccos—cos—

2 2 2

(h) cosA+cosB+cosC=1+4 sinésinEsirlE

2 2 2

10. DOMAINS, RANGES AND PERIODICITY OF TRIGONOMETRIC

FUNCTIONS :
T-RatioDomain Range Period
sin x R -1,1] 2n
Cos X R -1,1] 2n
tan x R—{(2n+1)n/2 ; nel} R
cot x R-{nn:n €l] R
sec X R-{(2n+1)n/2:nel} (~o0,~1] U[1,0) 2n
cosec X R-{nn:nel} (~o0,—1] U[1,0) 2n
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11. GRAPH OF TRIGONOMETRIC FUNCTIONS :

(a) v =sinx

(b) v = cosx

() y=tanx

(d) v = cotx
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YBVEY

(e) v =secx (2n,1) 0.1) (2n,1) y=1

% -51/2,0% _37/2 08 —n/2,0 7/2,0 431/2,0 151/2,0

(—7[,—1_) L (n,~1)

,
(f) v =cosecx : : :
S N
e
T ] O | I
A A

12. IMPORTANT NOTE:
(a) The sum of interior angles of a polygon of n-sides
=(n-2)x180°=(n - 2)r.

(b) Each interior angle of a regular polygon of n sides

_ =2 5000227
n n

(c) Sum of exterior angles of a polygon of any number of sides
= 360°= 2.
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(@)

(b)

©
(d)

©
®

(@)

(h)
@

S

TRIGONOMETRIC EQUATION

I —

1. TRIGONOMETRIC EQUATION :
An equation involving one or more trigonometrical ratios of unknown
angles is called a trigonometric equation.

2. SOLUTION OF TRIGONOMETRIC EQUATION :

A value of the unknown angle which satisfies the given equations is
called a solution of the trigonometric equation.

(a) Principal solution :- The solution of the trigonometric equation
lying in the interval [0, 2x].
(b) General solution :- Since all the trigonometric functions are
many one & periodic, hence there are infinite values of 0 for
which trigonometric functions have the same value. All such

If sin © = 0, then 0 = nx, n eI (set of integers)
If cos 6 = 0, then 6 = (2n+1)%, nel

Iftan® =0,then®=nn,n el

If sin @ =sin o, then @ =nn + (-1)"a, n e |
Ifcos® =cosa,then®=2nnt+a,nel
[ftan® =tan o, then® =nn+ o, n el

If sin ® =1, then 6 = 2n~n +Z = (4n + 1)E nel

2 2’
Ifcos®=1then®=2nm,n el

possible values of 0 for which the given trigonometric function
is satisfied is given by a general formula. Such a general formula
is called general solutions of trigonometric equation.

3. GENERAL SOLUTIONS OF SOME TRIGONOMETRIC
EQUATIONS (TO BE REMEMBERED) :

If sin 0 = sin? o or cos? O = cos? o or tan? 6 = tan? a,

then0=nrxa,nel

10
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() sin(nm+0)=(-1)sinO,n el

cos (nw+0) =(-1)"cosH,n el

4. GENERAL SOLUTION OF EQUATION asin6 +bcos0=c:

Consider,asin® +bcos0=c................ (i)

a b C
VaZ +b? VaZ + b2 B VaZ +b?

equation (i) has the solution only if Ic| < +/a? + b2

sin® + cos0

a cos b sin¢ 1b
let 75 .5 T, & ¢o=tan " —
€ Va? +b? Va? +b? ¢ a
by introducing this auxiliary argument ¢, equation (i) reduces to
c

sin (0+¢) = W
a

Now this equation can be solved easily.
5. GENERAL SOLUTION OF EQUATION OF FORM :
a,sin™ + a,sin™'x cosx + a,sin™2 Xcos*™ + .......... +acos’x = 0

a

) a_are real numbers

Such an equation is solved by dividing equation both sides by cos™x.

6. IMPORTANT TIPS :

(a) For equations of the type sin 6 = k or cos 0 = k, one must check
that | k | < 1.

(b) Avoid squaring the equations, if possible, because it may lead
to extraneous solutions.

(c) Do not cancel the common variable factor from the two sides of
the equations which are in a product because we may loose
some solutions.

(d) The answer should not contain such values of 8, which make
any of the terms undefined or infinite.

11
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(e) Check that denominator is not zero at any stage while solving
equations.

() () If tan 0 or sec 0 is involved in the equations, 6 should not be

odd multiple of g .

(ii) If cot 0 or cosec 0 is involved in the equation, 0 should not be

integral multiple of = or 0.

(@) If two different trigonometric ratios such as tan 6 and sec 0 are
involved then after solving we cannot apply the usual formulae
for general solution because periodicity of the functions are not

Ssame.

(h) If L.H.S. of the given trigonometric equation is always less than
or equal to k and RHS is always greater than k, then no solution
exists. If both the sides are equal to k for same value of 8, then
solution exists and if they are equal for different value of 0, then

solution does not exist.

12
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ALLEN

QUADRATIC EQUATION
I —
SOLUTION OF QUADRATIC EQUATION & RELATION

BETWEEN ROOTS & CO-EFFICIENTS :
(a) The solutions of the quadratic equation, ax? + bx + ¢ = 0 is

. -b++/b?-4ac
given by x T

(b) The expression b? — 4ac = D is called the discriminant of the
quadratic equation.

(© If o &P are the roots of the quadratic equation ax?+ bx+ ¢ = 0,

then ;
@a+p=-b/a (@ ap=c/a (@i |e-p=vD/lal
(d) Quadratic equation whose rootsare a. & B is (x— o) (x— )=0

ie. x2—(a+B)x+ aff =0i.e. x2—(sum of roots) x + product
of roots = 0.

(e) If o, B are roots of equation ax?+bx+ ¢ = 0, we have identity in
xasax’+bx+c=ax—-oa)(x—p)

NATURE OF ROOTS:

(a) Consider the quadratic equation ax? + bx + ¢ = O where a, b,
c € R&a # Othen;
(i) D> 0 < roots are real & distinct (unequal).
(ii) D = 0 < roots are real & coincident (equal)
(iii) D < 0 < roots are imaginary.
(iv)If p+iq is one root of a quadratic equation, then the

other root must be the conjugate p —i q & vice versa.

(b) Consider the quadratic equation ax? + bx + ¢ =0
where a, b, c € Q& a # 0then;

(i) If D is a perfect square, then roots are rational.

13
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(i) f o =p+ \/a is one root in this case, ( where p is rational
& \/a is a surd) then other root will be p — \/a .
3. COMMON ROOTS OF TWO QUADRATIC EQUATIONS

(a) Atleast one common root.
Let abethe commonrootofax? +bx +c=0& ax?+bx+c =0
thenao?+ba +c=0 & aa?+ba+c =0.ByCramer’s
o o 1

bc'-b'c a'c—ac' ab'- a'b

Rule

ca'-c'a bc'- b'c
ab'- a'b a'c-ac'

Therefore, & =

So the condition for a common root is
(ca' — c'a)? = (ab' — a'b)(bc- b'c)

a b ¢
(b) If both roots are same then 2 b o

4. ROOTS UNDER PARTICULAR CASES
Let the quadratic equation ax? + bx + ¢ = 0 has real roots and
(@) If b= 0 = roots are of equal magnitude but of opposite sign
(b) If c= 0 = oneroots is zero other is —b/a

(c) If a=c = roots are reciprocal to each other
(d) Ifac< 0 = roots are of opposite signs

e If Z : 8’: : 8’2 : 8} both roots are negative.

a>0,b<0,c>0
a<0,b>0,c<0

(@) If sign of a = sign of b = sign of ¢

® If

} = both roots are positive.

= Greater root in magnitude is negative.
(h) If sign of b = sign of ¢ = sign of a
= Greater root in magnitude is positive.

@) Ifa+b+c=0=onerootis 1 and second root is c/a.

I odk06\B0A-BONKota\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng\Part-1.p65
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ALLEN

5.

MAXIMUM & MINIMUM VALUES OF QUADRATIC EXPRESSION :

Maximum or Minimum Values of expression y = ax® + bx + c is

-D
aa which occurs at x = — (b/2a) accordingas a< 0 ora> 0.

-D ) -D|.
ye{4—a,ooj1fa>0 & ye[—oo,4—ai|lfa<0.

LOCATION OF ROOTS:
Letf(x) =ax?+ bx +c, wherea,b,c e R,a#0
(a) Conditions for both the roots of f(x) = O to be greater than
a specified number ‘d’ are D > 0 and a.f(d) > 0 & (-b/2a) > d.
D=0

g A

(b) Condition for the both roots of f(x ) = 0 to lie on either side of
the number ‘d’ in other words the number ‘d’ lies between the
roots of f(x) = 0is a.f(d) <O.

(c) Condition for exactly one root of f(x) = 0 to lie in the interval
(de)ie.d<x<eisf(d). f(e) < 0

Ao/ 7N

d) Cond1t1ons that both roots of f(x) = 0 to be confined between

the numbers d & e are (here d < e).
D>0and a.f(d) >0 & af(e) >0 and d < (-b/2a)<e

A TN

15
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7.

GENERAL QUADRATIC EXPRESSION IN TWO VARIABLES :
f(x, y) = ax® + 2 hxy + by? + 2gx + 2 fy + ¢ may be resolved into
two linear factors if ;

a h g
A =abc + 2fgh—af® ~bg?-ch?*=0 OR |h b f|=0
g f ¢
THEORY OF EQUATIONS :
If oly, 00,005, e a.,, are the roots of the equation ;

_ n n-1 n-2 _
fx)=a,x"+a, x"" +a,x""+ ... +a x+a =0

where a , a a_are constants a, = 0 then,

[ERREERS

a ay
Yo, =——, X0 0, =+—=, X 0;0,0;
do Qo
as . a
=—— L0 OOy e, = (=1)" 2
do do
Note :

(i) Every odd degree equation has at least one real root whose
sign is opposite to that of its constant term, when coefficient of
highest degree term is (+)ve {If not then make it (+) ve}.

Ex. x*-x*+x-1=0

(ii) Even degree polynomial whose constant term is (-)Jve &
coefficient of highest degree term is (+)ve has atleast two real
roots, one (+)ve & one (—)ve.

(iiii) If equation contains only even power of x & all coefficient are
(+)ve, then all roots are imaginary.

P
(iv) Rational root theorem : If a rational number a (p,qeZy)isa

root of polynomial equation with integral coefficient
ax' + an_lx"'1 +eonn + a, = 0, then p divides a, and q
divides a .

16
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SEQUENCE & SERIES
I —
ARITHMETIC PROGRESSION (AP) :

AP is sequence whose terms increase or decrease by a fixed number.
This fixed number is called the common difference. If ‘a’ is the
first term & ‘d’ is the common difference, then AP can be written as
a,a+d, a+2d,...,a+(n-1)d, ...

a) n® term of this AP |T,=a + (n- 1)d|, whered=T -T_
n n-1

(b) The sum of the firstnterms : |S_ = g[Za +(n-1)d]= %[a + /]

where / is the last term.

(c) Also ntterm
Note :

(i) Sum of first n terms of an A.P. is of the form An?+ Bnii.e. a
quadratic expression in n, in such case the common difference

is twice the coefficient of n2. i.e. 2A

(i) n® term of an A.P. is of the form An + B i.e. alinear expression

in n, in such case the coefficient of n is the common difference
ofthe AP.ie A

(iii) Three numbers in AP can be taken as a —d, a, a + d; four
numbers in AP can be takenas a—3d,a-d,a+d, a+ 3d
five numbers in AP are a—2d,a-d, a,a+d, a+ 2d & six
termsin AP are a—5d,a—3d,a—-d,a+d,a+ 3d, a+ 5d etc.

(iv)Ifa, b, carein A.P., then b = atc
W If a, a, a,...... and b, b, b, ......... are two A.P.s, then
a,xb,a,xb,a, +b,....... are also in A.P.
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(vi) (@) If each term of an A.P. is increased or decreased by the
same number, then the resulting sequence is also an A.P.
having the same common difference.

(b) If each term of an A.P. is multiplied or divided by the same
non zero number (k), then the resulting sequence is also an
A.P. whose common difference is kd & d/k respectively,
where d is common difference of original A.P.

(vii) Any term of an AP (except the first & last) is equal to half the

sum of terms which are equidistant from it.

T+ Tk

T, ="
2

GEOMETRIC PROGRESSION (GP) :

, k<r

GP is a sequence of numbers whose first term is non-zero & each of
the succeeding terms is equal to the preceding terms multiplied by a
constant. Thus in a GP the ratio of successive terms is constant. This
constant factor is called the common ratio of the series & is obtained
by dividing any term by the immediately previous term. Therefore a,
ar, ar?, ar®, ar®, .......... is a GP with 'a' as the first term & 'r' as

common ratio.
@ ' tom
a(r" -1)

(b) Sum of the first n terms |S,, = 1 ifr=1

() Sum of infinite GP when |r|<1 (n—>o0, " >0)

SDO =%;|r|<1

(d) Ifa,b,carein GP = b2 =ac = loga, logb, logc, are in A.P.

18
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Note :
() InaG.P. product of k" term from beginning and k*term from the
last is always constant which equal to product of first term and

last term.
(i) ThreenumbersinG.P. : a/r, a, ar
Five numbersin G.P. : a/r?, a/r, a, ar, ar?
Four numbersin G.P. : a/r3, a/r, ar, ar®
Sixnumbersin G.P. : a/r®, a/r®, a/r, ar, ar ar®

(i) If each term of a G.P. be raised to the same power, then resulting
series is also a G.P.
(iv) If each term of a G.P. be multiplied or divided by the same

non-zero quantity, then the resulting sequence is also a G.P.

W) Ifa,a, a,.... andb, b, b, ....... be two G.P.'s of common
ratio r, and r, respectively, then ab,, a,b, ..... and
a, a, a
=, 2= . will also form a G.P. common ratio will be r, r,

b, b, b,
I,
and - respectively.
)
(vi) In a positive G.P. every term (except first) is equal to square root
of product of its two terms which are equidistant from it.

Le. Tr = \/Tr—kTr+k v k<r
(vi) If a,, a,, @,.....a_isa G.P. of non zero, non negative terms,

thenlog a,, log a,,.....log a_is an A.P. and vice-versa.

3. HARMONIC PROGRESSION (HP) :
A sequence is said to HP if the reciprocals of its terms are in AP.
If the sequence a,, a,, a,, ....,a_ isan HP then 1/a,, 1/a,,....,
1/a_isan AP & vice-versa. Here we do not have the formula for
the sum of the n terms of an HP. The general form of a harmonic
11 1 1
progression is 1,5 1 arn-1d

Note : No term of any H.P. can be zero. If a, b, ¢ are in

HP:>b=2aC gza—b
a+c ¢ b-c

19
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4.

MEANS

(a) Arithmetic mean (AM) :
If three terms are in AP then the middle term is called the AM
between the other two, so if a, b, c are in AP, bis AM of a & c.
n-arithmetic means between two numbers :

If a,b are any two given numbers & a, A, A,, ........ ,A_, bare
in AP then A, A,,...A_are the n AM’s between a & b, then
—-a
+1
Note : Sum of n AM's inserted between a & b is equal to n times

b
A=a+d,Aj=a+2d,...,A=a+nd, Whered=rl

the single AM between a & bi.e. ' A =nA where A'is the
r=1

a+b
2

single AM between a & b i.e.
(b) Geometric mean (GM) :

If a, b, c are in GP, then b is the GM between a & ¢ i.e. b? = ac,

therefore b =+/ac

n-geometric means between two numbers :

If a, b are two given positive numbers & a, G, G,, ........ , G,
b arein GPthen G,,G,, G, ,......G_ aren GMsbetween a & b.
G=ar,G,=ar? ... G = ar", where r= (b/a)/"!

Note : The product of n GMs between a & b is equal to nth
power of the single GM betweena & bi.e. I?IIGr =(G)™ where
G is the single GM between a & bi.e. +/ab

(c) Harmonic mean (HM) :

Ifa, b, care in HP, then bis HM between a & c, then b = Zac

a+c’

20
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Important note :

(i) IfA, G, H, are respectively AM, GM, HM between two positive
number a & b then
@ G? = AH (A, G, H constitute a GP) b) A>G=H
0 A=G=Hoa=b

(i) Leta, a,,...... ,a_be n positive real numbers, then we define
their arithmetic mean (A), geometric mean (G) and harmonic

mean (H) asA =

n
G=(@a,..... a)" and H n
172 [1 1 1 lj
Rl
a a; a3 a,

It can be shown that A > G > H. Moreover equality holds at either

place if and only if a, = a, =.....= a

ARITHMETICO - GEOMETRIC SERIES :

Sum of First n terms of an Arithmetico-Geometric Series :

Let S =a+(@a+dr+(a+ 2d)r% + .o +la+(n-1)dpr™?!
dr(1-r"Y) [a+(n-1d "
g -2 - ,r#l
then =n =777 1_1f 1, r#
Sum to infinity :
If|r|<1 & n—w then Limr" =0 = Sw=i+ dr2
n—o 1-r (1 _ r)
SIGMA NOTATIONS
Theorems :
@ Xfa tb)=>a +>b, ®) X ka =k> a,
r=1 r=1 r=1 r=1 r=1

n
(©) Z k =nk ;where kis a constant.
r=1

21
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7. RESULTS

(sum of the first n natural numbers)

@) Z“:r _ n(n+1)
r=1

() Z“:rz _ n(n+1)(2n+1)

r=1

(sum of the squares of the first n natural

numbers)

2

+ 1 L

(©) Zr r1 {Z r} (sum of the cubes of the first n
r=1

natural numbers)

() Zr r1+1(2r1+1)(3r1 +3n-1)

22
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I

PERMUTATION & COMBINATION

—

FUNDAMENTAL PRINCIPLE OF COUNTING (counting
without actually counting):

If an event can occur in ‘m’ different ways, following which another

event can occur in ‘n’ different ways, then the total number of different

ways of

(a) Simultaneous occurrence of both events in a definite order is m
x n. This can be extended to any number of events (known as
multiplication principle).

(b) Happening of exactly one of the events is m + n (known as
addition principle).

FACTORIAL :

A Useful Notation : nl=nn-1)(n-2) ...... 3.2.1;
n!l=n.(n-1)!wheren e W

o=1=1

@n)=2". nl[1.3.5.7........ (@2n-1)]

Note that :

() Factorial of negative integers is not defined.

(i) Let p be a prime number and n be a positive integer,
then exponent of p in n! is denoted by E (n!) and is given by

E (n) H . {p_} . {p_} ..

PERMUTATION :
(@) "P, denotes the number of permutations (arrangements) of n
different things, takenratatime (n e N, r e W, n>7r)

P =nn-1)n—-2) ............. (n—r+1)=rl

r
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(b) The number of permutations of n things taken all at a time when
p of them are similar of one type, q of them are similar of
second type, r of them are similar of third type and the remaining

n!

p! q! r!’

(¢) The number of permutation of n different objects taken r at
a time, when a particular object is always to be included is
vl e

(d) The number of permutation of n different objects taken r at a
time, when repetition be allowed any number of times is

n—(p + q+ r) are all different is :

NXNXMN..oooenn. r times = n".
(e) (i) The number of circular permutations of n different things
"P
taken all at a time is ; (n — 1)l =—=.
n
If clockwise & anti-clockwise circular permutations are
. .. (n=1)!
considered to be same, then it is 5

(ii) The number of circular permutation of n different things
taking r at a time distinguishing clockwise & anticlockwise

n
T

arrangement is

4. COMBINATION:
(@) "C, denotes the number of combinations (selections) of n different

n

|
things taken r ata time, and "C, = — L __ "t wherer<n
rln-r)! 1!

;n e Nandr e W. "'C_is also denoted by (n] or A orC(n, 1).
r

(b) The number of combination of n different things taking r at a
time.
@) when p particular things are always to be included ="~ pCr_p
(iii) when p particular things are always to be included and
q particular things are to be excluded =" P~ qu_p

(ii) when p particular things are always to be excluded = " ~PC,

24
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(c) Given n different objects , the number of ways of selecting atleast
one of themis, "C; + "Cy + "Cg +........ +"C =2"-1.
This can also be stated as the total number of non-empty
combinations of n distinct things.

(d) (i) Total number of ways in which it is possible to make a selection
by taking some or all out of p + q + r +......things, where p
are alike of one kind, q alike of a second kind, r alike of third
kind & soonisgivenby: (p+ 1) (q+ 1) + 1)......... -1.

(ii) The total number of ways of selecting one or more things
from p identical things of one kind, q identical things of second
kind, r identical things of third kind and n different things is
pP+1D@+1)(r+1)27-1

DIVISORS :
LetN=p? q® °....... where p, q, r........ are distinct primes & a,
b, c....... are natural numbers then :

(a) The total numbers of divisors of N including 1 & N is
=@+1)b+1(c+1).....

(b) The sum of these divisors is P2+ pl+p%+ ...+ p?

@+t + P+ o+ PO+ 2+ 9.

(c) Number of ways in which N can be resolved as a product of two

factors is
% (@+1) (b+1) (c+1)...... if N is not a perfect square
% [(a+1) b+1) (c+1)...... +1] if N is a perfect square

(d) Number of ways in which a composite number N can be resolved
into two factors which are relatively prime (or coprime) to each
other, is equal to 2" ! where n is the number of different prime

factors in N.

25
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6. DIVISION INTO GROUPS AND DISTRIBUTION :
(@) (i) The number of ways in which (m + n) different things can be
divided into two groups containing m & n things respectively

(m+n)!

is : (m = n).

m! n!
(i) If m = n, then number of ways in which 2n distinct objects

(2n)!

——— . asin
n! n! 2!’

can be divided into two equal groups is
any one way it is possible to inter change the two groups
without obtaining a new distribution.

(iii) If 2n things are to be divided equally between two persons

(2n)!

@) <2

then the number of ways =

(b) (i) Number of ways in which (m + n + p) different things can
be divided into three groups containing m, n & p things

(m+n+p)!

respectively is , m#n=#p.

m! n! p!
(ii) If m = n = p then the number of such grouping
_ (3n)!
n! n! n! 3!
(iii) If 3n things are to be divided equally among three people
3n)!

(nh*’

then the number of ways in which it can be done is
(c) In general, the number of ways of dividing n distinct objects into
£ groups containing p objects each ,m groups containing q objects

n!
(p!) (q!)" ¢!m!

Here /p + mq =n

each is equal to

26
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(d) Number of ways in which n distinct things can be distributed to
p persons if there is no restriction to the number of things received
by them is p"

(e) Number of ways in which n identical things may be distributed
among p persons if each person may receive none, one or

more things is rl+p_1Cn.

DERANGEMENT :

Number of ways in which n letters can be placed in n directed
envelopes so that no letter goes into its own envelope is

= n![l—l+l—l+l— ........ +(—1)“l}
11 2! 31 4| n!
IMPORTANT RESULT :

(a) Number of rectangles of any size in a square of size n x n is

n n
3 . . 2
Zr & number of squares of any size is Zr )
r=1 r=1

(b) Number of rectangles of any size in a rectangle of size n x p

(n < p)is HTE(H +1)(p+1) & number of squares of any size is

m+1-1r)(p+1-r)
r=1
(c) If there are n points in a plane of which m(<n) are collinear :
(i) Total number of lines obtained by joining these points is
I’IC2 - mC2 + 1
(ii) Total number of different triangle "C5 - ™C,

(d) Maximum number of point of intersection of n circles is
"P, & nlines is "C,.

27
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BINOMIAL THEOREM
—

(x +y)P="Cxr+ "Cx"ly + "Cx"2y?+ ... +"CX™Y + L +"C y"

n
= Z”Crx”’ry’, where ne N.
r=0

IMPORTANT TERMS IN THE BINOMIAL EXPANSION
ARE :

(a) General term: The general term or the ( r +1)* term in the
expansion of (x + y)*is given by
Tr +1= ncr X y‘

(b) Middle term :
The middle term (s) is the expansion of ( x + y)*is ( are) :

(i) If nis even, there is only one middle term which is given by
T, .p= "Co o X2 Y2

(ii) If nis odd, there are two middle terms whichare T, , &
Tz

() Term independent of x :

Term independent of x contains no x ; Hence find the value of

r for which the exponent of x is zero.
SOME RESULTS ON BINOMIAL COEFFICIENTS :
(@ "C,="C, = x=yorx+y=n
®) C_, +C =IC
(c) C+C+C+...... =C=2",C="C
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(d) C+C+C,+...... =C+C+C+...... =2",C ="C
(@ C+ Co4 Cpant C2 =g = 20 0 e
" nlnl " !

Greatest coefficient & greatest term in expansion of (x + a)" :

(@) If nis even, greatest binomial coefficient is "C,_,

If n is odd, greatest binomial coefficientis "C,_; or "C,;

2 2
(b) For greatest term :

T&T, if 270 isan integer equal to p
X1
Greatest term = .
T if 2+ 1 is non integer and €(q, q + 1), q €l
—|+1
a

BINOMIAL THEOREM FOR NEGATIVE OR FRACTIONAL
INDICES :

nin-1) o nin-1)(n-2)

Ifn eR, then (1+x)"=1 + nx+ ol + 30 X34
oo provided | x | < 1.
Note :
() 1-x'=1+x+x2+x3+............ 0
) (1+x)'=1-x+x2-x>+ ............ )
(i) (1 -x)2=1+2x+3x2+4x3+ ............ 0
(V) (1 +x2=1-2x+3x2-4x3+ ............ 0
EXPONENTIAL SERIES :
2 .3
(@ e = 1+%+%+%+ ....... ©; where x may be any real or

. 1"
complex number & e = Ii)rorcl 1+ -

29




Mathematics HandBook

ALLEN

1! 2! 3!
6. LOGARITHMIC SERIES :
2 3 4
a ﬂn(1+x)=x_X_+X__X_+.
@ 2 3 4
2 3 4
ml-x)=-x ~—_X _X
(b) /n(l-x) =-x 53 2
(9] ﬁn(1+x)=2 x+£+£+ .......
1-x) 3 5

2 3
X X X
b) a*= 1+—/na+—/n’a+—/(n’a+

..... o, wherea >0

30
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COMPLEX NUMBER

DEFINITION :
Complex numbers are defined as expressions of the form a +ib

where a,beR & i=\/—71. It is denoted by z i.e. z=a +ib.

‘a’ is called real part of z (a=Rez and ‘b is called imaginary
part of z (b =1Imz).
Every Complex Number Can Be Regarded As
|

v v
Purely real Imaginary
ifb=0 ifb=0

l

Purely imaginary
ifa=0

Note :

(i) The set R of real numbers is a proper subset of the Complex
Numbers. Hence the Complex Number system is
NcWclcQcRcC

(ii) Zero is both purely real as well as purely imaginary but
not imaginary.

(iii)i = ,/—1 is called the imaginary unit. Also ¥=-1; i¥=-;
i =1 etc.

(iv) +/a /b =+/ab only if atleast one of aor b is non-negative.

CONJUGATE COMPLEX :

If z=a+ib then its conjugate complex is obtained by changing

the sign of its imaginary part & is denoted byz.i.e. Z =a-ib.

Note that :

@ z+z=2Rel2

(ii) z-Z = 2ilm(z)

(iii) zZ =a®+ b® which is real

31
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(iv) If zis purely real thenz-Z =0

(v) If zis purely imaginary thenz +Z =0

3. REPRESENTATION OF A COMPLEX NUMBER IN VARIOUS
FORMS :

(a) Cartesian Form (Geometrical Representation) :

Every complex number z=x+1iy can M Imaginary p

axis (x, v)

be represented by a point on the
cartesian plane known as complex
plane (Argand diagram) by the L
ordered pair (x , v).
Length OP is called modulus of the 0
complex number denoted by |z| & ~O Real axis
0 is called the principal

S

argument or amplitude, (0 e (-r, 7]).

eg.lzl=Jx + y* & 6 = tan™ % (angle made by OP with
positive x—axis), x > 0
Geometrically | z| represents the distance of point P from origin.
(lz] >0

(b) Trigonometric / Polar Representation :
z=r(cos 0 + isin B) where |z|=r sargz=0; Z =r (cosO—isin6)
Note : cos 0 +isin 0 is also written as CiS 0.
Euler's formula :

The formula e* = cosx + i sin x is called Euler's formula.

ix + e—ix ix _ e—ix
Also cos x = — & sin x = o are known as
i

Euler's identities.

(c) Exponential Representation :
Let z be a complex number such that |z| =r & argz = 0,
then z = r.e®

32
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IMPORTANT PROPERTIES OF CONJUGATE :

@ @ =z ) z,+2z, =7+ 3,

© 2z, -2, = 7 -2 d z 2z =7,.7
al_z

@ [22]_72 ; 2,720

() If fis a polynomial with real coefficient such that f(a. +iB) = x + iy,
then fla—ip) = x — iy.
IMPORTANT PROPERTIES OF MODULUS :

@) 2> 0 ® [Z>Re@ (0 l2Im()
A |2=1Z|=2=FZ| ) 2z =7 ® Iz,2) =z Iz
@ |- =m, 2,20 (h) 27 = 2"

Zy 22|

(i) lz,+2,1%= 1212+ lz,12+ 2Re(z,2,)
or lz +z,I%=1zI12+ lz,12+21z11z,| cos(6, -6,
2 2
6) |21 "‘22|2 + |21 _22|2 =2 [|21| +|Z2| J
k) | |z1 |—|zz| | < |Z1+ zz|£|zl|+ |22| [Triangular Inequality]

@ | |Zl|—|22| | S|zl—22|£|zl|+ |22| [Triangular Inequality]

a++a’+4

(m) If .

& min |z|=%(\/m_a)

IMPORTANT PROPERTIES OF AMPLITUDE :
(@ () amp(z,.z)=amp z +ampz,+ 2kn; kel

z+l=a (@>0), then max |zl =
z

(i) amp [2—1)=ampzl—amp22+2kn; kel
2

(ii) amp(z") = n amp(z) + 2k,
where proper value of k must be chosen so that RHS lies
in (~n,xl.

(b) log(z) = log(re®) = logr + 10 = log | z | +i amp(2)

33
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7.

10.

DE'MOIVER’S THEOREM :
The value of (cos® + isin@) is cosn® + isinnd if 'n' is integer & it is
one of the values of (cos0 + isinf)" if n is a rational number of the form
p/q, where p & q are co-prime.

Note : Continued product of roots of a complex quantity should be
determined using theory of equation.

CUBE ROOT OF UNITY :

_1 + 1\/§ _ eizn/g

(@) The cube roots of unity are 1, o = 2

> _—1- i3 _ gitn/3
2
b) 1 + o+ 0 =0, w’= 1, in general

& o

0, r is not integral multiple of 3

r 2r _
lrotro {3, r is multiple of 3

(©) a2+ b?+c2—ab-bc—ca=(a+ bo+ coda+ba?+ co)
a® + b® = (a + b)a + wb)a + v’b)
a® - b® = (a - b)a —ob) (@ — v?b)

X+x+1l=K-0)x-od

SQUARE ROOT OF COMPLEX NUMBER :

\/a+ib=i{ |Z|2+a+i |z|2—a} forb>0
. . {4/|z|+a_i1/|z|—a}
- 2 2

forb< O where |zl= ya?+b?%.

ROTATION : Clzy)
Zy=2y _ 21-%)

lz, —zy | 12y -2y 1

Take 0 in anticlockwise direction Alz) 0 B(z)

34
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11. GEOMETRY IN COMPLEX NUMBER :

(a) Distance formula : |z, - z,| = distance between the points
z, & z, on the Argand plane.

(b) Section formula : If z, & z, are two complex numbers then

nz, +mz

the complex number z = o 2 divides the join of z, &z,

in the ratio m: n.

(c) Ifthevertices A, B, Cof a trianglerepresent the complex numbers

z,, Z,, Z, respectively, then :

Z,+2,+ 2,
. Centroid of the AABC:T
. Orthocentre of the A ABC

(asecA)z; + (bsecB)z, + (c secC)z,

asecA + bsecB + ¢ secC

. & tanA + z, tanB + z; tanC
tanA + tanB + tanC

. Incentre of the AABC = (ez, +bz, +cz;)
(@a+b+c)

. Circumcentre of the AABC

(z; sin2A +z, sin2B + z, sin2C)
- (sin2A +sin 2B +sin 2C)

11. RESULT RELATED WITH TRIANGLE :

(a) Equilateral triangle :

L% 2377 /3
/ /

Zp =23 21723 /3
Also =58 o/
V4 V4
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from (i) & (ii)
= X 475475 = 2,2, + 2925 + 257,

or1+1+1=0

Zy =2y 29723 I3~ %

(b) Isosceles triangle :
Alz)

If

Blz) L O\

zs)
then 4cos?a (z, - z,)(z, — z)) = (z,— z,)*
1 Z 4
(c) Area of triangle AABC given by modulus of a z, 7

Z3 Z3

12. EQUATION OF LINE THROUGH POINTS z, & z, :

z z 1
z, 7y 1=0= z(z,-%2,)+2(z, - 2,)+ 2,2, - 2,2, =0
z, z, 1

= 2z, -%)i+Z(z, - 7))i+1(zyZ, - 7;2,) =0

Let (z,~z,)i = a, then equation of line is where ae
C&beR.
Note :

(22 _Zl) . Also

e

note that slope of a line in Cartesian plane is different from
complex slope of a line in Argand plane.

(i) Complex slope of line joining points z, & z,is

(ii) Complex slope of line az+az+b=0 is —% ,beR

36
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(iii) Two lines with complex slope p, & p, are parallel or
perpendicular if p, =y, or p, + p, = 0.

(iv) Length of perpendicular from point A(o) to line 3z +az +b =0

|ao+ac+bl

is
2lal

13. EQUATION OF CIRCLE :
(@) Circle whose centre is z, & radius = r
lz-z/| =1
(b) General equation of circle is
ZZ+az+az+b=0
centre '-a' & radius =+/lal? -b

(c) Diameter form (z-2z,)(z-2,)+(z-2,)(z—7)=0

4

(d) Equation

-z,

z—-2,

=k represent acircle if k # 1 and a straight line

ifk=1.

(e) Equation lz-z |+ lz-z,|12=k

represent circle if k > % |z, —z, |

z-2 n BY
) arg =a O<a<m azx— e
zZ—12 2 e

represent a segment of circle passing through A(z,) & B(z,)

37
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14. STANDARD LOCI :

(@ lz-z | + lz-z,| = 2k (a constant) represent
@ if 2k> lz, -z, = Anellipse
@i If 2k = Iz -z, = Aline segment
@iii) If 2k < Iz, —z,| = No solution

(b) Equation | lz—z |- lz-z,| | = 2k (a constant) represent
(@ If2k<lz -z, = Ahyperbola
(i) If 2k =1z, -z,| = Alneray

(iii) 2k > 1z, -z, | = No solution

38
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ALLEN

DETERMINANT

I —
MINORS :
The minor of a given element of determinant is the determinant of
the elements which remain after deleting the row & the column in
which the given element stands.

a, by ¢ b
. . . c
For example, the minorof a, in |a, b, ¢, |is z 2| & the
a; by c s G
3 O3 C3
. G
minor of b, is .
az  Cg

Hence a determinant of order three will have “ 9 minors”.

COFACTORS :

If M, represents the minor of the element belonging to i row and j"
column then the cofactor of that element : C, = (=1)i+1, M, ;
Important Note :

a; a; aj
Consider A= b1 b2 b3
€ C C3

Let A, be cofactor of a,, B, be cofactor of b,and so on, then,
@ aA+bB +cC=aA +aA,+aA,=.............. =A
(i) a,A, +b,B, +c,C,=bA +bA,+bA=............ =0

PROPERTIES OF DETERMINANTS:

(@) The value of a determinants remains unaltered, if the rows &
corresponding columns are interchanged.

(b) If any two rows (or columns) of a determinant be interchanged,
the value of determinant is changed in sign only. e.g.

a by ¢ a, b, ¢
let D=|a, b, ¢, & D'=la; b, ¢ | ThenD =-D.
a; by ¢, a; by ¢y

39
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(c) If adeterminant has any two rows (or columns) identical or in
same proportion, then its value is zero.

(d) If all the elements of any row (or column) be multiplied by the
same number, then the determinant is multiplied by that number.

a;+x bj+y ¢ +z lag by ¢l [x vy oz
e | b, C; |=laz by cyltfa; by ¢
a, b, Cs3 a; by ¢yl |ag by ¢y

() The value of a determinant is not altered by adding to the

elements of any row (or column ) the same multiples of the
corresponding elements of any other row (or column) e.g.

a, b ¢

Llet D=|a, b, ¢
a; by ¢

a;+ma, b;+mb, ¢ +mc,
D = a, b, Cy .ThenD'=D.
az+na; by+nb;, cy+nc
Note : While applying this property ATLEAST ONE ROW
(OR COLUMN) must remain unchanged.
(g) If the elements of a determinant A are rational function of x
and two rows (or columns) become identical when x = a, then x
— ais a factor of A.

Again, if r rows become identical when a is substituted for x,
then (x — a)*! is a factor of A.

U S
(h) If D(x)=|g, g, gs|, wheref, g,h;r=1,2, 3 are three
h; h, h;

differentiable functions.
) AV S Y I T A . f, f
then &D(X) =g, g Qg3+|@7 g2 gs|+|ar g 93
h; h, hs| |h; h, hg| |h} h'y, hi;

40
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4.

MULTIPLICATION OF TWO DETERMINANTS :
a; by a;l;+b/l, am;+bm,

a,l; +b,l, a,m; +b,m,

L my

a, b, l, m,

Similarly two determinants of order three are multiplied.
(a) Here we have multiplied row by column. We can also multiply

row by row, column by row and column by column.
(b) If D' is the determinant formed by replacing the elements of
determinant D of order n by their corresponding cofactors then
D' = D!
SPECIAL DETERMINANTS :
(@) Symmetric Determinant :
Elements of a determinant are such that a, =a,
a h g
eg. |h b f|=abc +2fgh—af®— bg® —ch?
gf c
(b) Skew Symmetric Determinant :
If a, = —a, then the determinant is said to be a skew symmetric
determinant. Here all the principal diagonal elements are zero.
The value of a skew symmetric determinant of odd order is zero
and of even order is perfect square.

0 b -
eg. |-b 0 a|=0
c —a 0

(c) Other Important Determinants :

1 1 1 1 1 1
@ |a b c |=|a b c |=(@-blb-c)c-a)
bc ac ab aZ b2 ¢?
a b c
(i) |[b ¢ a|=-(@"+b®+c®-3abc)
c a b

41
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6. SYSTEM OF EQUATION :
(a) System of equation involving two variable :
ax+by+c =0
aX +by+c,=0
|
v v
Consistent Inconsistent
(System of equation has solution) (System of equation
1 has no solution)
v v b
. . - . a 1., %
unique solution Infinite solution = b, = —
ab a_b_g w2 &

b

(Equations represents

a, by - g
(Equations represents
coincident lines)

a
or alki— a22b1;t 0 parallel disjoint lines)

(Equations represents
intersecting lines)

b b
A =" “ - al,Azal 1,thenx=%,y=%

Cy Qg

2 G a; Dy

(b) System of equations involving three variables :
ax+by+cz=d
axX +by+cz=d,
ax+by+cz=d,

To solve this system we first define following determinants

a, by ¢ d b ¢
A=|23 by ¢ Aj=|dy by ¢, |,
ag by ¢ d; by ¢y
a1 d1 C1 al bl dl
Ay=|a, dy ¢, A= b, d,
a3 d3 C3 aS bS dS

42
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Now following algorithm is used to solve the system.

Check value of A
]

v v
-0

A=0 A
Consistent system Check the values of
and has unique solution A, A, and A,
A
X = ﬁ7 y = £7 Z= _3
A A A
Atleast one of A, A,and A, A=A=A,=0
is not zero J
l Put z = t and solve any
Inconsistent system two equations to get the
values of x & y in terms of t
If these values of x, y and z in The values of x, y, z doesn't
terms of t satisfy third equation satisfy third equation
Consistent system Inconsistent system
(System has infinite solutions)
Note :

(i) Trivial solution : In the solution set of system of equation if all
the variables assumes zero, then such a solution set is called
Trivial solution otherwise the solution is called non-trivial solution.

(i) If d, =d, = d, = O then system of linear equation is known as
system of Homogeneous linear equation which always posses
atleast one solution (0, 0, 0).

(iii) If system of homogeneous linear equation posses non-zero/non-
trivial solution then A = 0.

In such case given system has infinite solutions.

43



Mathematics HandBook All:.

MATRICES

I —
1. INTRODUCTION :

A rectangular array of mn numbers in the form of m horizontal lines
(called rows) and n vertical lines (called columns), is called a matrix
of order m by n, written as m xn matrix.

In compact form, the matrix is represented by A=[a ]

ij'mxn”

2. SPECIAL TYPE OF MATRICES :

(a) Row Matrix (Row vector) : A=[a ,a,, .......... a, ]i.e. row
matrix has exactly one row.
an
a
(b) Column Matrix (Column vector) : A =| % | i.e. column
a

ml

matrix has exactly one column.

(c) Zero or Null Matrix : (A =0O__ ), An m x n matrix whose all
entries are zero.

(d) Horizontal Matrix : A matrix of order m x n is a horizontal
matrix if n > m.

(e) Vertical Matrix : A matrix of order m x n is a vertical matrix
if m>n.

(f) Square Matrix : (Order n) If number of rows = number of

column, then matrix is a square matrix.
Note :

(i) The pair of elements a; & a, are called Conjugate Elements.

(ii) The elements a , a,,, a,,....... a_ are called Diagonal
Elements. The line along which the diagonal elements
lie is called "Principal or Leading diagonal. "The quantity
2 a; = trace of the matrix written as, t (A)
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ALLEN

3.

SQUARE MATRICES :

SQUARE MATRICES
Y

Triangular Matrix

1 1 0 O
A=|0 4 ;B=|12 -3 0
0 0 5 4 3 3
Upper Triangular Lower Triangular
a; =0 Vi>j a; =0 Vi<j

Diagonal Matrix denoted as
A =diag (a;; , ag «evo... ,a,,)
where a; = 0 fori#]

I—’

Scalar Matrix
Unit or Identity Matrix

0| —s |1 if i=j
a 1o i ij

Ifa,=a.=a.=a fa=a=a=1

Note :

(i) Minimum number of zeros in triangular matrix of order n

=n(n-1)/2.

(ii) Minimum number of zeros in a diagonal matrix of order n

=n(n-1).
(iii) Null square matrix is also a diagonal matrix.

EQUALITY OF MATRICES :

Matrices A = [aij] & B= [bij] are equal if,
(a) both have the same order.
(b) a, = b, for each pair of i & j .

45
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5.

ALGEBRA OF MATRICES :
(I) Addition: A+ B = [aij + bij] where A & B are of the same
order.

(a) Addition of matrices is commutative : A+ B=B + A
(b) Matrix addition is associative : A+ B)+ C=A+ B+ O
(©) A+ O =0 + A (Additive identity)

(d) A+ (-A)=(-A) + A = O (Additive inverse)

() Multiplication of A Matrix By A Scalar :

a b c ka kb kc
If A=|b ¢ a|,then kA =|kb kc ka
c ab ke ka kb

(IIT) Multiplication of matrices (Row by Column) :

Let A be a matrix of order m xn and B be a matrix of order p
x q then the matrix multiplication AB is possible if and only if

n=np.

Let A = [aij] and B = [bij], then order of AB is m xp

n P

& (AB)ij = Zairbrj
r=1

(IV)Properties of Matrix Multiplication :
(@ AB =0 % A =0 orB =0 (in general)

Note :

If A and B are two non-zero matrices such that AB = O,
then A and B are called the divisors of zero. If A and B are
two matrices such that

(i) AB = BA then A and B are said to commute

(ii) AB =-BA then A and B are said to anticommute

(b) Matrix Multiplication Is Associative :
If A, B & C are conformable for the product AB & BC,
then (AB)C = A(BC)

46
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(c) Distributivity :

AB+C)=AB+AC
(A+B)C = AC+BC

for respective products

} Provided A,B & C are conformable

(V) Positive Integral Powers of A square matrix :
(@) AmA = Amen
(b) (A" = A= (A"
(©I"=1, mneN

CHARACTERISTIC EQUATION :
Let A be a square matrix. Then the polynomial in x, | A —xI| is
called as characteristic polynomial of A & the equation |A-xI1 =0
is called characteristic equation of A.

CAYLEY - HAMILTON THEOREM :

Every square matrix A satisfy its characteristic equation

le.ax" +ax™ + ... +a_x + a = 0 is the characteristic
equation of matrix A, then a A" +a A™ + ........ +a A+al=0

TRANSPOSE OF A MATRIX : (Changing rows & columns)
Let A be any matrix of order m x n. Then transpose of Ais ATor A'
of order n x mand (A"). = (A)

i\

Properties of transpose :
If AT & BT denote the transpose of A and B
(@) (A+B)" = AT+BT ; note that A & B have the same order.

(b) (AB)T=BTAT (Reversal law) A & B are conformable for matrix
product AB

() (A=A
(d) (kA)T = kAT, where Kk is a scalar.
General : (AL A,,....... A=Al LLLUA] AT

(reversal law for transpose)
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9.

10.

ORTHOGONAL MATRIX

A square matrix is said to be orthogonal matrix if A AT =1
Note :

(i) The determinant value of orthogonal matrix is either 1 or —1.
Hence orthogonal matrix is always invertible

(ii) AAT=1=ATA Hence Al=AT.

SOME SPECIAL SQUARE MATRICES :

(a) Idempotent Matrix : A square matrix is idempotent provided
AZ=A.

For idempotent matrix note the following :

i) A=AVneN.

(ii) determinant value of idempotent matrix is either 0 or 1

(iiii) If idempotent matrix is invertible then it will be an identity
matrix i.e. I.

(b) Periodic Matrix : A square matrix which satisfies the relation
Al = A for some positive integer K, is a periodic matrix. The
period of the matrix is the least value of K for which this holds
true.

Note that period of an idempotent matrix is 1.

(c) Nilpotent Matrix : A square matrix is said to be nilpotent
matrix of order m, m ¢ N, if Am = O, A™1 = O.

Note that a nilpotent matrix will not be invertible.

(d) Involutary Matrix : If A? = I, the matrix is said to be an
involutary matrix.

Note that A = A ! for an involutary matrix.
(e) If A and B are square matrices of same order and AB = BA

then
(A+B)p="CA"+"CA™B+"CA™B*+ .......... +"C B»

48
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11.

SYMMETRIC & SKEW SYMMETRIC MATRIX :
(@) Symmetric matrix :
For symmetric matrix A = AT i.e. a,=a Vij
Note : Maximum number of distinct entries in any symmetric

n(n+1)

matrix of order n is

(b) Skew symmetric matrix :
Square matrix A = [aij] is said to be skew symmetric if AT=-A

le. a = -V i&j Hence if A is skew symmetric, then
a;; =—9;; = q; =0Vi.

Thus the diagonal elements of a skew square matrix are all
zero, but not the converse.

(c) Properties of symmetric & skew symmetric matrix :

(i) Let A be any square matrix then, A + AT is a symmetric
matrix & A - AT is a skew symmetric matrix.

(ii) The sum of two symmetric matrix is a symmetric matrix
and the sum of two skew symmetric matrix is a skew

symmetric matrix.
(iii) If A & B are symmetric matrices then,
(1) AB + BA is a symmetric matrix
(2) AB-BA is a skew symmetric matrix.

(iv) Every square matrix can be uniquely expressed as a sum or
difference of a symmetric and a skew symmetric matrix.

A:% A+A") + % (A-A")
—_ e S
symmetric skew symmetric
d A= 2(AT+A)-=(AT-A)
an = 2 2

49



Mathematics HandBook All:.

12.

13.

ADJOINT OF A SQUARE MATRIX :
(an ar a13\
Let A = [aij] =|ay, @y ay| be a square matrix and let the
d3; Qg Aagg
matrix formed by the cofactors of [a, j] in determinant 1Al is

Ci Cip Gy (Chy Cp Cy)
Cyy Cy Cy|.Then(adjA) =|C;, Cyp Cop
Csi Gy Cy Ciz Cp Cy

= Transpose of cofactor matrix.

Note :

If A be a square matrix of order n, then

@ AdiA)=1AIl =(adA).A

(i) ladjAl = Al n>2

(iii) adjladjA)= IAI"2A, |Al=0.

(iv) adj(AB) = (adjB) (adj A)

(v) adj(KA) = K*!(adjA), where K is a scalar

INVERSE OF A MATRIX (Reciprocal Matrix) :

A square matrix A said to be invertible (non singular) if there exists

amatrix B such that, AB=1 (Notethat AB=1< BA =)
B is called the inverse (reciprocal) of A and is denoted by A~ . Thus

A'=B<AB=1=BA
We have, A.(adj A) =IA Il
= Al Afd A)=A" I IA]
= I(adj A)=A"IAIL
Al ladi A)

N
Note : The necessary and sufficient condition for a square matrix A

to be invertible is that | A | 0
Theorem : If A & B are invertible matrices of the same order, then

(AB)' =B'A.

50
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14.

Note :

@) If A be an invertible matrix, then AT is also invertible &
(AT) T =(A™)".

(ii) If A is invertible ,

@ A=A () (A =(A) =AK keN

1

(iii) | A =TAl
SYSTEM OF EQUATION & CRITERIA FOR CONSISTENCY
Gauss - Jordan method :
Example :

ax+by+cz=d

ax +by+cz=d,

ax+by+cz=d,

a;Xx+ by + ¢z d, a, b o x| |d
= |ax+by+cyz|=|d| = |22 b, | |v[=|d;
asx + by + 5z d, a; by c3] |z ds
= AX=B = A'AX=A"B,if |Al =0.
= X=ArB=-"d Ap
[A|
Note :

@ If |Al=0, system isconsistent having unique solution

(i) IflAl20 & (adjA).B # O(Null matrix), system is consistent
having unique non-trivial solution.

(iii) If |A 120 & (adjA).B = O (Null matrix), system is consistent
having trivial solution.

(iv) If | Al =0, then matrix method fails

If (adjA).B = O (null matrix) If (@djA).B=0O
Infinite solutions Inconsistent (no solution)

or no solution
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PROPERTIES AND SOLUTIONS OF TRIANGLE
e —

1. SINE FORMULAE :
In any triangle ABC

a _ b _c =x=a_t”=2R
sinA sinB sinC 2A

where R is circumradius and A is area < a >

of triangle.

2. COSINE FORMULAE :

2, 2 2
(a) cosA:—b +2Cbc a or a?="b?+ c?- 2bc cosA
2,.2 12
c“+a“-b
B:
(b) cos o
2 12 2
a‘+b°-c
C:—
(c) cos 530

3. PROJECTION FORMULAE :
(@ bcosC+ccosB=a
(b) ccosA+acosC=b

(c) acosB+bcosA=c

4. NAPIER'S ANALOGY (TANGENT RULE) :

tan(B_C)—b_ccoté
(@) 2 )T brc 02
tan(c_A)—c_acotE
®) c+a 2
tan(A _B) = a_bcotg
© 2 ) arb 02
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5.

s(s—b)
ca

HALF ANGLE FORMULAE :
a+b+c o .
s= 2 = semi-perimeter of triangle.
o o A [s=blls-¢) o o B [ls—c)is—a)
@ @ sin = be (ii) sing = \ a
(iii) sin% _ fs=als=b) a&is —b)
< A _ [sls-a) . B
(b) (i) cos 2 "\ be (ii) cos 5
(iii) cos% = S(Z—;C)
A (s—b)(s—c) A
. t _ = =
© @ &5 S )

(s—a) s(s—a
. B (s—cls—a) A
@ 5 =Tk ss-b)
o C /(s—a)(s—b) __A
(i) tanE B s(s—c) s(s—c)
(d) Area of Triangle
A= \/s(s —a)(s—b)(s—c)

= %bcsinA = %casinB = %absinC

= %\/Z(azbz +b%c? +c%a?)—a% bt -t

RADIUS OF THE CIRCUMCIRCLE 'R’ :
Circumcentre is the point of intersection of
perpendicular bisectors of the sides and
distance between circumcentre & vertex of
triangle is called circumradius R'.

a b c abc B

R: = = - .
2sinA  2sinB  2sinC  4A

A\
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7.

RADIUS OF THE INCIRCLE 'r' :

Point of intersection of internal angle bisectors is incentre and

perpendicular distance of incentre from any side is called inradius 'r'.

A
N

A A B
r=;=(s—a)tan5=(s—b)tan5 "\

=(s —c)tan% = 4Rsin%sin%sin%. ’\‘0
B

C
RADII OF THE EX-CIRCLES : A
Point of intersection of two external angle B A
and one internal angle bisectors is excentre /

& \\@
and perpendicular distance of excentre from 0‘

any side is called exradius. If r, is the radius of
escribed circle opposite to angle A of AABC
and so on then :

A A A B C
(@ r = s = stanE = 4RsmEcos§cos§

b = ib = stang = lchosésinEcosE
s

- 2 2 2
A C A B.C
() 3= - stanE = 4RcosEcos§sm§

LENGTH OF ANGLE BISECTOR, MEDIANS & ALTITUDE :

If m, B, & h_are the lengths of a median, an angle bisector &
altitude from the angle A then,

1
%\/bZ +c? +2bccosA =m, = §V2b2 +2c%-a?

2bc cosé

and B, = brc , h

a
2" cotB+cotC

2 2

3
Note that mg +my +m; =Z(a2 +b% +¢c?)
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10. ORTHOCENTRE AND ORTHIC TRIANGLE :

(a) Point of intersection of altitudes is A

orthocentre & the triangle KLM
which is formed by joining the feet L
of the altitudes is called the orthic M P
triangle.
(b) The distances of the orthocentre B 4 C

from the angular points of the
AABC are 2R cosA, 2R cosB, &
2R cosC.
(c) The distance of orthocentre from sides are 2R cosB cosC,
2R cosC cosA and 2R cosA cosB
(d) The sides of the orthic triangle are a cos A ( = R sin 2A),
bcosB(= R sin2B) and ¢ cos C (=R sin 2C) and its angles are
n—2A, n-2Band n - 2C
(e) Circumradii of the triangles PBC, PCA, PAB and ABC are equal.
() Area of orthic triangle = 2AcosA cosB cosC

= %RZ sin2Asin2Bsin2C
(@) Circumradii of orthic triangle = R/2

11. EX-CENTRAL TRIANGLE :
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12.

13.

14.

(@) The triangle formed by joining the three excentres 1, 1, and I,
of A ABC is called the excentral or excentric triangle.

(b) Incentre I of AABC is the orthocentre of the excentral ALLL.
(c) AABC s the orthic triangle of the ALLL.

(d) The sides of the excentral triangle are

4R cos%, 4R cosg and 4R cos%

and its angles are ——-—,5—5 and 5 —5-

A . B . C
(e) 11, = 4Rsin—;II, = 4Rsin; Hs=4RSlnE'

THE DISTANCES BETWEEN THE SPECIAL POINTS :
(@) The distance between circumcentre and orthocentre

= Rv1-8cosA cosBcosC

(b) The distance between circumcentre and incentre = vV R% - 2Rr
() The distance between incentre and orthocentre

= \/2r2 —4R? cos A cosBcosC

(d) The distance between circumcentre & excentre is

o1 = R\/l + 85in%cosgcos% =JR%+ 2Rr; & soon.
A

m-n THEOREM : a\p
(m + n) cot ® = m cot o —n cot B h
(m + n) cot 8 = n cot B—m cot C. B o C
m D n
IMPORTANT POINTS :

(@) (i) IfacosB =bcosA, then the triangle is isosceles.

(i) If acos A = bcosB, then the triangle is isosceles or right angled.
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(b) In Right Angle Triangle :
(i) a®+b%+ c?=8R?
(ii) cos®?A + cos?B + cos?C=1

() In equilateral triangle :
@ R=2r @) r, =r,=r,_58
2

2

Ja B

NE

(d) (i) The circumcentre lies (1) inside an acute angled triangle

(iii)r:R:r1=1:2:3 (iv)area= (V) R=

(2) outside an obtuse angled triangle & (3) at mid point of
the hypotenuse of right angled triangle.

(ii) The orthocentre of right angled triangle is the vertex at the
right angle.

(iii) The orthocentre, centroid & circumcentre are collinear &
centroid divides the line segment joining orthocentre &
circumcentre internally in the ratio 2 : 1, except in case of
equilateral triangle. In equilateral triangle all these centres
coincide.

15. REGULAR POLYGON :
Consider a 'n' sided regular polygon of side length 'a'

(a) Radius of incircle of this polygon r = %cotg

(b) Radius of circumcircle of this polygon R = % cosec ~
n
(c) Perimeter & area of regular polygon

T .
Perimeter = na = 2nrtan— = 2nRsin—
n n

1 2 1
Area =— nRZsin 2% = nr? tan ™ = = na? cot =
2 n n 4 n
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16.

17.

CYCLIC QUADRILATERAL : D ¢

(@) Quadrilateral ABCD is cyclic if /A + /C == { TXC
= /B + «£C A }
(opposite angle are supplementary angles) B

(b) Area =/(s-a)s—b)(s—c)s—d), where 2s =a+ b+ c+d

a? +b%-c?-d?

(© cosB=——Ta

& similarly other angles

(d) Ptolemy's theorem : If ABCD is cyclic quadrilateral, then
AC.BD =AB.CD + BC.AD

SOLUTION OF TRIANGLE :

Case-I : Three sides are given then to find out three angles use

2 2 2 2 2 12 2 12 2
cosA=2FC T goC A T0 o 03D o
2bc 2ac 2ab
Case-II : Two sides & included angle are given :
Let sides a, b & angle C are given then use tan A-B_a-b cotg
2 a+b 2
and find value of A-B  ........ (i)
A+B C asinC
— 900 _ = i —
& 5 5 e (ii) C=a e (i)
Case-Ill : C
Two sides a, b & angle A opposite to one of
b
them is given ;
(@) If a < b sinA No triangle exist A B

(b) If a = bsinA & A is acute, then one triangle
exist which is right angled.

(c) a > bsinA, a < b & A is acute, then two triangles exist
(d) a > bsinA, a > b & A is acute, then one triangle exist

(e) a>bsinA & A is obtuse, then there is one triangle if a > b
& no triangle if a < b.
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Note : Case-Ill can be analysed algebraically using Cosine
b® +c? —a’

rule as cosA = obe which is quadratic in c.

18. ANGLES OF ELEVATION AND DEPRESSION :

Let OP be a horizontal line in the vertical plane in which an object R

is given and let OR be joined.

R 9] P
angle of depression

angle of elevation

Fig. (a) Fig. (b)

In Fig. (a), where the object R is above the horizontal line OP, the angle
POR is called the angle of elevation of the object R as seen from the
point O. In Fig. (b) where the object R is below the horizontal line OP,
the angle POR is called the angle of depression of the object R as seen
from the point O.

59



Mathematics HandBook All:.

STRAIGHT LINE
I —
RELATION BETWEEN CARTESIAN CO-ORDINATE
& POLAR CO-ORDINATE SYSTEM
If (x,y) are Cartesian co-ordinates of a point P, then : x =r cos 0,

y =1 sin®
—Jx?+y? . O6=tan™ (2)
and r = /X" +y°, "

DISTANCE FORMULA AND ITS APPLICATIONS :
If A(x,,y,) and B(x,,y,) are two points, then

AB = \/(Xz _X1)2 + (Y, _91)2

Note :

(i) Three given points A,B and C are collinear, when sum of any
two distances out of AB,BC, CA is equal to the remaining third

otherwise the points will be the vertices of triangle.

(i) Let A,B,C & D be the four given points in a plane. Then the

quadrilateral will be :

(@) Square if AB=BC=CD=DA&AC=BD;AC 1 BD

(b) Rhombus if AB = BC = CD = DA and AC = BD; ACL BD

(c) Parallelogram if AB = DC, BC = AD; AC = BD; AC A BD

(d) Rectangle if AB = CD, BC =DA, AC=BD; AC A BD
SECTION FORMULA :

The co-ordinates of a point dividing a line joining the points A(x,,y,)
and B(x,,y,) in the ratio m : n is given by :

mX, +NX; my, + nylj

(a) For internal division : ( ,
m+n m+n
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(b) For external division : ( mx, ~ ¥ 7my2 _ nylj
m-n m-n

(c) Line ax + by + ¢ = 0 divides line joining points P(x ,y,) & Q(x,, y,)

. . (@x, +by, +¢)
inrato=—7T—7"—F""
(ax, + by, +¢)

4. CO-ORDINATES OF SOME PARTICULAR POINTS :

Let A(xl,yl), B(x2,y2) and C(xg,yg) are vertices of any triangle

ABC, then
(a) Centroid :

(i) The centroid is the point of A
intersection of the medians . E
(line joining the mid point of
sides and opposite vertices). 1

(ii) Centroid divides the median in Blxy) D Clxs, ys)

the ratio of 2 : 1.

X tXy tXs y1+y2+y3)
3 ’ 3
(iv) If P is any internal point of triangle such that area of AAPB,
AAPC and ABPC are same then P must be centroid.
(b) Incenter : Alx,,y,)

The incenter is the point of

(iii) Co-ordinates of centroid G(

intersection of internal bisectors

of the angles of a triangle. Also

it is a centre of a circle touching

all the sides of a triangle. Blx;v)) D Clx5,y5)

ax; +bx, +cx; ay; +by, + cysj

Co-ordinates of incenter I( atbtc ) aibic

Where a, b, ¢ are the sides of triangle ABC.
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Note :
(i) Angle bisector divides the opposite sides in the ratio of
. . BD AB ¢
remaining sides. e.g. — =— ==
DC AC b

(ii) Incenter divides the angle bisectors in the ratio
(b+c) s a, (c+a) : b, (a+b) :C
(c) Circumcenter :
It is the point of intersection of
perpendicular bisectors of the
sides of a triangle. If O is the

circumncenter of any triangle ABC, e

then OA? = OB? = OC2. v

Also it is a centre of a circle touching all the vertices of a triangle.

Note :

(i) If atriangle is right angle, then its circumcenter is mid point
of hypotenuse.

(ii) Find perpendicular bisector of any two sides and solve them
to find circumcentre.

(d) Orthocenter : Al )

It is the point of intersection of

perpendicular drawn from vertices

on opposite sides of a triangle and D/ Y

can be obtained by solving the , ‘

equation of any two altitudes. . "yfs) (é( ».9)

Note : E

If a triangle is right angled triangle, then orthocenter is the point

where right angle is formed.

Remarks :

@) If the triangle is equilateral, then centroid, incentre,
orthocenter and circumcenter coincides.

(ii) Orthocentre, centroid and circumcentre are always collinear
and centroid divides the line joining orthocentre and
circumcentre in the ratio 2 : 1

(iii) In an isosceles triangle centroid, orthocentre, incentre,
circumcentre lies on the same line.
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(e) Ex-centers:
The centre of the circle which touches
side BC and the extended portions of
sides AB and AC is called the ex-centre
of AABC with respect to the vertex A. It
is denoted by I, and its coordinates are

I :[—axl +bx, +cx; —ay, +by, +cy, ]
! —a+b+c = -—a+b+c
Similarly ex-centers of AABC with respect to vertices B and C
are denoted by I, and I, respectively , and
I :[axl ~bx, +cx; ay, —by, +cy, ]
? a-b+c = a-b+c ’

I _[ax1 +bx, —cx; ay, + by, —cy3]
3 atb-c 7 a+b-c
5. AREA OF TRIANGLE :
Let A(x,,y,), B(x,,y,) and C(x,,y.) are vertices of a triangle, then

Xy 1

Area of AABC= 5 X, Yy 1= 5 L, 0, = Y )+, 0,y + X, =y ) |
X3 Y3 1

To remember the above formula, take the help of the following method :

1I[ X1 Xe X3 Xy 1
=§ ylx yzxygx v, = E [(lez_ Xzyl) + (Xzyg_X3y2)+(X3y1_X1y3)] |
Remarks :

(i) If the area of triangle joining three points is zero, then the points
are collinear.

(ii) Area of Equilateral triangle

2
If altitude of any equilateral triangle is P, then its area = — .

J3
(a24/3)

If 'a' be the side of equilateral triangle, then its area = L 1 J
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(iii) Area of quadrilateral whose consecutive vertices are (x,, y,), X,, ¥,),

X =X5 Yy —Ys
b & b a
(x5, v)) & (x,,,) is 2l %, - vy

6. CONDITION OF COLLINEARITY FOR THREE POINTS :
Three points (x,,y,), (x,,y,) and (x,,y,) are collinear if any one of the

given point lies on the line passing through the remaining two points.
Thus the required condition is -

X1 yp 1
Vs =V X3—X% Xg =X Y=Yy Xy Yy 1 0
= r = r =
Yo=Y Xp—X © Xp X3 Y1=Y3 © 2 7z
X3 vz 1

7. EQUATION OF STRAIGHT LINE :
A relation between x and y which is satisfied by co-ordinates of
every point lying on a line is called equation of the straight line.
Here remember that every one degree equation in variable x and y
always represents a straight linei.e. ax + by + c=0;a& b= 0
simultaneously.

(a) Equation of a line parallel to x-axis at a distance aisy = a or
y=-a

(b) Equation of x-axisisy = 0

(c) Equation of line parallel to y-axis at a distance b is x = b or
x=-b

(d) Equation of y-axisis x = 0

8. SLOPEOFLINE: Ny
If a given line makes an angle 0
(0°<0 < 180° 06 = 90° with the

positive direction of x-axis, then slope

Yo—=U1

of this line will be tan® and is usually

denoted by the letter m i.e. m=tan®.
Obviously the slope of the x-axis and
line parallel to it is zero and y-axis and line parallel to it does not exist.

Yo—Y1

If A(x,, y,) and B(x,, y,) & X, # X, then slope of line AB = Xp— %y
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9.

STANDARD FORMS OF EQUATIONS OF A STRAIGHT LINE :

(a) Slope Intercept form : Let m be the slope of a line and c its
intercept on y-axis. then the equation of this straight line is written
as:y=mx +c

(b) Point Slope form : If m be the slope of a line and it passes
through a point (x,,y,), then its equation is written as :
Y-y, = m(x-x,)

(c) Two point form : Equation of a line passing through two points
(x,,y,) and (x,,y,) is written as :

x y 1
vy =2 xmxg) or % vy 1=0
2 X, Yy 1

(d) Intercept form : If a and b are the intercepts made by a line

on the axes of x and v, its equation is written as : X +% =

a

(e) Normal form : If p is the length of perpendicular on a line

from the origin and « the angle which this perpendicular makes

with positive x-axis, then the equation of this line is written as :
xcosa + ysina = p (p is always positive), where 0 < o < 27

() Parametric form : To find the equation

of a straight line which passes through

a given point A(h, k) and makes a given

angle 0 with the positive direction of the

x-axis. P(x, y) is any point on the line LAL .
Let AP =rthenx-h=rcosh, y—k=r

x-h y-

sinf & = = r is the equation
cos® sin® 4

of the straight line LAL'".
Any point P on the line will be of the form (h + r cos0, k + r sin®),
where |r| gives the distance of the point P from the fixed

point (h, k).
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(@) General form : We know that a first degree equation in x and
y, ax + by + ¢ = 0 always represents a straight line. This form
is known as general form of straight line.

(i) Slope of this line = 2 _ coeff. of x
b coeff. of y

c
(ii) Intercept made by this line on x-axis = 3 and intercept

C

made by this line on y-axis = 5

(iii) To change the general form of a line to normal form, first
take c to right hand side and make it positive, then divide the

whole equation by /32 4 b2,
10. ANGLE BETWEEN TWO LINES :
(@) If 6 be the angle between two lines : y =m,x + ¢, andy = m_x + c,,

then tan0 = + (m\
Ll +mym,
(b) If equation of lines are a,x+b, y+c,=0 and a,x+b,y+c,=0, then

these line are -

(i) Parallel & —=—

(ii) Perpendicular < aa,+bb,=0
N a_b_a

(iii) Coincident < 2 b, <

a b

a, b,

11. LENGTH OF PERPENDICULAR FROM A POINT ONA LINE :

Length of perpendicular from a point (x,,y,) on the line ax+by+c=0

(iv) Intersecting <

ax; +by; +c¢
Va® +b?

In particular the length of the perpendicular from the origin on the

[cl

lineax + by + c=0is P=——
Va® + b’
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12.

13.

14.

15.

DISTANCE BETWEEN TWO PARALLEL LINES :
(@) The distance between two parallel lines ax + by + ¢,=0 and

ey — ¢

(Note : The coefficients of x & yin both equations should be same)

ax+by+c,=0is =

(b) The area of the parallelogram = p} pez
sin

, Where p, & p, are
distances between two pairs of opposite sides & 0 is the angle
between any two adjacent sides. Note that area of the
parallelogram bounded by the lines y=mx+c,y=mx+c,
and y=myx+d,, y=myx + d, is given by I(C1 _r:121)—((r:1r12_ d2)| .

EQUATION OF LINES PARALLEL AND PERPENDICULAR

TO A GIVEN LINE :

(a) Equation of line parallel to line ax + by + ¢ = 0
ax +by +A=0

(b) Equation of line perpendicular to line ax + by + c = 0
bx—ay+ k=0
Here X, k, are parameters and their values are obtained with the

help of additional information given in the problem.
STRAIGHT LINE MAKING A GIVEN ANGLE WITH A LINE :
Equations of lines passing through a point (x,,y,) and making an
angle a, with the line y=mx+c is written as :

m * tana

y-y, = (x—x,)

1fmtana
POSITION OF TWO POINTS WITH RESPECT TO A GIVEN
LINE :

Let the given line be ax + by + ¢ = 0 and P(x,, y,), Q(x,, y,) be two
points. If the quantities ax, + by, + c and ax, + by, + ¢ have the same
signs, then both the points P and Q lie on the same side of the line
ax + by + ¢ = 0. If the quantities ax, + by, + cand ax, + by, + c have

opposite signs, then they lie on the opposite sides of the line.
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16.

17.

18.

CONCURRENCY OFLINES :
Three linesax + by +c=0;ax+by+c,=0andax +by+c,=0
a; b ¢

are concurrent, if A= la, b, c,|=0

as by ¢y
Note :
If lines are concurrent then A = 0 but if A =0 then lines may or
may not be concurrent {lines may be parallel}.
REFLECTION OF A POINT :

Let P(x,y) be any point, then its image

S
rd

with respect to y=x
(@) x-axis is Q(x, ) R(=x, y)e * Px,y)
(b) y-axis is R(x, y)

(c) origin is S(-x, —v)

/
O

S(=x, ), * Qx, -y)

(d) line y=xis T(y, x)
TRANSFORMATION OF AXES

>

(a) Shifting of origin without rotation v 4

of axes :

;
>
g
S
<

If coordinates of any point P(x, y) with y
(o.B)

respect to new origin (o, B) wil be (X, )

thenx=x'+a, y=y +p »X

or X=x-0a, Y=y-

Thus if origin is shifted to point (a, B) without rotation of axes,
then new equation of curve can be obtained by putting x + a.in
place of x and y + B in place of y.
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(b) Rotation of axes without

\4 AY
shifting the origin : Px.y)
Let O be the origin. Let P =(x, ) “:;(XV) ‘
with respect to axes OX and o o y ’Tepi/' X
OY and let P = (x, y') with respect ‘9 gk
to axes OX' and OY', where ONTR >X
ZX0X =2YOY' =6
then x=x"cos0-y' sin0

y=xsin0+y cosO
and X =xcosO+ysin0
Yy =-xsin 6 +ycos 0
The above relation between (x, y) and (X, y) can be easily obtained

with the help of following table
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old
New X ‘L Y ‘L
x' - cos 0 sin O
v — —sin © cos 6

19.

EQUATION OF BISECTORS OF ANGLES BETWEEN TWO
LINES :

If equation of two intersecting lines are a,x+b,y+c,=0 and
ax + b,y+c,=0, then equation of bisectors of the angles between
these lines are written as :

a;Xx+by+c _ +azx+b2y+cz ......... (1)
\/af +b? - \/ag +b2
(a) Equation of bisector of angle containing origin :
If the equation of the lines are written with constant terms c,
and c, positive, then the equation of the bisectors of the angle
containing the origin is obtained by taking positive sign in (1)
(b) Equation of bisector of acute/obtuse angles :
See whether the constant terms ¢, and ¢, in the two equation are
+ve or not. If not then multiply both sides of given equation by
—1 to make the constant terms positive
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Determine the sign of a,a, + bb,
If sign of For obtuse For acute
a,a, + bb, angle bisector angle bisector
+ use + sign in eq. (1) | use—sign in eq. (1)
- use—sign in eq. (1) | use +sign in eq. (1)

21.

i.e.ifaa, + b,b, > 0, then the bisector corresponding to + sign
gives obtuse angle bisector

a;Xx+by+c;,  ax+by+c,

\/af +b? \/ag +b2

20. FAMILY OF LINES :

If equation of two lines be P = ax + by + ¢,=0 and
Q=ax+b,y + c,= 0, then the equation of the lines passing through
the point of intersection of these linesis : P+ AQ =0 ora,x + b,y +
¢, + A(ax + by + c) = 0. The value of A is obtained with the help
of the additional informations given in the problem.

GENERAL EQUATION AND HOMOGENEOUS EQUATION
OF SECOND DEGREE :

(a) A general equation of second degree
ax?+ 2hxy + by? + 2gx + 2fy + ¢ = 0 represent a pair of
straight lines if A=abc+2fgh-af? — bg? — ch? = 0 or

w o o
- o O
O = W
Il
(@]

2Vh? —ab

(b) If 6 be the angle between the lines, then tan0 = + 5
a+

Obviously these lines are

(i) Parallel, if A =0, h?= ab or if h? = ab and bg? = af?

(ii) Perpendicular, if a + b =01i.e. coeff. of x% + coeff. of y? = 0.
(c) Homogeneous equation of 2degree ax? + 2hxy + by? = 0

always represent a pair of straight lines whose equations are
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22.

(—h+vh? _ab)
b

y=L Jx =y=mXx & y=myx
2h a

and m +m,=-— ;mm,= —

b b
These straight lines passes through the origin and for finding
the angle between these lines same formula as given for general
equation is used.

The condition that these lines are :

(i) At right angles to each other is a+b=0. i.e. co-efficient
of x2 + co-efficient of y2=0.

(ii) Coincident is h?= ab.

(iii) Equally inclined to the axis of x is h=0. i.e. coeff.
of xy=0.

(d) The combined equation of angle bisectors between the lines
represented by homogeneous equation of 2™ degree is given

2 2
X -y Xy
b =— a=zb,h=0.
Y Ta b R
(e) Pair of straight lines perpendicular to the lines ax? + 2hxy + by? =
0 and through origin are given by bx? — 2hxy + ay? = 0.

(f) If lines ax®+ 2hxy + by? + 2gx + 2fy + ¢ = 0 are parallel then

g’ -ac

a(a+b)

EQUATIONS OF LINES JOINING THE POINTS OF
INTERSECTION OF A LINE AND A CURVE TO THE
ORIGIN : v

distance between them is = 2

Let the equation of curve be :
ax?+ 2hxy + by?+ 2gx+ 2fy + ¢ =0 ...... (i) Q
and straight line be

/X+my+n=0 . (ii)
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Now joint equation of line OP and OQ joining the origin and points
of intersection P and Q can be obtained by making the equation (i)
homogenous with the help of equation of the line. Thus required
equation is given by -

, 2
ax2+2hxy+by?+2(gx+ fy)( X +nmyj N C[ﬁx + my) =0
-n

STANDARD RESULTS :

(@) Area of rhombus formed by linesalx|+blyl+c=0
o2
oriaxtby+c=015®.
2

(b) Area of triangle formed by line ax+by+c = 0 and axes is %abl .

(c) Co-ordinate of foot of perpendicular (h, k) from (x,, y,) to the line

h-x;, k- —(ax; +by; +c¢
ax+by+c = 0 is given by a1= by1= ( ;2+§ )

(d) Image of point (x,, y,) w.r. to the line ax+by+c = 0 is given by

h-x; k-y; —2(ax; +by, +¢)

a b a?+b?
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CIRCLE

I —
DEFINITION :
A circle is the locus of a point which moves in a plane in such a way
that its distance from a fixed point remains constant. The fixed
point is called the centre of the circle and the constant distance is
called the radius of the circle.

STANDARD EQUATIONS OF THE CIRCLE :

(a) Central Form :
If (h, k) is the centre and r is the radius of the circle then its
equation is (x = h)? + (v - k)? = r2

(b) General equation of circle :
x2 + y? + 2gx + 2fy + ¢ = 0, where g, {, c are constants and
centre is (—g, )

ie. (_ coefficient of x _coefficient of yj
2 ’ 2

and radius r =+/g” +f* —¢

Note : The general quadratic equation in x and v,
ax? + by? + 2hxy + 2gx + 2fy + ¢ = O represents a

circle if :
(i) coefficient of x? = coefficient of y? ora=b = 0

(i) coefficient of xy = 0 or h =0
(iii) (g + 2 — ¢) > O (for a real circle)

(c) Intercepts cut by the circle on axes :
The intercepts cut by the circle x? + y? + 2gx + 2fy + ¢ =0 on:

() x-axis =2\g% -c¢ (i) y-axis = 2/f% —¢
Note :
Intercept cut by a line on the circle x% + y? + 2gx + 2fy+c=0 or

length of chord of the cirdle = 2v/a? —P? where a is the radius
and P is the length of perpendicular from the centre to the chord.
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(d) Diameter form of circle : P(x,y)

If A(x,,y,) and B(x,,y,) are the /A\
end points of the diameter of B(x,,y,)

(x;,9,) A§
the circle then the equation of v
the circle is given by
(x-x)x-x)+V-y)y-y,)=0
(e) The parametric forms of the circle :
(i) The parametric equation of the circle x?+y? = r? are
X =rcos0,y=rsind ; 0 € [0, 27)
(i) The parametric equation of the circle (x—h)? + (y— kP =12 is
x =h + r cos0, y = k + r sin 0 where 0 is parameter.
(iii) The parametric equation of the cirde x? + v? + 2gx + 2fy + c= 0

arex=-g++/a’ +f? -c cos0,y=—f+,/g? +f? - ¢ sind

where 0 is parameter.

Note that equation of a straight line joining two point o & B
on the circle x% + y? = a?is
o+p o+p oa—f

5 tysin—— =acos—

X COS

POSITION OF A POINT W.R.T CIRCLE :

(@) Letthecircleis x® + y? + 2gx + 2fy + ¢ =0 A m
(x1,y1) P Q

and the point is (x,,y,) then :
Point (x,,y,) lies out side the circle or on the circle or inside the circle
according as

=S, =x%+y%+ 2gx, +2fy, + ¢ >or = or < 0.

(b) The greatest & the least distance of a point A from a circle with
centre C& radiusris AC+r& |AC-rl respectively.

(c) The power of point is given by S, .

TANGENT LINE OF CIRCLE :

When a straight line meet a circle on two coincident points then it is
called the tangent of the circle.
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(a) Condition of Tangency :

(P>1)
The line L = O touches the  (P=r) Tangent
circdle S = 0 if P the length of (P<r) . \ Secant
r

the perpendicular from the (P=0) Diameter
centre to that line and radius \\/
of the circle r are equal i.e.
P=r
(b) Equation of the tangent (T = 0) :

() Tangent at the point (x,,y,) on the circle x*+ y* = a* is
XX, +yy, = a’.
(ii) (1) The tangent at the point (acost, asint) on the circle
x? + y2 = a’is xcost + ysint = a

(2) The point of intersection of the tangents at the points

o+p . o+f
acosT asmz}

P(o) and Q(B) is { a—B o—B

’
COS—— COSs 5

(iii) The equation of tangent at the point (x,,y,) on the circle
2+ y2+2gx+ 2fy+c=0is
XX, +yy, +g(x +x,) + f(y+y,) +c=0

(iv) If line y = mx + c is a straight line touching the circle

X2 + y% = a2, then ¢ = + a1+ m? and contact points are

(_ am . a \ az a2 ‘
L+\/1+m2 ’—\/1+m2Jor + ,i? and equation

of tangent is
v = mx *av1+m?
(v) The equation of tangent with slope m of the circle
(x—hpZ+({y—-k?=a’is
(v-k) =m(x-h) =+ ay1+m?

C

75

Mathematics HandBook




Mathematics HandBook All:.

Note :

To get the equation of tangent at the point (x, y,) on any curve
. . X

we replace xx, in place of x?, yy, in place of y?, o in place

+
of x, J 2y1 in place of v, w in place of xy and c in place
of c.
(c) Length of tangent (/S, ): L

P(x;,y)
The length of tangent drawn
from point (x,,y,) out side
the circle

S=x®+y?+2gx + 2fy + c=0s,
PT=\/§ =\/xf +y? +2gx, +2fy, +c
(d) Equation of Pair of tangents (SS, = T?) :

Let the equation of circle S = x? + y? = a? and P(x,,y,) is any point
outside the circle. From the point we can draw two real and distinct
tangent PQ & PR and combine equation of pair of tangents is -

(x2 +y?-a°) (x,* +y,” -a%) = (xx, +yy, -a’)*or S§ = T*
NORMAL OF CIRCLE :

Normal at a point of the circle is the straight line which is
perpendicular to the tangent at the point of contact and passes through
the centre of circle.

(@) Equation of normal at point (x,, y,) of

N(-g,)-)
cirde x? + v + 2gx + 2fy + c =0 'is
P T
y, +f

(b) The equation of normal on any point (x,,y,) of circle x? + y? = a?

(v _y)

is L;—X—IJ
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CHORD OF CONTACT :

If two tangents PT, & PT,are
drawn from the point P (x,,
y,) to the circle

S=x®+y?+2gx+ 2fy +c =0,
then the equation of the chord

of contact T,T, is :
XX, + 9y, +g&+x)+f(y+y)+c=0(.e T=0sameas equation
of tangent).

EQUATION OF THE CHORD WITH A GIVEN MIDDLE POINT
(T=S):

The equation of the chord of the circle S=x?+y?+ 2gx + 2fy + c=0
X, +g
y, +f

in terms of its mid point M(x, ,y,) is y—y, =— (x-x,).

This on simplification can be putin the form
XX+ W, +gX+x)+fY+y)+c=x2+y%+ 2gx + 2y + ¢
which is designated by T = S, .
DIRECTOR CIRCLE :
The locus of point of intersection of two perpendicular tangents to a
circle is called director circle. Let the circle be x? + y? = a2, then the
equation of director circle is x? + y? = 2a2.
director circle is a concentric circle whose radius is /2 times
the radius of the circle.
Note :
The director circle of
X2+ Y2+ 2gx + 2fy+ c = 0is x® + y? + 2gx + 2fy + 2c-g® -2 =0
POLE AND POLAR :

I : . 29 (GRY)
Let any straight line through the given point

Ax,,y,) intersect the given circle S =0 in
two points P and Q and if the tangent of A\"v;‘ Q

the circle at P and Q meet at the point R

then locus of

77



Mathematics HandBook

ALLEN

10.

point R is called polar of the point A and point A is called the pole,

with respect to the given circle.

The equation of the polar is the T=0, so the polar of point (x,,y,) w.r.t
circle  x2+y? + 2gx + 2fy + ¢ = Ois xx,+yy, +g(x+x,) + f([y+y,)+c=0
Pole of a given line with respect to a circle

To find the pole of a line we assume the coordinates of the pole
then from these coordinates we find the polar. This polar and given
line represent the same line. Then by comparing the coefficients of
similar terms we can get the coordinates of the pole. The pole of

x+my+n=0

(—ﬂaz —maz\

w.r.t. circle x? + y? = a? will be L n . n

FAMILY OF CIRCLES :

(@) The equation of the family of circles passing through the
points of intersection of two circles S, = 0& S, = 0 is :
S,+KS,=0 (K=-1).

(b) The equation of the family of circles passing through the point of
intersection of a circde S =0 & alineLL = 0isgivenby S+ KL = 0.

(c) The equation of a family of circles passing through two given
points (x,,y,) & (x,,Y,) can be written in the form :

x y 1
(X—Xl)(X—Xz)+(y—91)(9—92)+K X, Yy 1 =0whereKisa

X 1
parameter. 2

(d) The equation of a family of circles touching a fixed line
y —y,=m (x — X)) at the fixed point (x,, y,) is x — x)? + (y — y,)*
+Kly-y,— mx-x)] =0, where K is a parameter.

(e) Family of circles circumscribing a triangle whose sides are given by
L=0;L,=0&L,=0isgivenby; LL,+ALL, +ulLL =0

provided coefficient of xy = 0 & coefficient of x2= coefficient of y2.
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(d) Equation of circle circumscribing a quadrilateral whose side in
order are represented by the linesL, = 0,L,=0,L, =0 &
= 0are LL, + ALL, = O provided coefficient of

%2 = coefficient of y? and coefficient of xy = 0.

DIRECT AND TRANSVERSE COMMON TANGENTS :

Let two circles having centre C, and C, and radii, r, and r, and
C,C, is the distance between their centres then :

(a) Both circles will touch :

@) Extem:x}ljg; if ;: cc_cr + \r‘
poin ivides in JW

the ratio r, : r, (internally).

—]

In this case there are three common tangents.

(ii) Internally if CC,= Ir—r,!|, point P
divides C,C, in the ratio r, : r, p
externally and in this case there will
be only one common tangent.
(b) The circles will intersect :
</
when Ir, -1, <CC,<r, Ge
+ 1, in this case there are X
two common tangents.
(c) The circles will not intersect :
(i) One circle will lie inside the other
circle if C,C, < | r-r,| In this
case there will be no common

tangent.
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(ii) When circle are apart from each other then C,C,>r +r,
and in this case there will be four common tangents.
Lines PQ and RS are called transverse or indirect or
internal common tangents and these lines meet line C,C,
on T and T, divides the line C,C, in the ratio r : r, internally
and lines AB & CD are called direct or external common
tangents. These lines meet C,C, produced on T,. Thus T,

divides C,C, externally in the ratio r, : r,.

Note : Length of direct common tangent = \/(C1C2 ) —(r, —1,)°

Length of transverse common tangent = \/(C1C2 )2 (1, +1,)°

THE ANGLE OF INTERSECTION OF TWO CIRCLES :

Definition : The angle between the tangents of two circles at the
point of intersection of the two circles is called angle of intersection
of two circles.

P

O

AR\
\/

then cos = 2a18, +2hh —¢, — ¢, or |cos = [

r12+r22dzj

2nr,

2\/9? +f12 - \/gg +f22 )
Here r, and r, are the radii of the circles and d is the distance

between their centres.

If the angle of intersection of the two circles is a right angle then
such circles are called "Orthogonal circles" and conditions for
the circles to be orthogonal is

2g.g, + 2ff,=c +c,
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13. RADICAL AXIS OF THE TWO CIRCLES (S,-S,=0) :
Definition : The locus of a point, which moves in such a way that
the length of tangents drawn from it to the circles are equal is called

the radical axis. If two circles are -

P(h,k)

Radical axis

S, =x*+y*+2gx+2f y+c =0
S,=x+y?+2gx+2fy+c,=0
Then the equation of radical axis is given by S§,-S,= 0
Note :

(i) If two circles touches each other then common tangent is radical
axis.

S-S,=0 S-S,=0
(ii) If two circles cuts each other then common chord is radical axis.

S-5,=0
(iii) If two circles cuts third circle orthogonally then radical axis of
first two is locus of centre of third circle.
(iv) The radical axis of the two circles is perpendicular to the line
joining the centre of two circles but not always pass through mid

point of it.
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Note :

14. Radical centre :
The radical centre of three circles is the point from which length of

radical axis of the circles is the radical centre of the circles.

i) The circle with centre as

radical centre and radius equal
to the length of tangent from
radical centre to any of the
circle, will cut the three circles
orthogonally.

tangents on three circles are equal i.e. the point of intersection of

If three circles are drawn on three sides of a triangle taking

them as diameter then its orthocenter will be its radical centre.
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PARABOLA

I—
CONIC SECTIONS :

A conic section, or conic is the locus of a point which moves in a
plane so that its distance from a fixed point is in a constant ratio to
its perpendicular distance from a fixed straight line.

(@) The fixed point is called the FOCUS.

(b) The fixed straight line is called the DIRECTRIX.

(c) The constant ratio is called the ECCENTRICITY denoted by e.

(d) The line passing through the focus & perpendicular to the
directrix is called the AXIS.

(e) A point of intersection of a conic with its axis is called a VERTEX.

GENERAL EQUATION OF A CONIC : FOCAL DIRECTRIX
PROPERTY :
The general equation of a conic with focus (p, q) & directrix
k+my+n=0is:
(I + m?) [(x - pf* + (v — 9] = e* (Ix + my + n)

=ax? + 2hxy + by? + 2gx + 2fy + c =0

DISTINGUISHING BETWEEN THE CONIC :

The nature of the conic section depends upon the position of the
focus S w.r.t. the directrix & also upon the value of the eccentricity e.
Two different cases arise.

Case (i) When the focus lies on the directrix :

In this case D = abc + 2 fgh — af? — bg? — ch? = 0 & the general
equation of a conic represents a pair of straight lines and if :

e > 1, h? > ab the lines will be real & distinct intersecting at S.

e = 1, h? = ab the lines will coincident.

e < 1, h? < ab the lines will be imaginary.
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Case (ii) When the focus does not lie on the directrix :

The conic represents :

a parabola | an ellipse a hyperbola a rectangular hyperbola
e=1;D;t0 0<e<1;D¢0 D¢0;9>1 e>1;D;t0
h? = ab h?<ab h? > ab h?>ab;a+b=0

4. PARABOLA:
A parabola is the locus of a point which moves in a plane, such that
its distance from a fixed point (focus) is equal to its perpendicular
distance from a fixed straight line (directrix).

Standard equation of a parabola is y? = 4 ax. For this parabola :

(i) Vertexis (0, 0) (ii) Focusis(a, 0)
(iii) Axisisy=0 (iv) Directrixisx +a=0

(a) Focal distance :
The distance of a point on the parabola from the focus is called
the FOCAL DISTANCE OF THE POINT.

(b) Focal chord :
A chord of the parabola, which passes through the focus is called
aFOCAL CHORD.

(c) Double ordinate :
A chord of the parabola perpendicular to the axis of the
symmetry is called a DOUBLE ORDINATE with respect to axis
as diameter.

(d) Latus rectum :
A focal chord perpendicular to the axis of parabola is called the
LATUS RECTUM. For y? = 4ax.
(i) Length of the latus rectum = 4a.
(i) Length of the semi latus rectum = 2a.

(iii) Ends of the latus rectum are L( a, 2a) & L'(a, - 2a)
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Note that :

(i) Perpendicular distance from focus on directrix = half the latus
rectum.

(i) Vertex is middle point of the focus & the point of intersection of
directrix & axis.

(iii) Two parabolas are said to be equal if they have latus rectum of
same length.

5. PARAMETRIC REPRESENTATION :
The simplest & the best form of representing the co-ordinates of a
point on the parabola y? = 4ax is (at?, 2at) . The equation x = at?
& vy = 2at together represents the parabola y? = 4ax , t being the

parameter.

6. TYPE OF PARABOLA :

Four standard forms of the parabola are y? = 4ax ; y?=-4ax ;
x? = 4ay ; x%=-4ay

Z AY
M 7TPiy) Y |z
(2,0), (-a,0) .
T [TAN S| [N 2 X S 0 X
g
x=-a P' X=a
z Iy y |z
v? =4ax y? = -4ax
AY Y
(0,2)1S
X 0 X
v=—a Z
-
x? = 4ay

85



Mathematics HandBook All:.

Length

3 of i Parametric | Focal
Parabola % | Fous [Axis|Directrix of Latus )
> Latus equation [length
rectum

rectum
y2=4ax (0,0)] @,0) |y=0] x=-a 4a (a, £2a) (at2,2at) X+a
y2 =—4ax |(0,0)| (-a,0) |y=0| x=a 4a (-a, =2a) (—at2,2at) X—a
x2 = +4ay |(0,0)] (0,a) |x=0| y=-a 4a (+2a, a) (2at,at2) y+a
= —day |(0,0)] (0,a) |x=0| vy=a 4a | (£2a,-a) | (2at, -at) | v-a
(v-k)’=4ax-h)| (hk) | (h+a,k)| y=k [x+a-h=0| 4a |(h+a, k+2a)|(h+at’k+2at)[x-h+a
(x-p)*=4bly-q)| (p.9) |(p, b+q) x=p|y+b—q=0| 4b |(p+2aq+a)|(p+2at,qg+at’)|y-q+b

7. POSITION OF A POINT RELATIVE TO A PARABOIA :
The point ( x,, y, ) lies outside, on or inside the parabola y* = 4ax
according as the expression y,? - 4ax, is positive, zero or negative.

8. CHORD JOINING TWO POINTS :
The equation of a chord of the parabola y? = 4ax joining its two
points P(t ) and Q(t,)is y(t, + t,) = 2x + 2at t,
Note :
(i) If PQis focal chordthent t, = —1.
(ii) Extremities of focal chord can be taken as (at?, 2at) & (t%’ —TZa)
(iii) If t,t, = k then chord always passes a fixed point (-ka, 0).

9. LINE & A PARABOIA :

(@) Theline y = mx + c meets the parabola y? = 4ax in two points
real, coincident or imaginary according as a >=< cm

= condition of tangency is, c = —

Note : Line y = mx + ¢ will be tangent to parabola
= 4day if ¢ = - am?.
(b) Length of the chord intercepted by the parabola y? = 4ax on

4
the liney = mx + cis : (F] \/a(1+m2)(a—mc) .

Note : length of the focal chord making an angle o with the
x-axis is 4a cosec? a.
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11.

12.

LENGTH OF SUBTANGENT & SUBNORMAL :
PT and PG are the tangent and normal

P(at®, 2at)

respectively at the point P to the

parabola y? = 4ax. Then < e
TN = length of subtangent = twice the \
abscissa of the point P

(Subtangent is always bisected by the vertex)

NG = length of subnormal which is constant for all points on the
parabola & equal to its semi latus rectum (2a).

TANGENT TO THE PARABOLA vy? = 4ax :

(a) Point form :
Equation of tangent to the given parabola at its point (x,, y,) is
W, = 2a (X + X))

(b) Slope form :
Equation of tangent to the given parabola whose slope is 'm’, is

a
y=mx+ —, (m=0)

Point of contact is (iz é)

’

m m
(c) Parametric form :

Equation of tangent to the given parabola at its point P(t), is -

ty =X + at?

Note : Point of intersection of the tangents at the point t, & t, is
[at, t,, alt,+ t,)]. (.e. G.M. and A.M. of abscissae and
ordinates of the points)

NORMAL TO THE PARABOILA y2 = 4ax :

(a) Point form :
Equation of normal to the given parabola at its point (x,, y,) is

-y = 2 (x-x,)
1 2a 1
(b) Slope form :

Equation of normal to the given parabola whose slope is 'm', is
y = mx — 2am — am® foot of the normal is (am?, — 2am)
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13.

14.

15.

(c) Parametric form :
Equation of normal to the given parabola at its point P(t), is
Y + tx = 2at + at®
Note :
i) Point of intersection of normals at t, & t, is
(@t>+t,2 +tt, + 2), —att, (t, +1t,).

(ii) If the normal to the parabola y?> = 4ax at the point
t,, meets the parabola again at the point t,, then
t, = (t + z\
2 L 1 tl :

(iii)  If the normals to the parabola y* = 4ax at the points t, &

t, intersect again on the parabola at the point ‘t,’ then
tt,=2;t, =—(t +t)and the line joining t, & t, passes
through a fixed point (-2a, 0).

PAIR OF TANGENTS :

The equation of the pair of tangents which can be drawn from any

point P(x, y,) outside the parabola to the parabola y* = 4ax is

given by : SS, = T?% where :

S=y?*-4ax ; S =yf-dax,; T=yy —2a(x+x).

CHORD OF CONTACT :

Equation of the chord of contact of tangents drawn from a point

P(x,, v)isyy, = 2alx + x))

Remember that the area of the triangle formed by the tangents from

3/2

. . (yf - 4aX1)

the point (x,, y,) & the chord of contact is B T Also note
a

that the chord of contact exists only if the point P is not inside.

CHORD WITH A GIVEN MIDDLE POINT :
Equation of the chord of the parabola y? = 4ax whose middle point

. . 2a
1S (X17 yl) 1S y_yl = y_(x_xl)'

1

88

I odk06\B0A-BONKota\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng\Part-1.p65



I odk06\B0A-BONKoto\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng)\Part-1.p65

16.

17.

18.

This reducedto T = S,

where T =yy, -2a(x+x) & S, =y?-4ax,.
DIAMETER :

The locus of the middle points of a system of parallel chords of a
Parabola is called a DIAMETER. Equation to the diameter of a

parabola y? = 4ax is y = 2a/m, where m = slope of parallel chords.
CONORMAL POINTS :

Foot of the normals of three concurrent normals are called conormals

point.

(i) Algebraic sum of the slopes of three concurrent normals of
parabola y? = 4ax is zero.

(i) Sum of ordinates of the three conormal points on the parabola
y? = 4dax is zero.

(i) Centroid of the triangle formed by three co-normal points lies
on the axis of parabola.

(iv) If 27ak? < 4(h — 2a)° satisfied then three real and distinct normal
are drawn from point (h, k) on parabola y2 = 4ax.

(v) If three normals are drawn from point (h, 0) on parabola
y? = 4ax, then h > 2a and one of the normal is axis of the
parabola and other two are equally inclined to the axis of the
parabola.

IMPORTANT HIGHLIGHTS :

(a) If the tangent & normal at
any point ‘P’ of the parabola
intersect the axisat T & G
then ST = SG = SP where

‘S’ is the focus. In other

words the tangent and the

normal at a point P on the

89



Mathematics HandBook All:.

parabola are the bisectors of the angle between the focal radius
SP & the perpendicular from P on the directrix. From this we
conclude that all rays emanating from S will become parallel to

the axis of the parabola after reflection.

(b) The portion of a tangent to a parabola cut off between the
directrix & the curve subtends a right angle at the focus.

(c) The tangents at the extremities of a focal chord intersect at
right angles on the directrix, and a circle on any focal chord as
diameter touches the directrix. Also a circle on any focal radii of
a point P (at?, 2at) as diameter touches the tangent at the vertex

and intercepts a chord of length ay1+1t* on a normal at the

point P.

(d) Any tangent to a parabola & the perpendicular on it from the
focus meet on the tangent at the vertex.

(e) Semi latus rectum of the parabola y? = 4ax, is the harmonic
mean between segments of any focal chord

2bc 11 1
or —+— ==,
b+c b c a
() Image of the focus lies on directrix with respect to any tangent

of parabola y? = 4ax.

ie. 2a =

920
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STANDARD EQUATION & DEFINITION :
Standard equation of an ellipse referred to its principal axis along

. - ¢
the co-ordinate axis is — +
a

ELLIPSE
EE—

2 2

v

b?

=1.wherea>b &b? =a?(1-e?)

>
/

(@)

()

©

a’?-b?=a?e?.
where e = eccentricity (0 <e < 1).
AV4
\
e QIR e S G oM
a ia
x=-=i X==
E : X
VA iz i’
X i
joH jo
of o
: :
=i =i
[@H A:
4

FOCI:S = (ae, 0) & S = (~ae, 0).

Equation of directrices :
a a

x=— & X=——.
e e

Vertices :
A =20 &A=(@0)

Major axis : The line segment A' A in which the foci S' & S lie
is of length 2a & is called the major axis (a > b) of the ellipse.
Point of intersection of major axis with directrix is called the

foot of the directrix (Z) (ii, ()) i
e

91



Mathematics HandBook

ALLEN

(d) Minor Axis : The y-axis intersects the ellipse in the points
B'=(0,-b) & B= (0, b). The line segment BB of length
2b (b < a) is called the Minor Axis of the ellipse.

(e) Principal Axis : The major & minor axis together are called
Principal Axis of the ellipse.

(f) Centre : The point which bisects every chord of the conic drawn

through it is called the centre of the conic. C =(0,0) the origin
2 2
is the centre of the ellipse — + b2 1
a

(g) Diameter: A chord of the conic which passes through the
centre is called a diameter of the conic.

(h) Focal Chord : A chord which passes through a focus is called

a focal chord.
(i) Double Ordinate : A chord perpendicular to the major axis is

called a double ordinate with respect to major axis as diameter.
(i) Latus Rectum : The focal chord perpendicular to the major

axis is called the latus rectum.

(i) Length of latus rectum

2 . )2
LL) = & _ (mm.or ax1?) _2a(l-e?)
a major axis

(ii) Equation of latus rectum : x = + ae.

(b)), b?
(iii) Ends of the latus rectum are LLae,— J » L' ae,—— |,
a a

b 2
L (—ae,;} and L, '(—ae,—%} .

(k) Focal radii : SP=a-exand S'P = a + ex
= SP + S'P = 2a = Major axis.

2
(I) Eccentricity: e = 1/1—:—2
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2.

ANOTHER FORM OF ELLIPSE : X
<2 yz LoDirectrix | AZ v=ble ...
a—2 + b_2 =1 , (a <b)

(@) AA' = Minor axis = 2a

(b) BB' = Major axis = 2b

(©) a2 = b2 (1-e?) i
(d) Latus rectum
2a”
LL'=L,L, ===
11 b
equation y = + be Bireciri v VI
(e) Ends of the latus rectum are : M
(a2 V. [ a2 )\ (a® V. [ a® )
L|—,be|,L'| ——,be|,L,| —,-be|,L,'| ——,-be
o) U)o ™)
. . . b
() Equation of directrixy = + = .
e
a2
(@) Eccentricity : e=,[1- W
GENERAL EQUATION OF AN ELLIPSE :
Let (a,b) be the focus S, and Ix + my + n =
0 is the equation of directrix. Let P(x,y) be P(x,y) M
any point on the ellipse. Then by definition. l i
axi
= SP = e PM (e is the eccentricity) $en) > _é:
Ix + my +n)? i
:>(X—a)2+(y—b)2=e2# o

(I + m?)

= (I2+m?{x-a)?+y-b?=elx+my+n}
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4.

POSITION OF A POINT W.R.T. ANELLIPSE :

The point P(x, y,) lies outside, inside or on the ellipse according as
: 2—122+%2—1 ><or=0.

AUXILIARY CIRCLE/ECCENTRIC ANGLE :
A circle described on major axis as NY
diameter is called the auxiliary

circle. Let Q be a point on the

" . ANS O N S/A
auxiliary circle x2 + y? = a® such that (4,0 (a,0)

QP produced is perpendicular to the

x-axis then P & Q are called as the
CORRESPONDING POINTS on

the ellipse & the auxiliary circle respectively.‘0’ is called the

ECCENTRIC ANGLE of the point P on the ellipse (0 <0 < 27).

[(PN) b Semi minor axis
te that =—=
Note tha [(QN) a Semi major axis

Hence “If from each point of a circle perpendiculars are drawn
upon a fixed diameter then the locus of the points dividing these
perpendiculars in a given ratio is an ellipse of which the given circle

is the auxiliary circle”.

PARAMATRIC REPRESENTATION :

The equations x = a cosf & y = b sin0 together represent the ellipse
2 2

X—2 + y_2 =1

a“~ b

where 0 is a parameter (eccentric angle).

Note that if P(6) = (a cos0, b sin®) is on the ellipse then ;

Q(0) = (a cosh, a sind) is on the auxiliary circle.

924
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7.

LINE AND AN ELLIPSE :

2 2
The line y = mx + ¢ meets the ellipse — + 5 =1 in two real points,
a’ b
coincident or imaginary according as c?is < = or > a?m? + b2,
2 2

Hence y = mx + cis tangent to the ellipse X—2 + i—z =1ifZ=a?m?+b%
a

The equation to the chord of the ellipse joining two points with

tric angles o & b OB Y OB 2P
eccentric angles o & P is given by = cos 5 b 5 =S

TANGENT TO THE ELLIPSE *_ % =1:
a’

(a) Point form :

Equation of tangent to the given ellipse at its point (x,, y,) is

X W
a> b’
(b) Slope form :
Equation of tangent to the given ellipse whose slope is 'm|, is

U=mx+ [a2m2 +b2

a2 12
Point of contact are ( —am ) 0 J
Ja?m? +b% a?m? + b’
(c) Parametric form :
Equation of tangent to the given ellipse at its point

xcose+ysme

=1
a b

(acosp,bsin @), is

NORMAL TO THE ELLIPSE X % =1:
a’

(a) Point form : Equation of the normal to the given ellipse at

a’x by
(x,,v.)is ————a - b? = a%?.
1 1 X1 yl
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10.

11.

12.

(b) Slope form : Equation of a normal to the given ellipse whose
@ -b%)m
vaZ +b’m?

(c) Parametric form : Equation of the normal to the given ellipse

slopeis ‘'m’ isy =mx F

at the point (acos @ , bsin @) is ax sec § — by cosec § =(a® — b?).

CHORD OF CONTACT :

If PA and PB be the tangents from point P(x;,y,) to the ellipse

X_2 y2:1

+_
a? b?

’

XXy | Wi
b2

then the equation of the chord of contact AB is 2z =1 or

T=0at (x;,y;)
PAIR OR TANGENTS : X

If P(x;,y;) be any point
lies outside the ellipse

2 2
a“ b
and a pair of tangents PA, PB 4

can be drawn to it from P.
Then the equation of pair of tangents of PA and PB is SS, = T?

X1, % XX; | VY
here S, = L4d_1 T2, W 4
where 1 a2 y a2 b2

2 2 2 2 2
o, (XY q)(Xm =[&+&_1j
ie. (az + o 1} [az + o2 ] 2
DIRECTOR CIRCLE :
Locus of the point of intersection of the tangents which meet at right
angles is called the Director Circle. The equation to this locus is
%2 4+ y?=a®+ b? i.e. a circle whose centre is the centre of the ellipse

& whose radius is the length of the line joining the ends of the major
& minor axis.
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13.

14.

(m

V)

EQUATION OF CHORD WITH MID POINT (x,,y,) :

2 2

The equation of the chord of the elhpse =+ L4
a’

Sk

whose mid-point be (x;,y;)is T = S

XX yy y
T=22Lp 220 -1,8, = +2L 1
where 32 b2 1= b2

XX yyl V1
-1|= -1
¢ [ a’ b2 ] [az b2 ]

X2 2
IMPORTANT HIGHLIGHTS for zz =1:
The tangent & normal at a point 1
P on the ellipse bisect the B Ta”@en,
P _Light ray

external & internal angles A
between the focal distances of A S

X X

P. This refers to the well known A\ s [ clr T
reflection property of the ellipse
which states that rays from one

Reflected ray B" Normal
focus are reflected through

other focus & vice-versa. ¥
Point of intersection of the tangents at the point a & B is

a+[5

aCOS 2 bSlI’l
*B’ -B
2

If A(ar), B(B), Cly) & D(8) are conormal points then sum of their eccentric

m

angles is odd multiple of n. i.e. a +B+7+8 = (2n+1)r.

If A(a), B(B), Cly) & D(9) are four concyclic points then sum of their
eccentric angles is even multiple of .

ie.a+B+y+8 =2nn

The product of the length’s of the perpendicular segments from the
foci on any tangent to the ellipse is b? and the feet of these
perpendiculars lie on its auxiliary circle.
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| ———

(e>1).

HYPERBOLA

The Hyperbola is a conic whose eccentricity is greater than unity.

1. STANDARD EQUATION & DEFINITION(S) :

where b? =a%(e?-1)

2

ie.e?=1 +— =
a

or a’e?=a%+b?

(@) Foci :
S=(@e, 0 & S=(-ae 0.

(b) Equations of directrices :

X = 2 & x=-2.
e e
(c) Vertices :
A=@,00& A=(-a,0).

X=—% N X=+%
(}(3) b) L X = (ae, b’ /a)
S A’ A S X
(ae, 0) [-a, 0) c|(0,0)| (a, 0) (ae, 0) ~
(0.-b)|B (e, b’ /a)
R
x2 y2
Standard equation of the hyperbola is —; = o7 =1,

a

1 ( Conjugate Axis\2
* LTransverse AxisJ
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(d) Latus rectum :

(i) Equation:x =+ ae

2b?  (Conjugate Axis) z
i _2% — 23?1
(i) Length a  (Transverse Axis) alef-1)

= 2e(distance from focus to directrix)

2 B2 2 12
(iii) Ends : (ae, b—], (ae, i] ; (—ae, b—j,(—ae, i]
a a a a

(e) (i) Transverse Axis :
The line segment A’A of length 2a in which the foci S’ & S
both lie is called the Transverse Axis of the Hyperbola.

(ii) Conjugate Axis :
The line segment B'B between the two points B'= (0, —b) &
B = (0, b)is called asthe Conjugate Axis of the Hyperbola.

The Transverse Axis & the Conjugate Axis of the hyperbola
are together called the Principal axis of the hyperbola.

(f) Focal Property :

The difference of the focal distances of any point on the
hyperbola is constant and equal to transverse axis i.e.

| |P5| - |PS'| | = 2a . The distance SS' = focal length.
(g) Focal distance :

Distance of any point P(x, y) on hyperbola from foci PS = ex —a
& PS' =ex + a.

CONJUGATE HYPERBOIA :

Two hyperbolas such that transverse & conjugate axis of one hyperbola

are respectively the conjugate & the transverse axis of the other are

2 2

called Conjugate Hyperbolas of each other. eg. X—2 Y o1&
a

b2
2 2

-+ % =1 are conjugate hyperbolas of each other.
a
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Note that :

(i) If e, & e, are the eccentricities of the hyperbola & its conjugate
thene?+e,?= 1.

(ii) The foci of a hyperbola and its conjugate are concyclic and form
the vertices of a square.

(iii) Two hyperbolas are said to be similar if they have the same
eccentricity.

RECTANGULAR OR EQUILATERAL HYPERBOLA :

The particular kind of hyperbola in which the lengths of the transverse
& conjugate axis are equal is called an Equilateral Hyperbola.

Note that the eccentricity of the rectangular hyperbolais /2 and the

length of it's latus rectum is equal to it's transverse or conjugate axis.
AUXILIARY CIRCLE :
N

Q P(asecO, btan0)

A circle drawn with centre C & transverse axis as a diameter
is called the Auxiliary Circle of the hyperbola. Equation of
the auxiliary circle is x? + y? = aZ.

Note from the figure that P & Q are called the "Corresponding
Points" on the hyperbola & the auxiliary circle. '0' is called the
eccentric angle of the point P' on the hyperbola. (0<0<2m).
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Parametric Equation :

The equations x = asec 0 & y =b tan 0 together represents the
2 2

hyperbola Z 1 where 6 is a parameter.

POSITION OF A POINT 'P' w.r.t. AHYPERBOLA :

. X12 y12 . " . .

The quantit a_2 - ? =1 is positive , zero or negative according

as the point (x,, y,) lies within , upon or outside the curve.

LINE AND A HYPERBOLA
The straight line y = mx + ¢ is a secant, a tangent or passes outside
2 2
the hyperbola X—2 - E—z =1 according as: c?> =< a’m?- b2
a
XZ y2

Equation of a chord of the hyperbola 2 =1 joining its two
a

points P(a) & Q(B) isgcos OL;B —%sin a;B = Ccos a;ﬁ
x2 y2
TANGENT TO THE HYPERBOLA —; - o 1
a
(a) Point form : Equation of the tangent to the given hyperbola
XX, Y% _4

at the point (x ,y) is Z e

Note : In general two tangents can be drawn from an external
point (x, y,) to the hyperbola and theyare y-y, =m, (x-x)&
Y-y, =m, (X -x,), where m, & m, are roots of the equation
x2-a)m?-2xy m + y?2+b?=0. If D<O, then no
tangent can be drawn from (x,y,) to the hyperbola.

(b) Slope form : The equation of tangents of slope m to the
given hyperbola isy=mx +./a?m? — b? . Point of contact are

( +a’m +b? ]
JaZm? - b? 7 JaZm? - b2
Note that there are two parallel tangents having the same slope m.
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(c) Parametric form : Equation of the tangent to the given
hyperbola at the point (asec 6 ,b tan 0) is

XsecH ytanb _
a b
Note : Point of intersection of the tangents at 6, & 9, is

1.

0,- 0y
cos |72 0, +0,
x=a o0, vobtanlTo
cos (T)
x2 yZ
8. NORMAL TO THE HYPERBOLA —; - el 1:
a
(a) Point form : Equation of the normal to the given hyperbola
2 2
at the point P (x,,y,) on it is ax, ﬁ =a® +b? = a2e?
X1 %

(b) Slope form : The equation of normal of slope m to the given

2 2
hyperbola is y=mx ;M foot of normal are
(@® — m?b?)
N a’ _ mb?
+ , ¥
\/(aZ _m2b2) \/(a2 _m2b2)

(c) Parametric form :The equation of the normal at the point
P (a sec 6 , b tan 0) to the given hyperbola is
ax by
secd tan0

=a’ +b” = aZe?

9. DIRECTOR CIRCLE :

The locus of the intersection of tangents which are at right
angles is known as the Director Circle of the hyperbola. The
equation to the director circle is : x% + y? = a? — b2

If b?2<a? this circle is real; if b?=a? the radius of the circle
is zero & it reduces to a point circle at the origin. In this case
the centre is the only point from which the tangents at right
angles can be drawn to the curve.
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10.

11.

12.

13.

If b?2>a? the radius of the circle is imaginary, so that there is
no such circle & so notangents at right angle can be drawn to
the curve.

CHORD OF CONTACT :

If PA and PB be the tangents from point P(x;,y,) to the Hyperbola

2 .2
X _J =1, then the equation of the chord of contact AB is

a’ b’
%—%= 1 or T=0at (x,,y;)
PAIR OR TANGENTS :

2 2
If P(x,,y,) be any point lies outside the Hyperbola X—2 - i—2 =1 and
a

a pair of tangents PA, PB can be drawn to it from P. Then the equation
of pair of tangents of PA and PB is SS,= T?

2 2
X1 Y XX; Yy

where S, =—F%-=%-1 =— -5 -1
1 az bz ) a2 b2

fo [ q|(xiv ) (20w )
.e. az b2 az b2 az b2

EQUATION OF CHORD WITH MID POINT (x,,y,) :

2 2

The equation of the chord of the ellipse X—2 - i—z =1,
a

whose mid-point be (x;,y;)is T =S,

Xy W g g ¥ Vi

where T = R U5 U
a? b’

a? b?

Lo [ ) _[x_vi
“la?  b? a? b?

ASYMPTOTES :

Definition : If the length of the perpendicular let fall from a
point on a hyperbola to a straight line tends to zero as the point
on the hyperbola moves to infinity along the hyperbola, then the
straight line is called the Asymptote of the Hyperbola.
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14.

15.
@

2 2
Combined equation of asymptotes of hyperbola X—2 - y_2 =1 will be
a

a b?
RECTANGULAR HYPERBOIA : Y

Rectangular hyperbola referred to its

>
>

asymptotes as axis of coordinates.

(a) Equation isxy = c? with parametric
representation x = ct, y = c/t, @)
t e R-1{0}.

(b) Equation of a chord joining the points
P(t) & Q(t) is x +t;t,y=clt +t,)

-1
with slope m =——
tit,
X v
(c) Equation of the tangent at P(x ,y,)is =2
LS

& at P(t)is %+ty=2c.

(d) Equation of normalis v —% =t*(x —ct)
(e) Chord with a given middle point as (h, k) is kx + hy = 2hk.
IMPORTANT HIGHLIGHTS :

The tangent and normal at any point of a hyperbola bisect the angle
between the focal radii.

(ii) Reflection property of the hyperbola : An incoming light ray aimed

towards one focus is reflected from the outer surface of the hyperbola
towards the other focus.
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FUNCTION

—

DEFINITION :

If to every value (considered as real unless other-wise stated) of a
variable x, which belongs to a set A, there corresponds one and only
one finite value of the quantity y which belong to set B, then y is
said to be a function of x and written as f : A — B, vy = {(x), x
is called argument or independent variable and y is called dependent
variable.

Pictorially : EEREN M
input output

y is called the image of x and x is the pre-image of y, under
mapping f.

Every function f : A — B satisfies the following conditions.

i) cAxB (ii) vae€A 3 b eBsuch that (a,b) e fand

(iii) If (a,b) ef&(a,c)ef = b=c

DOMAIN, CO-DOMAIN & RANGE OF A FUNCTION :

Let f : A = B, then the set A is known as the domain of T’ &
the set B is known as co-domain of ‘f’. The set of all f images of
elements of A is known as the range of ‘f’. Thus

Domain of f ={x | x € A, (x, {(x)) ef}
Range of f = {f(x) | x € A, {(x) B}

Range is a subset of co-domain.

IMPORTANT TYPES OF FUNCTION :

(a) Polynomial function :
If a function ‘f’ is called by f(x) = apx™ + a;x" ! + agx" 2 + ......
+a, X+a, where n is a non negative integer and ag, 8y, g,.---3,
are real numbers and a, # 0, then f is called a polynomial function

of degree n.
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Note :

(i) A polynomial of degree one with no constant term is called an
odd linear function. i.e. {(x) = ax, a# 0

(ii) There are four polynomial functions, satisfying the relation ;
f(x). f(1/%x) = f(x) + {(1/x). They are :
(@ fx) =x"+1,neN
b)ix)=1-x" neN
(© fx) =0
d) f(x) = 2

(iif) Domain of a polynomial function is R

(iv) Range of odd degree polynomial is R whereas range of an
even degree polynomial is never R.

(b) Algebraic function :
A function ‘f’ is called an algebraic function if it can be
constructed using algebraic operations (such as addition,
subtraction, multiplication, division, and taking radicals) starting
with polynomials.

() Rational function :

A rational function is a function of the form y = f(x) =%,

where g(x) & h(x) are polynomials & h(x) = O,

Domain : R-{x | h(x)=0}

Any rational function is automatically an algebraic function.
(d) Exponential and Logarithmic Function :

A function f(x) = a%(a > 0), a # 1, x €R is called an

exponential function. The inverse of the exponential function

is called the logarithmic function, i.e. g(x)= log_x.

Note that f(x) & g(x) are inverse of each other & their graphs

are as shown. (Functions are mirror image of each other

about the line y = x)

Domain of a* is R Range R*

Domain of log x is R* Range R
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+ o0 +o
(0,1) /
f(x)=a", a>1
,$45°
- 1,0) e
N 5"
: Y
g(x)=log.x

(e) Absolute value function :

It is defined as : y = x|
] ox it x>0
S =x it x<O0

ol

Also defined as max({x, —x}

Domain : R Range : [0, )

x|
Properties of modulus function :

Note : f(x)= Domain : R-{0} Range : R*

Forany x,y, a € R.
@ Ixl =0

x| = |=xI

(i)
Ix1
~ oyl

@) Vo = x|

(i) Ixl >a=x>aorx<-a. where ais positive.

X

%

(i) Ixyl = Ixllyl (iv) y=0

+

a,a>0

a = X

(viii) I x| <a = x € [-a, a]. where a is positive
(x) Ixl > lyl= x2>y?
(x) ||x|—|y||£|x+y|£|x|+|y|

Note that (a)lxl+lyl=Ex+yl = xy>0
OIxl+lylHdx-yl = xy<0
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(f) Signum function : 4 yo1

Signum function y = sgn (x)
is defined as follows

x| 0 1 forx>0
y= ;’X?& =30 forx=0
0,x=0 -1 for x<0
Domain : R
Range: {-1, 0, 1}

(g) Greatest integer or step up function :

The function y = f(x) = [x] is called the greatest integer
function where [x] denotes the greatest integer less than

or equal to x. Note that for :

VA
X [x] graphofy=1[x] T3
21 | -2 I,
[-1,0) | -1 1 e 1
01 [ o0 i
3l o1 11 ? > X
12 | 1 U
— 11
Domain : R I, +-2
Range : | 13

Properties of greatest integer function :
i) x-1<[xlsx<[x]l+1, 0<x-[x]<1

(i) [X+y]:{[X]+[y] , {xt+1{vtel0, 1)
xI+[yl+1, {xt+{y}ell, 2)

0, xel

-1, x &l

0, xel
1, xe¢l

(iii) [x] + [=x] ={

(iif) {x} + {-=x} ={
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Note : {(x)

Y
R-[0, 1)

(h) Fractional part function :
glx) = {x}

Domain :

It is defined as :

X

[-2,-1

Range :

X — [x]

{x|x=l, nel-{0}}
n

e.g.

v A
graph of y = {x}

(0,1
(1,2

)
[-1,0)
)
)

Domain : R Range : [0

1

{ R-1

Note : {(x)= Domain :

x}

(i) Identity function :

The function f : A — A defined
by f(x) = x V x € Ais called the
identity function on A and is

denoted by 1.

(i) Constant function :

f: A— B is said to be constant
function if every element of A
has the same f image in B. Thus
f:A—> B ;fx)=c, Vx €A,
¢ € B is constant function.

Domain : R Range : {c}

1 2 3

,1) Period : 1

Range : (1, «)

v

A4

V4
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(k) Trigonometric functions :
(i) Sine function : f(x) = sin x
Domain : R Range : [-1, 1], period 2n
(ii) Cosine function : f(x) = cos x
Domain : R Range : [-1, 1], period 2n

(iii) Tangent function : f(x) = tan x

Domain : R—{xlx=@,n e[}

Range : R, period =«

(iv) Cosecant function : f(x) = cosec x
Domain : R - {x|x = nn, n €l}
Range : R - (-1, 1), period 2n

(v) Secant function : f(x) = sec x
Domain : R - {xIx =(2n + 1) n/2 : n € [}
Range : R - (-1, 1), period 2rn

(vi) Cotangent function : f{(x) = cot x
Domain : R - {x|x = nn, n €l}
Range : R, period =«

(1) Inverse Trigonometric function :

i) fx) = sin’! x Domain : [-1, 1] Range : {—g%}

(i) fx) = cos x Domain : [-1, 1] Range : [0, 7
(i) f(x) = tan”! x Domain : R Range : —g,g)
(iv) fx) = cot? x Domain : R Range : (0, n)
(v) f(x)= cosec’'x Domain : R —(-1,1) Range{—g,g}{O}

(v)) f(x) = sec? x Domain : R-(-1,1) Range ’[O’“]‘{g}
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4.

EQUAL OR IDENTICAL FUNCTION :
Two function f & g are said to be equal if :
(@) The domain of f = the domain of g
(b) The range of f = range of g and

(©) f(x) = g (x), for every x belonging to their common domain
(i.e. should have the same graph)

ALGEBRAIC OPERATIONS ON FUNCTIONS :

If f & g are real valued functions of x with domain set A, B
respectively, f + g, f — g, (f.g) & (f/g) as follows :

(@) (f £ g)(x) = f(x) + gx), domain in each case is A N B

(b) (f.g)x) = f(x).g(x), domain is A " B

(o) [i] (x) =M, domain A N B - {xlg(x) = 0}
g a(x)

CLASSIFICATION OF FUNCTIONS :

(@) One-One function (Injective mapping) :

A function f : A — B is said to be a one-one function or
injective mapping if different elements of A have different
f images in B. Thus for x;, x, € A & f(x;), f(x,) € B, f(x;) = f(x,)
S Xy = X9 OF Xy # Xy & f(x;) # f(x,).

Note:

(i) Any continuous function which is entirely increasing
or decreasing in whole domain is one-one.

(ii) If a function is one-one, any line parallel to x-axis cuts the
graph of the function at atmost one point

(iiif) Non-monotonic function can also be injective.
(b) Many-one function :

A function f: A — B is said to be a many one function if
two or more elements of A have the same f image in B.
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of

Thus f : A - Bis many one if 3 x;, x, € A, f(x;) = f(x,)
but x; # X,

Note : If a continuous function has local maximum or local
minimum, then f(x) is many-one because atleast one line parallel
to x-axis will intersect the graph of function atleast twice.
Total number of functions

= number of one-one functions + number of many-one function

Onto function (Surjective) :
If range = co-domain, then f(x) is onto.
Into function :

If f : A - Bis such that there exists atleast one element in
co-domain which is not the image of any element in domain,
then {(x) is into.

Note :

(i) If f’ is both injective & surjective, then it is called a Bijective
mapping. The bijective functions are also named as
invertible, non singular or biuniform functions.

(ii) If a set A contains n distinct elements then the number of

different functions defined from A — A isn" & out of it n!
are one one and rest are many one.

(iii) If f : R = Ris a polynomial
(@) Of even degree, then it will neither be injective nor
surjective.

(b) Of odd degree, then it will always be surjective, no
general comment can be given on its injectivity.

7. COMPOSITE OF UNIFORMLY & NON-UNIFORMLY
DEFINED FUNCTION :
Letf: A—B& g: B — Cbe two functions. Then the function gof :

A — C defined by (gof ) (x) = g(f(x)) V x € A is called the composite of
the two functionsf & g.

Hence in gof(x) the range of ‘" must be a subset of the domain

g. x [ g =)
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11.

Properties of composite functions:

(@) In general composite of functions is not commutative i.e.
gof = fog.

(b) The composite of functions is associative i.e. if f, g, h are three
functions such that fo(goh) & (fog)oh are defined, then
fo(goh) = (fog)oh.

(c) The composite of two bijections is a bijection i.e. if f & g are
two bijections such that gof is defined, then gof is also a bijection.

(d) If gof is one-one function then f is one-one but g may not be
one-one.

HOMOGENEOUS FUNCTIONS :

A function is said to be homogeneous with respect to any set of
variables when each of its terms is of the same degree with respect
to those variables.

For examples 5x2 + 3y? - xy is homogenous in x & y. Symbolically
if, f(tx, ty) = t" {(x, y), then f(x, y) is homogeneous function of
degree n.

BOUNDED FUNCTION :

A function is said to be bounded if |f(x)| <M, where M is a finite
quantity.

IMPLICIT & EXPLICIT FUNCTION :

A function defined by an equation not solved for the dependent variable
is called an implicit function. e.g. the equation x3 + y3 = 1 defines
y as an implicit function of x. If y has been expressed in terms of
x alone then it is called an Explicit function.

INVERSE OF A FUNCTION :

Let f: A — B be a one-one & onto function, then their exists
a unique function g : B — A such that f(x) = v < g(y) = x,
Vx e A&y eB. Then g is said to be inverse of f.

Thus g = f1: B - A = {(fx), )| (x, f (x)) € f}
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Properties of inverse function :

(a) The inverse of a bijection is unique.

(b) If f : A — B is a bijection & g : B — A is the inverse of {, then
fog = Iz and gof = 1, where I, & I are identity functions on

(c) The inverse of a bijection is also a bijection.

(d) If f & g are two bijections f: A - B, g: B — C & gof exist, then
the inverse of gof also exists and (gof) 1 = flog1.

(e) Since f(a) = bif and only if {1(b) = a, the point (a, b) is on the graph
of ‘f’ if and only if the point (b, a) is on the graph of 1. But we

the sets A & B respectively. If fof = I, then f is inverse of itself.

get the point (b, a) from (a, b) by reflecting about the line y = x.

In general f(x) = x = f(x) = f1(x).
y u/ P
ffl /"x
| (,), < /: X
y= X /
Y =X < T
VA %
y=\f(X)\ ""'Q =x
}_0}~ >x
il (O
=)

The graph of £ is obtained by reflecting the graph of f about the line y = x.

in it's domain & it satisfies

and if f(—x)

—f(x), then it is

12. ODD & EVEN FUNCTIONS :
If a function is such that whenever X' is in it's domain '—x' is also

f(—x) = f(x), then it is an even function

an odd function
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Note :

(i) A function may neither be odd nor even.

(i) Inverse of an even function is not defined, as it is many-one
function.

(iii) Every even function is symmetric about the y-axis & every
odd function is symmetric about the origin.

(iv) Every function which has —x' in it's domain whenever 'x' is
in it's domain, can be expressed as the sum of an even &
an odd function.

f(x) + f(-x) f(x) - f(-x)
g. fx) =
ce =" v e
EVEN ODD

(v) The only function which is defined on the entire number line &
even and odd at the same time is f(x) = O

(vi) If f(x) and g(x) both are even or both are odd then the function

13.

f(x) . g(x). will be even but if any one of them is odd & other is

even, then f.g will be odd.

PERIODIC FUNCTION :

A function f(x) is called periodic if there exists a positive number
T(T >0) called the period of the function such that f(x + T) = {(x)
= f(x — T), for all values of x within the domain of f(x) and least

positive T if exist called fundamental period.
Note :

]
(ii)
(iii)

Inverse of a periodic function does not exist.

Every constant function is periodic, with no fundamental period.
If f(x) has a period T & g(x) also has a period T then it
does not mean that f(x) + g(x) must have a period T. e.g.
f(x) = Isin x|+ lcos x| (here period means fundamental
period).
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15.

(iv) If f(x) has period p and g(x) has period q, then one of the period
of f(x) + g(x) will be LCM of p & q. However it may not be
fundamental period.

(v) If f(x) has period p, then ﬁ and J@ (provided each one
is defined over some non empty set) also has a period p.

(vi) If f(x) has period T then f(ax + b) has a period T/a (a > 0).

(vii) Isinx|,lcosx|,ltanx|,|cotx|,|secx| & |cosecx!| are
periodic function with period .

(viii) sin™x, cos"x, sec"x, cosec"x, are periodic function with period
27 when ‘n’ is odd or © when n is even.

(ix) tan"x, cos™ are periodic function with period .

GENERAL :

If X, y are independent variables and f is continuous function, then :
(@) flxy) = f(x) + f(y) = f(x) = kfn x

(b) f(xy) = f(x) . fly) = f(x) = x, n e R or f(x) = 0

(© f(x +vy) = f(x) . fly) = f(x) = a* or f(x) = 0

d) fx + y) = {(x) + f(vy) = f(x) = kx, where k is a constant.
SOME BASIC FUNCTION & THEIR GRAPH :

(@) v = x2", where n € N

b)y=x*1 wheren e N /'01 x
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= log,x
when a > 1

@y

when 0 <ax<1

0O<acx<l1

(i) Trigonometric functions :

y = sinx

1
s 1 AX
| N
l v
| I A R H——
1 —_—
= n/l
— N
[ S
N I ]
g 1
1 B °
o) | ¥
N I
> 1
L ISR
jy 13
1 £ ,
[T XD
I B
| |
1
1
1
»® >
@ [}
]
o S
Il Il
= =
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A
Y
U U y=1
(3n/2,1 (n/2.1)
Yy = cosecx >
o X
(n/2,-1) (3n/2.-1)
/\ [\ 1
X=—27m  x=-7 X=T7 x=2n
YAL
(2m1) 0,1
y = sec X o X
K }—1)\ y=-1
VS . S TV S 4
2 T2 72
YA
y = cot X 0 >
X
_3n T N [(E o)\ i3r
(2,0(2, (2,)(2,0)
X=—21 X=-T X=T x=2m
D<0, D=0
\‘ 'l
G) v=ax?+bx +c a0 \“\\/7D>0
. b D S x
vertex | —5 -~
2a7 4a '.' ‘:\
%, \D>0
p<o D0
where D = bZ — 4ac
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16. TRANSFORMATION OF GRAPH :
(@) when f (x) transforms to f (x) + k
if k > 0 then shift graph of f (x) upward through k
if k < 0 then shift graph of f (x) downward through k
Examples :

ST
s s sinx+1
s ‘\
s X
y
1 -
. sinx
X
o, OT
0'0 A .
“sinx—1
2.

.. -
L

0,-2)
(b) f (x) transforms to f (x + k) :
if k > 0 then shift graph of f (x) through k towards left.
if k < 0 then shift graph of f (x) through k towards right.

Examples :
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() f (x) transforms to kf (x) :
if k > 1 then stretch graph of f (x) k times along y-axis
if 0 < k < 1 then shrink graph of f (x), k times along y-axis
Examples :

(d) f (x) transforms to f (kx) :
if k > 1 then shrink graph of f (x), 'k’ times along x-axis

if 0 < k < 1 then stretch graph of f(x), ‘k’ times along x-axis
Examples :

1
et il 1
/’ k! :l \ .”l (\
-2n / \ ; \ , \
“ -2 0 N2 ;m\31R  J2n
LW S sin2x
Y, ,
sing -1 sinx

(e) f (x) transforms to f (x) :
Take mirror image of the curve y = f(x) in y-axis as plane mirror

Example :
e,
1.
\\ m(=x) /n x
\\
N
2. v —1 1

D
)
LY
LY
b}
[y
(Y
kY
1
by
Y
Y
Y
1

() f (x) transforms to —f (x) :
Take image of y = f (x) in the x axis as plane mirror
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Examples :

(@) f(x) transforms to | f (x)| :
Take mirror image (in a axis) of the portion of the graph of
f(x) which lies below x-axis.
Examples :

y linxl
I'sinx |
ol X ¥ X ¥ X
r Y kY s
4 . ’ LY ’
’ Y K N S
Sens? Seue’
:' /n x - “sinx
H
H
1
'

(h) f(x) transforms to f(IxI) :
Neglect the curve for x < 0 and take the image of curve for
x > 0 about y-axis.

nx y Mmlxl

X X

4 e Y e
/i/ 1
X X
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Examples :
y

(i) v = fx) transforms to lyl= f(x) :
Remove the portion of graph which lies below x-axis & then

take mirror image {in x axis} of remaining portion of graph

1

s
A

%le

/
A

4] kY 7

7 Y v

s N ’
e’ Sans’
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FUNCTIONS :

INVERSE TRIGONOMETRIC FUNCTION

1. DOMAIN, RANGE & GRAPH OF INVERSE TRIGONOMETRIC

y
' .
@ 1.1, 1> [n/2 72, w2 g T
f1(x) = sin"!(x) 1
Iy ’
......... /2
y=arc sinx
(v = sin'x)
(b) f71 : [_17 1] il [07 TE]7 ’ l T
f1(x) = cos ' x \
: n/2 i
= 0 1 ;
(v = coslx)
© f1:R- (/2 n/2), !
----- /2 Tt
f*l(x) _ tarfl « y=arc tanx
0 it
y=arc tanx
----- -n/2
(v = tan™x)
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@ £1.R-(0, n), .

T

f’l (X) = COJ[71 X y:arcN
/2
y=arc cotx

- > x
(y = cotx)
© (o, ~1Ull, ) "
S0, /o2,  T— ik /
f1(x) =sec™ x T4 *
® (0, 1] U[L, ) V"W
- [n/2, 00U (0, 7/2], S S .
f(x) = cosec ! x e7h

PROPERTIES OF INVERSE CIRCULAR FUNCTIONS :
P-1:
(i) y=sin(sin'’x) =x, x € [-1,1],y € [-1,1], y is aperiodic
(ii) y=cos(cos'x)=x ,xel[-1,1],ye[-1,1], yis aperiodic
(iii) v = tan(tan™ x)=x, x € R, y € R, y is aperiodic
(iv) v = cot(cot!x) = x, x €R, vy €R, y is aperiodic
(V) v=cosec(cosec!x) =x, Ixl >1, lyl > 1, yis aperiodic
(i) y=sec(sec'x) =x, Ixl >1; lyl > 1, yis aperiodic
P-2:

T
22

(i) y=sinl(sinx),xeR, Y G{ } . Periodic with period 2.
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37‘C< LT
-T—X ——<x<——
’ 2 2
P s
X , -—<x<=
2 2
P 3n
T-X , —<X<—
. o1 2 2
sin”" (sinx) =
3n 5n
Xx-2r , —<X<—
2 2
5n Tn
3n-x , —<x<—
2 2
Tn On
Xx-4n , —<x<—
2 2
AY
m
XY s 2 ¢ oy
Qs \X}X q+ \\\ 3 -\-%
g t - ST 7
9 < 2 45° 2 S _
-2n _3n - (0] s b 2n X
2 2
s
2

(ii) v = cos! (cosx), x € R, y € [0,n], periodic with period 2n

_X y
X , <xX<nm
cos Hcosx) = {2n - x , mM<x<2n
x-2n , 2n<x<3rn
dn-x , 3n<x<4dr
U A
------ TC
Qs s T +, s
X \+ 41 = q// 2
Y, 2 *
N
>X
-2 - T T O T T 2n
-z 5
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(iii) y = tan™! (tan x)

X € R—{(Zn —l)g,n el}; Y e[—E,EJ , periodic with period

22

X+T —ﬁ<x<—E

’ 2 2

X , —§<X<§

tan"l(tanx) =4 x -1 g<x<%

X—2n 3 x<ﬁ

2 2

b5n n

_3 on n

x-3n 2<x 5
My

(V) y=cosec!(cosecx),x eR-Inanelly e{—g,O] u(O,g} ,

y is periodic with period 2 =.
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Yy
¥ I\ %
7 \a ¥
Lz SN\ &
2 (S 2 >
0] s k8 2n X
2
- I
2

(vi) v = sec! (sec x), v is periodic with period 2n

X € R—{(Zn—l)gn el}, Y €|:O,g] u(g,n}

v

/i T + /i

v H 7 !
4 N PN
N4 i N* | 2 4 5 AN
i i i i i i b
—2n 3n T b o TE TE 3n 2n X

2 2 2 2

1
(i) coseclx= sin‘1; ; x<—lorx>1
1
(ii) sec!'x = cos‘1; i x<—lorx>1
1
(iii) cot'x = tan‘1; ; x>0

=n+tan‘1;; x<0

P-4 :
(i) sin!(x)=-sin!'x, -l<x<1
(ii) tan!(x)=-tan'x, x eR

(iii) cos! (x)=m—-coslx, -1<x<1
(iv) cot!(x)=mn-cotlx,xeR
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(V) secl(x)=mn-seclx,x<-lorx>1

(vi) cosec’l(-x) =—cosec!x,x<-lorx>1
P-5:
T
(i) sin!x+coslx= o -1<xx<1
T
ii) tantx +cotlx=-, xeR
2
T
(iii) cosec! x + sec’! x =3 Ixl >1
P-6:
+
tan'llX Y wherex>0,y>0&xy < 1
—xy

, , X+
() tan'x+tan'y= r+tan 27 where x>0,y >0 & xy >1

- Xy

g, wherex >0,y>0&xy=1

(ii) tan!x —tan!y = tan™ x—J ,wherex>0,y>0
1+xy

(iii) sin”! x + sin"'y = sin! [x\/ 1-y% + y\/ 1-x%],
wherex>0,y>0& x2+y) <1

T
Notethat: x2+y2 <1 = 0<sin!x +sinly < 5

(iv) sin!x + sinly = ©—sin! [X\/]. —y? +y\/1—x2] ,

where x> 0,y>0& x? +y?> 1

s
Notethat:x2+y2>1:>§ <sin!x +sinty<n

(V) sin'x-sin"y=sin! [x\/1_y2 —y\/l—xz Jwherex >0,y >0
(Vi) cos'x + cosly = cos! [xy—m ﬂ ],wherex>0,y>0
cos’%xyﬂ/ﬁﬂ) i X<y, X,y>0
—cos’l(xy+mﬂ); x>y, x,y>0

129

(vii) cos'x—costy=




Mathematics HandBook All:.

x+y+z—xyz}

viii tan7x + tanly + tan™! z = tan™!
(wiii) an™'x + tan™'y + tan™ z = tan {l—xy—yz—zx

it x>0,y>0,z>0&xy+vyz+zx<1

Note : In the above results x & y are taken positive. In case if these
are given as negative, we first apply P-4 and then use above results.

3. SIMPLIFIED INVERSE TRIGONOMETRIC FUNCTIONS :

2x ’
@ y=1x)= sinl[ 2] - 2
1+x 1
D
S X
2tan"! x if Ixkkl D_1 I o 1
=|n-2tan"'x if x>1
—n/2

—(n+2tan"tx) if x<-1

2
b) v= f(x) = cos! (1_—X2J

B 2tanlx if x>0 ;
—2tan'x if x<O -1 O\l, !

®N

12X

(c) y=f(x)=tan”
1-x

2

2tan!x if Ixlk1

=|n+2tantx if x<-1

-n/2
N

~n-2tan'x) if x>1

130

T odk06\B0A-BONKota\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng\Part-2.p65



I odk06\B0A-BONKoto\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng)\Part-2.p65

ALLEN

Mathematics HandBook

(d) v = f(x) = sin? (3x — 4x3)

—(r+3sintx) if -1<x< —%
.1 . 1 1

= f —=<x<=
3sin”" x i 5 X 5
n-3sin'x if %stl

3cos 'x-2n if -1<x< —%
1 1
=|2nr-3cos!x if —=—<x<=
n—-3cosT x i 5 X 5
-1 1
3cos " x if =<x<1
L 2
® sin’l(ZX\/l—xz)
.- 1
—(n+25m x)—lsxg——z
={2sin"1x _igxgi
2 2
.1 1
n-2sinT"x —<x<1
2
(@ cos'(2x*-1)
B 2cos x O0<x<1
2n-2costx -1<x<0

: -1/2
,li
""""""" Y
NY
_____________ T
E\ in/2 i
cli ox
<32 -1 O 1J3/2
2 g\ 2
NY
/2t
_1
2

L /2
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LIMIT

I —

1. DEFINITION:

Let f(x) be defined on an open interval about ‘a’ except possibly at
‘a’ itself. If f(x) gets arbitrarily close to L (a finite number) for all x
sufficiently close to ‘a’ we say that f(x) approaches the limit L as x

approaches ‘a’ and we write Limf(x) = L and say “the limit of f(x),

X—a

as x approaches a, equals L”.

2. LEFT HAND LIMIT & RIGHT HAND LIMIT OF A FUNCTION :

Left hand limit (LHL) = Lim f(x)= Igir% fla—h), h> 0.

X—a

Right hand limit (RHL) = Lim f(x)= Igirg fla+h), h> 0.

x—a"

Limit of a function f(x) is said to exist as x - a when

Lim f(x) = Lim f(x) = Finite and fixed quantity.
X—a X—a
Important note :

In Limf(x), x —» a necessarily implies x = a. That is while
X—a

evaluating limit at X = a, we are not concermned with the value of the
function at x = a. In fact the function may or may not be defined at

X=a.

Also it is necessary to note that if {(x) is defined only on one side of
‘x = a’, one sided limits are good enough to establish the existence
of limits, & if {(x) is defined on either side of ‘a’ both sided limits are

to be considered.
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3.

FUNDAMENTAL THEOREMS ON LIMITS :

Let Limf(x) =1 &Limg (x) = m.If | & m exists finitely then :
(@) Sum rule : Lim [f(x) + g(x)]: | +m

(b) Difference rule : Lim [f(x)-g(x)]=1-m

(¢) Product rule : Limf(x).g (x)=1.m

X—a

(d) Quotient rule : [im @ = |_7 provided m#= 0

X—a Q(X) m

(e) Constant multiple rule : Lim kf (x) =kLimf (x) ; where ks constant.

X—a X—a

() Power rule : Lim [f(x)]g(x) =|™, provided| > 0

(@) Limf [g(x)] =f (le g(x)) =f(m) ; provided f(x) is continuous at
X =m.

For example : Lim ¢n(f(x)) = /n[Limf(x)] ; provided /nx is defined

X—a X—a

at x=Lim{(t) .

t—a

INDETERMINATE FORMS :

0 =« 0
67;7“)_0070X0071 7007 OOO-

Note :

We cannot plot 00 on the paper. Infinity (00) is a symbol & not a
number. It does not obey the laws of elementary algebra,

133
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5.

GENERAL METHODS TO BE USED TO EVALUATE LIMITS:
(a) Factorization :

Important factors :

i) x-a=Kx-a)x"'+ax"?+ .......... +a ), neN

(ii) x"+a"= X+ a)x"-ax"? + .......... + a™!), nis an odd

natural number.

n n
. x"-a _
Note : Lim —na"!

x—»a X-—a

(b) Rationalization or double rationalization :

In this method we rationalise the factor containing the square

root and simplify.

(c) Limit whenx — o0 :
(i) Divide by greatest power of x in numerator and denominator.
(ii) Put x = 1/y and applyy — 0

(d) Squeeze play theorem (Sandwich theorem) :

If f(x)<g(x)<h(x); Vx & ijf(x):/€=£i_>rralh(x) then

Limg(x)= ¢,

X—a

1
for example : Lirrol x?sin— = 0, as illustrated by the graph given.
X—> X

134
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(e) Using substitution Lim f(x) = I}Tin(r)l f(a—h) or I}_;lrgl fa+h) i.e.

by substitutingx bya—h ora + h
LIMIT OF TRIGONOMETRIC FUNCTIONS :

sinx tanx ‘[arf1 X sirl’1 X

Lim =1=Lim =Lim =Lim
x—0 X x—0 X x—0 X x—0 X

[where x is measured in radians]

Further if Limf(x) =0, then Limsm—f(x) =1.

X—a X—a X)

LIMIT OF EXPONENTIAL FUNCTIONS :

a*-1 e -1

(a) Lim =/nafa >0) In particular Lim =1.
x>0 X x—0 X
af(X) _
In general if Limf(x) = 0 ,then Lim =/na,a>0
x—a x—a f(X)
(b) Lim m(l+x) 1
x—0 X

(c) Lim (1+ x)l/X =e=Lim (1 + l)
X

x—0 X—>00

(Note : The base and exponent depends on the same variable.)

1/1(x)

In general, if Limf(x) =0, then Lim(1 + f(x)) =e

X—a X—a

(@ If Lim f(x)=1 and Lim §(x) =0,

X—a

then Lim [f(x)] **= e where k = Lim ¢ (x) [f(x)-1]

X—a

(e If Lim f(x)=A >0 & Lim ¢(x) =B (a finite quantity),

X—a X—a

then Lim[f(X)]Mx) — eB InA _ AB

X—a
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8. LIMIT USING SERIES EXPANSION :

17 12.3% 12.3%2.5%
P 3 5 7
(h) sin X—X+—3!X + 5l X” + 7 X
nin-1)

2!

@ 1+x=1+nx+

Binomial expansion, exponential & logarithmic expansion, expansion

of sinx, cosx, tanx should be remembered by heart which are given

below :
2 2 3 3
(a) aX:1+Xfr'la+Xér'la+Xgr'la+...,a>O
N x x x°
b) e :1+ﬂ+5+§+”"XER
2 3 4
() (Zn(1+x):x—%+%—%+...,for—l<x£1
. 3 X5 X7
(d) sz:x—§+§—?+...,xeR
2 X4 X6
(e cosx:1—§+m—a+...,xeR
2% T
t =X+—+—+.. Ixk=
(f) tanx X+3+15+ ,X<2
L 3 X5 7
tan” X =X—-—+—-—-"—+... R
(@) tan x=X 3+5 7+,Xe

+...,xe[-1,1]

x*+..,neR,xe(-1,1).
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CONTINUITY

E—
CONTINUOUS FUNCTIONS :

A function f{x) is said to be continuous at x = a, if lim f(X) exists
X—a

and is equal to f{a). Symbolically f{x) is continuous at x = a
if lim f(a—h)=Iim f(a+h)=f(a)=finite and fixed quantity
h—0 h—0

(h>0)

ie. LHLI _ = RHLI _ = value of f (x)I _ = finite and fixed
quantity.

At isolated points functions are considered to be continuous.
CONTINUITY OF THE FUNCTION IN AN INTERVAL :

(a) A function is said to be continuous in (a,b) if f is continuous at
each & every point belonging to (a, b).

(b) A function is said to be continuous in a closed interval [a,b] if :
e f{iscontinuous in the open interval (a,b)

e fis right continuous at ‘a’ i.e. Lim f(x)=f(a)= a finite
X—a

quantity
e fisleft continuousat ‘b’ i.e. Lim f(x) = f(b) =a finite quantity

x—b~
Note :
(i) All Polynomials, Trigonometrical functions, exponential &
Logarithmic functions are continuous in their domains.
(i) If f & g are two functions that are continuous at x = ¢ then the
function defined by : F(x) =1{(x)tg(x); Fy(x)=K{(x), K any
real number, F;(x) = f(x).g(x) are also continuous at x = c. Further,

f(x)

if g(c) is not zero, then F,(x) = (—) is also continuous at x = c.
g(x

(iii) If f and g are continuous then fog and gof are also continuous.
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(iv) If f and g are discontinuous at x = c, then f + g, f — g, f.g may
still be continuous.

(v) Sum or difference of a continuous and a discontinuous function
is always discontinuous.

REASONS OF DISCONTINUITY :

A

(a) Limit does not exist !
i.e. Lim f(x)# Lim f(x) i
X—a~ x—a’ :
/N—?
Lim f(x) = f 1 : , '
(b) Limf(x) #f(a) ) i E \ ‘
Geometrically, the graph of ! 2 38 4
Li fi f(1
the function will exhibit a v EL'{' f:x;:l (&)
im not exist
break at x = a, if the function X2 A ex.s
is di ti " Th l;gg f(x) does not exist
is discontinuous at x = a. The

graph as shown is discontinuous at x = 1, 2 and 3.

THE INTERMEDIATE VALUE THEOREM :

Suppose f(x) is continuous on an interval I and a and b are any two
points of I. Then if y, is a number between f(a) and f(b), their exists a
number ¢ between a and b such that f(c) =y,

Y 1 f@ - +ve
f(b) fia) b= f(b) > —ve
Yo N
L b
f(a) \/ 0,0=% T
(] Ee— ’
0 a c b x
The function f, being continuous on [a,b] f(x)=01in(a, b)

takes on every value between f(a) and f(b)
Note that a function f which is continuous in [a,b] possesses the following

property :
If f(a) & f(b) posses opposite signs, then there exists atleast one
solution of the equation f(x) = 0 in the open interval (a,b).
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DIFFERENTIABILITY

I —
1. INTRODUCTION :
The derivative of a function ‘f’ is function ; this function is denoted
by symbols such as
d d df(x)
— —f
T dx 7 dx ) or dx
The derivative evaluated at a point a, can be written as :
f(a), [dgi" } Fx), ., ete
2. RIGHT HAND & LEFT HAND DERIVATIVES :
(a) Right hand derivative :
The right hand derivative of f(x) at x = a denoted by f'(a) is

f'(x)

defined as :
f'(a) = Lim w , provided the limit exists & is finite.
h—0"

(b) Left hand derivative :
The left hand derivative of f(x) at x = a denoted by f'(a) is defined

as:f' (a) =Ergm

, provided the limit exists & is finite.

(c) Derivability of function at a point :

If f' (a) = f'(a) = finite quantity, then f(x) is said to be derivable

or differentiable at x = a. In such case f'(a) = f'(a) = f'(a) & it

is called derivative or differential coefficient of f(x) at x = a.

Note :

(i) All polynomial, trigonometric, inverse trigonometric,
logarithmic and exponential function are continuous and
differentiable in their domains, except at end points.
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(ii) If f(x) & g(x) are derivable at x = a then the functions
f(x) + g(x), f(x) — g(x), f(x). g(x) will also be derivable at x =a
& if g(a) # 0 then the function f(x)/g(x) will also be derivable

at x = a.

3. IMPORTANT NOTE :
(@) Letf(a)=p&f@)=q
e When p & q are finite :

If p and q are finite (whether equal or not), then fis continuous
at x = a but converse is NOT necessarily true.

() p=q={isdifferentiable at x = a = f is continuous at x = a

e.g.

tangent

f0)=0and f(0)=0= f'(0)=0,
here x axis is tangent to the curve at x = 0.

(i) p=#q = fisnot differentiable at x = a, but f is still continuous
at x = a. In this case we have a sudden change in the
direction of the graph of the function at x = a. This point is
called a corner point of the function. At this point there is
no tangent to the curve.

e When p or q may not be finite :

In this case f is not differentiable at x = a and nothing can be

concluded about continuity of the function at x = a.

Note :

(@) Corner : If f is continuous at x = a with RHD and LHD at
x = aboth are finite but not equal or exactly one of them is
infinite, then the point x = a is called a corner point and at
this point function is not differentiable but continuous.
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(b) Cusp : If fis continuous at x = a and one of RHD, LHD at
X = a, approaches to « and other one approaches to —o,
then the point x = a is called a cusp point. At cusp point we
have a vertical tangent and at this point function is not
differentiable but continuous. We can observe that cusp is
sharper than corner point.

(b) Geometrical interpretation of differentiability :

(i) If the function y = f(x) is differentiable at x = a, then a
unique tangent can be drawn to the curve y = {(x) at P(a,
f(a)) & f'(a) represent the slope of the tangent at point P.

(ii) If LHD and RHD are finite but unequal then it geometrically

implies a sharp corner at X = a.
e.g. f(x) = Ix| is continuous but y

not differentiable at x = O. f(x)=IxI

A sharp cornerisseen at x = 0 in

the graph of f(x) = Ix1.

(c) Vertical tangent : If y = f(x) is continuous at x = a and li£n|f (x)|

approaches to o, then y = {(x) has a vertical tangent at x = a. If
a function has vertical tangent at x = a then it is non differentiable
atx = a.
DERIVABILITY OVER AN INTERVAL :
(a) f(x) is said to be derivable over an open interval (a, b) if it is
derivable at each & every point of the open interval (a, b).
(b) f(x) is said to be derivable over the closed interval [a, b] if :
(i) f(x)is derivable in (a, b) &
(i) for the pointsaandb, ' (a) & f' (b) exist.
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Note :

@i If f(x) is differentiable at x = a & g(x) is not differentiable at
X = a, then the product function F(x)=f(x).g(x) can still be

differentiable at x = a.

(i) If f(x) & g(x) both are not differentiable at x = a then the product

function; F(x)=f(x).g(x) can still be differentiable at x = a.

(iii) If f(x) & g(x) both are non-derivable at x=a then the sum function

F(x)=1f(x)+g(x) may be a differentiable function.
(iv) If {(x) is derivable at x =a = f'(x) is continuous at x = a.

(v) Sum or difference of a differentiable and a non-differentiable

function is always is non-differentiable.
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I

METHODS OF DIFFERENTIATION

—

DERIVATIVE OF f(x) FROM THE FIRST PRINCIPLE :

Obtaining the derivative using the definition

oy fx+dx)-f(x) 0 dy .
BLXIE?) Fo 6LX1_r>1?) R f'(x) = R called calculating

derivative using first principle or ab initio or delta method.

FUNDAMENTAL THEOREMS :

If f and g are derivable function of x, then,

@ Lifrg-d.d8

= T known as SUM RULE

d df
(b) &(Cf) g where cis any constant

f
() d —(fg) = fd +gd—,1mown as PRODUCT RULE
dx dx  “dx
ﬁ]_ (dg]
d(f g(dx f dx
@ o= =
X\g g

where g # 0 known as QUOTIENT RULE

(@) Fy=fi)&u=g®),then & - U |1 unas CHAIN RULE
dx du'dx’
Note : In general if y = f(u), then % = f'(u).(jl—di,
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3. DERIVATIVE OF STANDARD FUNCTIONS :

f(x) f'(x)
@) x" nx"!
(i) e eX
(iif) a® a*/na,a> 0
(iv) /nx 1/x
W) log,x (1/x)log,e, a>0,a# 1
(vi) sinx COSX
(vii) COSX —sinx
(viii) tanx sec?x
(ix) secx secx tanx
(x) cosecx — cosecx . cotx
(xi) cotx — cosec?x
(i) constant 0
1
. -1 ,—1 <x <1
(xiii) | sin™*x 1 2
-1 -1 -1 <x <1
(xiv) | cos™*x 12 J
(xv) tan~! 1 x eR
XV an -+ X il
1
(xvi) | sec!x 2 1 Ix1>1
| x Ivx“ -1
1 . S Ix>1
(xvii) [ cosec ™ x x| /X2 1
1 ~
t ,XxeR
(xviii) [ cot™ x 12

4. LOGARITHMIC DIFFERENTIATION :
To find the derivative of :
(a) A function which is the product or quotient of a number of function or
(b) A function of the form [f(x)]$ ®) where f & g are both derivable,
it is convenient to take the logarithm of the function first & then
differentiate.
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5.

DIFFERENTIATION OF IMPLICIT FUNCTION :
(@) Let function is ¢(x, y) = 0 then to find dy /dx, in the case of

implicit functions, we differentiate each term w.r.t. x regarding

y as a functions of x & then collect terms in dy / dx together on

one side to finally find dy / dx
dy -0¢/ox o

o9 1 .
OR dx ~ 20/ay where X & 2 are partial differential

coefficient of ¢(x, y) w.r.to x & y respectively.
(b) In expression of dy/dx in the case of implicit functions, both

x & y are present.
PARAMETRIC DIFFERENTIATION :

dy dy/do
dx  dx/do’
DERIVATIVE OF A FUNCTION W.R.T. ANOTHER FUNCTION :

dy dy/dx _ f(x)

dz dz/dx g'(x)

DERIVATIVE OF A FUNCTION AND ITS INVERSE FUNCTION :
If inverse of y = {(x) is denoted as g(x) = f‘l(x), then g(f(x)) =

= g(ffx)=1

HIGHER ORDER DERIVATIVE :

Let a function y = f(x) be defined on an open interval (a, b). It’s

If y=1(0) & x=g(0) where 9 isaparameter, then

Let y=1(x); z=g([x), then

derivative, if it exists on (a, b) is a certain function f'(x) [or (dy / dx)
ory'] & it is called the first derivative of y w. r. t. x. If it happens
that the first derivative has a derivative on (a , b) then this derivative
is called second derivative of y w.r.t. x & is denoted by {"(x) or

(d%y /dx?) or y". Similarly, the 3" order derivative of y w.r.t x, if it

43
exists, is defined by _y = i(d y) Itis also denoted by {" (x) o

v" & so on.
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10. DIFFERENTIATION OF DETERMINANTS :
f(x) ga(x) h(x)
If Fix) = | I(x) m(x) n(x) |, wheref, g, h.l, m,n,u,v, ware
u®) v(x) w(x)
differentiable functions of x, then
f0 g h@| [fx) g hix) | |16 gk) hix)
F=(I() mx) nx|[+I'x) mE) n()|+'®) m& nk)

11.

n
ux) v wx)| [ux) vk wx) | )

Similarly one can also proceed columnwise.

L' HOPITAL'S RULE :

(a) Applicable while calculating limits of indeterminate forms of

the type % , 3 . If the function f(x) and g(x) are differentiable in

certain neighbourhood of the point a, except, may be, at the
point a itself, and g'(x) # 0, and if

limf(x) = limg(x) =0 or limf(x)=limg(x)=o,

then limM = lim f'(X)
X—a g(x) X—a g (X)

f'(x)
g'(x)

'a' may be either finite or improper + o or —o.

provided the limit liirl exists (L' Hopital's rule). The point

(b) Indeterminate forms of the type 0. o or w — o are reduced to

0 00
forms of the type 0% % by algebraic transformations.

(¢) Indeterminate forms of the type 1%, ©° or 0° are reduced to

forms of the type 0. « by taking logarithms or by the

transformation [f(x)]?%) = gfx)-/nflx)
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II. Strictly increasing at x = a : fla+h)

MONOTONICITY

D —

INCREASING / DECREASING / STRICTLY INCREASING /
STRICTLY DECREASING NATURE OF A FUNCTION AT A

POINT :

Increasingat x = a:
f

If f(s)< fl@< f(t)whenevers<a<t, fow

wheres, t € @—h,a+h)nD, fel

for some h > 0, then fis said to be

increasing at X = a. 0

(1)  When 'a' be left end of the interval

f@ < fx)Vx el a+hnD,for someh>0

=  fisincreasing at x = a.
(2)  When 'a’ be right end of the interval

fx) < fla)Vxel@a-h,a)nD, for someh>0

=  fisincreasing at x = a.

If f(s) < f(a) < f(t) when evers <a<t, )):((3

wheres, t e @-h,a+h) nD,

for some h > 0, then fis said to be

strictly increasing at x = a.
(1)  When 'a' be left end of the interval

a X a+h

f@ < fix) Vx el a+hnD,for someh>0

= fis strictly increasing at x = a.

(2)  When 'a' be right end of the interval ﬁi;

fK<flayvxel@-h,anD,  fah

for someh >0

= fis strictly increasing at x = a.
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M. Decreasingatx=a:
If f(s)> f(a)>f(t) whenevers<a<t,
where s, t e (@a—h,a+h)nD,
for some h > 0, then fis said to be decreasing at x = a.
(1)  When 'a' be left end of the interval
f@=2fx)Vxel@a+hnD, for someh>0
=  fis decreasing at x = a.
(2)  When 'a' be right end of the interval
f() 2 fla)Vx e(@a-h,a)nD, for someh>0
=  fisdecreasing at X = a.
IV. Strictly decreasingatx =a:
If f(s)> f(a)> f(t) whenevers<a<t,
where s, t e (@a—h,a+h)nD,
for some h > 0, then fis said to be strictly decreasing at x = a.
(1)  When 'a' be left end of the interval
f@>flx) Vx €@ a+h nD,for someh>0
= fis strictly decreasing at x = a.
(2)  When 'a' be right end of the interval
fx)> fla) Vxe(@a-h, a)n D, for someh >0

= fis strictly decreasing at x = a.
fig.-4

fig.-1 fig.-2 fig.-3
% N 3’/
5

Ol X=a Ol X=a Ol X=a x=a
Strictly increasing  Strictly decreasing Strictly increasing  Strictly increasing
atx=a atx=a atx=a atx=a
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2.

INCREASING & DECREASING NATURE OF A FUNCTION
OVER AN INTERVAL :

Consider an interval =D,

L. Increasing Over an Intervall :
fvx,x,el x <x, = fix) < flx,), then fis increasing over
the interval I.

II. Decreasing Over an Intervall :
fvx,x,el x, <x, = fix)> fix), then fis decreasing over
the interval 1.

IIl. Strictly increasing over an Interval I :
fvx, x,el x <x,o fix) < flx,), then fis strictly increasing
over the interval 1.

IV. Strictly decreasing over an Interval I :
fvx,x, el x <x,o fix)> fix), then fis strictly decreasing
over the interval 1.

Monotonic function :

If a function is either increasing or decreasing over an interval then

it is said to be monotonic function over the interval.

If a function is either strictly increasing or strictly decreasing over an

interval then it is said to be strictly monotonic function over the

interval.

Some Important points :

() Increasing or monotonic increasing or non decreasing has same
meaning. Similarly decreasing or monotonic decreasing or non
increasing has same meaning.

(i) If a function is strictly increasing, then it is also said to be increasing
function, but converse is not necessarily true.

(ii) Functions which are increasing over some interval and decreasing
over another interval are known as non-monotonic functions
over the union of the intervals.

(ivy A function may be monotonic in a subset but may not be
monotonic in a superset.

(v) Constant function is increasing as well as decreasing over any
interval. So it is called monotonic function.
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For differentiable functions :
Consider an interval 1 (€ D f) that can be [a, b] or (a, b) or [a, b) or (a, b].
(1) f'&®>0Vxel= fisstrictly increasing function over the interval I.
2) f®>0Vxel = f isincreasing function over the interval I.
B) f(®x>0Vxel and f'(x) = 0 do not form any interval (that
means f'(x) = 0 at discrete points)
= f is strictly increasing function over the interval I.

@) f'®<0Vxel= fisstrictly decreasing function over the interval I.
b)) f'®<0Vxel = f isdecreasing function over the interval I.
6) f'x)<0Vxelandf'x)= 0 do not form any interval (that

means f'(x) = 0 at discrete points)
= f is strictly decreasing function over the interval I.
ROLLE'S THEOREM :
Let f be a function that satisfies the following three hypotheses :
(a) fiscontinuous in the closed interval [a, b].
(b) fis differentiable in the open interval (a, b)
(©) fla) = f(b)
Then there is a number c in (a, b) such that f'(c) = O.
y y

o & &b x o2 < b x

Conclusion : If  is a differentiable function then between any two
consecutive roots of f(x) = 0, there is atleast one root of the equation

f(x) = 0.

150

T odk06\B0A-BONKota\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng\Part-2.p65



I odk06\B0A-BONKoto\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng)\Part-2.p65

4.

LAGRANGE'S MEAN VALUE THEOREM (LMVT) :
Let f be a function that Ip Tangent paral}el to chord

satisfies the following
hypotheses:

(i) f is continuous in a
closed interval [a, b]

(ii) fisdifferentiable in the

open interval (a, b). 0 ,(f ( )a
=1X
Then there is a number ¢
in (a, b) such that f'(c) = w
-a

(a) Geometrical Interpretation :

Geometrically, the Mean Value Theorem says that somewhere
between A and B the curve has at least one tangent parallel to
chord AB.

(b) Physical Interpretations :
If we think of the number (f(b) — f(a))/(b — a) as the average
change in f over [a, b] and f(c) as an instantaneous change, then
the Mean Value Theorem says that at some interior point the
instantaneous change must equal the average change over the
entire interval.

SPECIAL NOTE :

One can make use of Monotonicity in identifying the number of

roots of the equation in a given interval. Suppose a and b are two

real numbers such that

(@) f(x) & its first derivative f'(x) are continuous fora <x <b.

(b) f(a) and f(b) have opposite signs.

(c) f'(x)is different from zero for all values of x between a & b.
Then there is one & only one root of the equation f(x) = 0 in (a, b).
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MAXIMA-MINIMA
I—

INTRODUCTION : 1z .

MAXIMA & MINIMA :

(a) Local Maxima
/Relative maxima :
A function f(x) is
said to have a local S I

H
H
1
1
1
H
1
1
1 1
H
1 1
' H 1 H
i i
e

maxima at X =a 0 100?1 IOCQ 10(0231 locclal local lofcal lo%al

min max max/min  min max min max

if fla)> fx)Vxe(@a-h, a+hnD,
Where h is some positive real number.

(b) Local Minima/Relative minima :
A function f(x) is said to have a local minima
atx=aif fla)< f(x) Vxef@a-h,a+h)nD,
Where h is some positive real number.

(c) Absolute maxima (Global maxima) :
A function f has an absolute maxima (or global maxima) at c if
f(c) > {(x) for all x in D, where D is the domain of f. The number
f(c) is called the maximum value of f on D.
(d) Absolute minima (Global minima) :
A function f has an absolute minima at c if f(c) < f(x) for all x in D
and the number {(c) is called the minimum value of f on D.
Note :

i ' rie Y local/global
(i) The term 'extrema’ is cal/glob
. local
used for both maxima mogal | local
or minima. ocal

local
minima

maxima

(i) A local maximum
(minimum) value of a
function may not be o 7 lobal minima
the greatest (least) >X
value in a finite
interval.

local
minima
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(i) A function can have several extreme values such that local
minimum value may be greater than a local maximum value.

(iv) It is not necessary that f(x) always has local maxima,/minima at
end points of the given interval when they are included.

DERIVATIVE TEST FOR ASCERTAINING MAXIMA/MINIMA :

(a) First derivative test :

If f'(x) = 0 at a point (say x = a) and
(i) If f'(x) changes sign from positive to negative in the
neighbourhood of x = a then x = a is said to be a point local

maxima.

(i) If f'(x) changes sign from negative to positive in the
neighbourhood of x = a then x = a is said to be a point

local minima.

O X=a X

Note : If {'(x) does not change sign i.e. has the same sign in a certain
complete neighbourhood of a, then {(x) is either increasing or
decreasing throughout this neighbourhood implying that x=a is

not a point of extremum of .

(b) Second derivative test :

If {(x) is continuous and differentiable at x = a where f'(a) = 0
(stationary points) and f'(a) also exists then for ascertaining

maxima/minima at x = a, 2™ derivative test can be used -
() Iff'@>0 =x=a isa point of local minima

(i) Iff'@)<0 =x=a isa point of local maxima

>~

O X=a X
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(@)
(b)
©
)
©

®
@

(h)
@
1)
(k)
L)

(m)
(n)

(i) If f"@) =0 = second derivative test fails. To identify

maxima/minima at this point either first derivative test or

higher derivative test can be used.

(c) nt derivative test :
Let f(x) be a function such that f'(a) = f'(a) = f"(@) = ... = "1 (@) = 0
& f7(a) # 0, then
i) Ifniseven&

{ fr(a) > 0 = Minima
frla) < 0 = Maxima

(ii) If nis odd then neither maxima nor minima at x = a.

3. USEFULFORMULAE OF MENSURATION TO REMEMBER:

Volume of a cuboid = ¢bh.
Surface area of a cuboid = 2 (¢/b +bh + h?).
Volume of a prism = area of the base x height.

Lateral surface area of prism = perimeter of the base x height.
Total surface area of a prism = lateral surface area + 2 area of
the base (Note that lateral surfaces of a prism are all rectangles).

Volume of a pyramid =% area of the base x height.

1
Curved surface area of a pyramid = 5 (perimeter of the base) x
slant height.
(Note that slant surfaces of a pyramid are triangles).
1
Volume of a cone = 3 nrh.

Curved surface area of a cylinder = 2 nrh.
Total surface area of a cylinder = 2 nrh + 2 nr2.

4
Volume of a sphere = 3 nre,

Surface area of a sphere = 4 nr2

. 1
Area of a circular sector = 5 r?0, when 0 is in radians.

Perimeter of circular sector = 2r + 6.
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4.

SIGNIFICANCE OF THE SIGN OF 2ND ORDER DERIVATIVE :

The sign of the 2" order derivative determines the concavity of
the curve.

i.e. Iff'"x) > 0 V x e (a, b) then graph of {(x) is concave upward in
(a, b).

Similarly if {"(x) <
downward in (a, b).

\/
'
H
: /\I
i { concave i

;
:
i concave
! upwards
!

0 V x € (a, b) then graph of f(x) is concave

: ! downwards
! !

H

!

= b [ a b
SOME SPECIAL POINTS ON A CURVE :
(a) Stationary points: The stationary points are the points of
domain where f'(x) = 0 .

(b) Critical points : There are three kinds of critical points as
follows :

() The point at which f'(x) = 0

(i) The point at which f'(x) does not exists

(i) The end points of interval (if included)

These points belongs to domain of the function.

Note : Local maxima and local minima occurs at critical points
only but not all critical points will correspond to local maxima/
local minima.

(c) Point of inflection :

>~

A point where the graph of a
function has a tangent line and

where the strict concavity

Point of
inflection

changes is called a point of

inflection. For finding point of ox

inflection of any function, O
compute the points
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2 d2
(x-coordinate) where —5 = 0 or ——5 does not exist. Let the
dx dx
2 2
solution isx = a, if —=5 =0 at x = a and sign of — changes
dx? SO g2 8

about this point then it is called point of inflection.

2 2

if =—=- does not exist at x = a and sign of = changes about
dx® SO ax? S

this point and tangent exist at this point then it is called point of

inflection.

6. SOME STANDARD RESULTS :

(a) Rectangle of largest area inscribed in a circle is a square.

(b) The functiony = sin™x cos"x attains the max value at x = tan ™" , fm
n

(c) If 0 <a <bthen |x —a| +|X - b| > b —aand equality hold when
X € [a, b].
If 0 <a<b<cthen |x—a|+|x—b|+|x—c| >c—a and equality
holdwhenx =b
IfO<a<b<c<dthen |x—a|+|x—b|+|x—c|+|x—d|Zd—a
and equality hold when x € [b,c].
7. LEAST/GREATEST DISTANCE BETWEEN TWO CURVES :

Least/Greatest distance between
two non-intersecting curves usually
lies along the common normal.
(Wherever defined)

Note : Given a fixed point A(a, b) and a moving
point P(x, f(x)) on the curve y = f(x). Then AP

P
will be maximum or minimum if it is normal to (x, (x))

Ala,b)

the curve at P.
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TANGENT & NORMAL
—
TANGENT TO THE CURVE AT A POINT :

The tangent to the curve at 'P' is the line through P whose slope

is limit of the secant’s slope as Q — P from either side.

o
,
Secants /|

’
¢

NORMAL TO THE CURVE AT A POINT :

A line which is perpendicular to the tangent at the point of contact

is called normal to the curve at that point.

THINGS TO REMEMBER :

(@) The value of the derivative at P (x,,y,) gives the slope of the
tangent to the curve at P. Symbolically

, d
f (Xl) = —yl )= Slope of tangent at P(x,, y,) = m(say).
X1, Y1

dx
. . dy
(b) Equation of tangent at (x;, y,)is Y=Y = Ix (x—x,)
(x1,v1)
. . 1
(©) Equation of normal at (x, y)) is; y —y, = _E (x—x).
dxlxm)

Note :
(i) The point P (x,, y,) will satisfy the equation of the curve & the
equation of tangent & normal line.
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(ii) If the tangent at any point P on the curve is parallel to the
axis of x then dy/dx = 0 at the point P.

(iii) If the tangent at any point on the curve is parallel to the axis
of y, then dy/dx is not defined or dx/dy = O at that point.

(iv) If the tangent at any point on the curve is equally inclined to
both the axes then dy/dx = +1.

(v) If a curve passing through the origin be given by a rational/
integral/algebraic equation, then the equation of the tangent
(or tangents) at the origin is obtained by equating to zero the terms
of the lowest degree in the equation. e.g. If the equation of a
curve be x* - v + x* + 3x% —y’=0, the tangents at the origin
are given by x’-~y* = 0je.x +y=0andx -y =0

ANGLE OF INTERSECTION BETWEEN TWO CURVES :

Angle of intersection between two curves is defined as the angle

between the two tangents drawn to the two curves at their point

of intersection. If the angle between two curves is 90° then they

are called ORTHOGONAL curves.

2 2 2 2
Note : If the curves > + % ~1 and 2+ % =1, intersect each
a c

other orthogonally, then a — ¢ = b — d.

LENGTH OF TANGENT, SUBTANGENT, NORMAL &
SUBNORMAL :

4

y = fx)
oL
;‘,@(\Qe
g2
1o
%,

e
0.

E P(X17 yl) %/60/‘

iy

T |0 M NoX
Length
|<— Length of subtangent of
subnormal
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(a) Length of the tangent (PT) = ,
f'(x,)

Yy

f'(x)

(c) Length of Normal (PN) = 91\/1+[ f'(Xl) ]2

(d) Length of Subnormal (MN) =y f(x))

(b) Length of Subtangent (MT) =

DIFFERENTIALS :

The differential of a function is equal to its derivative multiplied
by the differential of the independent variable. Thus if, y = tanx
then dy = sec? dx. In general dy = f'(x)dx or df(x) = f(x)dx
Note :

(i) d(c) = 0 where ‘¢’ is a constant

(ii) dlu+ v)=du+dv (iii) d(uv) = udv + vdu
(iv) du-v)=du-dv W) d(%) =w

(vi) For the independent variable ‘x’, increment A x and differential
dx are equal but this is not the case with the dependent variable

‘v ie. Ay # dy.

.. Approximate value of y when increment Ax is given to independent
d

variable x in y =1{(x) is v + Ay = f(x + Ax) = f(x) +&y.AX

(vii) The relation dy = f'(x) dx can be written as dy _ f'(x); thus

X
the quotient of the differentials of ‘y’ and ‘%’ is equal to the
derivative of ‘v’ w.r.t. ‘x’.
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|

INDEFINITE INTEGRATION

T —
If f & F are function of x such that F' (x) = f(x) then the function F is
called a PRIMITIVE OR ANTIDERIVATIVE OR INTEGRAL of

f(x) w.r.t. x and is written symbolically as

If(x) dx=F(x)+c < di{F(X) +c} =1(x), where c is called the
X

constant of integration.

Note : If [f{x)dx = F(x) +c, then [f(ax+bldx= 2 ¢ g
a
STANDARD RESULTS :
n+1
() I(aX+b)ndX=%+c; nx-1

(ii) J‘axdib:?rﬂ ax+b|+c

1
(iii) J‘eaerbdX _ _eax+b s
a

T BT

(a>0)+c
p /na

w) Isin(ax +b)dx = —lcos(ax +b)+c
a

(vi) J.cos(ax +b)dx = lsirl(ax +b)+c
a

(vii) jtan(ax +b)dx = lf nlseclax+b)l +c
a

(viii) ICOt(ax +b)dx = l/@ nlsinfax +b) | +c
a

(ix) Isecz (ax +b)dx = ltan(ax +b)+c
a

(x) Icos ec?(ax + b)dx = —lcot(ax +b)+c
a
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(i) jcosec (ax +b).cot(ax + b)dx = —lcosec (ax+b)+c
a

(xii) Isec (ax + b).tan(ax + b)dx = l.sec(ax +b) +
a

(xiii) Isecxdx = £n|secx + tanx| +cC

OR Isecxdx=£r1tar1 fc

T X
_+_
4 2

(xiv) Icosecxdx = /n |cosecx —cotx|+c

X
OR Icosec xdx = /n tanE +¢ OR —/n(cosecx + cotx) +c
(xv) I dx =sin =+ ¢
a? —x* a
d 1,
xvi =—tan +cC
o) [ = ten
dx 1
(xvii) I S —_Sec  —+¢
xVyx“-a® @ a

=/€n[x+\/x2+a2} +cC
=/€n[x+\/x2—az} +c

dx
(xviii) I—'ixz oy
dx
(xix) I [2_ a2

e Al
b f— e
(xxii) J-\/:dx %ﬁ %in1g+c
(xxm)jmdx—%\/i % (x+\/m +c
o) [N P = 582 a7 - [ K a7 e
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2.

ax

e
e™ sinbxdx = asinbx —bcosbx) + ¢

ocv) I a2+b2( )
(xxvi) Ieax.cosbxdx=a2eTb2(acosbx+bsinbx)+c

TECHNIQUES OF INTEGRATION :
(a) Substitution or change of independent variable :

Integral | = If )dx is changed to If (t) dt, by a suitable

substitution x = ¢ (t) provided the later integral is easier to integrate.
Some standard substitution :

) Fi(x)
(1) [ Feodx  OR IW dx putf) =t & proceed.

2 I dx ,I\/ax dx ,j\/ax2+bx+c dx

ax? +bx +c 2 bx+c

Express ax? + bx + c in the form of perfect square & then
apply the standard results.

@) |7 [
ax? +bx+c ax? +bx+c
Express px + q = A (differential coefficient of quadratic

term of denominator) + B.

@) j X [f(x) + f'(x)]dx = e* f(x) + ¢
B)  JIf(x)+xf'(x)]dx = xf(x) + ¢

(6) I dx neN, take x" common & put 1 + x " =1t.

x(x" +1)
(7) J‘%n eN, take x" common & put 1 +x ™ ="
xz(x“ +1) n
dx _
8 — —  takex"commonandput 1 + x " =+t.
®) J‘x“(1+x“)1/n P
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9 I dx OR J' dx
©) a+bsin?x a+bcos?x
dx
I . 2 : 2

asin® x + bsinx cosx + ccos” x
Multiply N' & D' bysec?x & put tan x = t.

dx dx
10 OR
(10) J.a+bsmx J.a+bcosx J.a+bsir1x+ccosx
Convert sines & cosines into their respective

X
tangents of half the angles, put tan 5 =t

a.cosx+b.sinx + ¢

ay | : dx.

p.cosx+q.sinx+r

Express Numerator (N') = ¢D") + m% (D") + n & proceed.

x%+1 x? -1
12 —d R |—4—5—d
( )'[ x* 4 x0 '[ xFrKx?+1 A

where K is any constant.

. 1 1
Divide Nr & Dr by x? | then putx—; =t OR x + " =t
respectively & proceed

(ax+b Jpx +q

S
dx

14
a4 J.(ax+b)«/px2 +qX+r

dx 1
,putx=¥

(13) I ;put px+q=t2

(ax +bx+c\/px+q

1
,put ax+b=¥;

(ax® + bx + c)\/px2 +Qx+r

(15) .HE:Z dx OR J.\/(x—oc)(ﬁ—x) ; putx=qL cosze+[3 sinze
(; dXORJ‘\/(X—OL)(X—l?)) ;putx=0(sec29 - Btanze

dx
Im;pu‘[ x-—o=t> or x - B =t2
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©

(16) To integrate J.sinm xcos" x dx .
(i) If mis odd positive integer put cos x = t.
(ii) If n is odd positive integer put sin x = t
(iii) If m + n is negative even integer then put tan x = t.
(iv) If m and n both even positive integer then use

.2 1-cos2x 9 1+ cos2x
SIN" X =———,C0S" X = ——«—
2 2

(b) Integration by parts : IU-V dx = UIV dx - _[ﬁ—dij.v dx} dx

where u & v are differentiable functions.
Note : While using integration by parts, choose u & v such that

d
(i) Ivdx & (i) J[&UJ‘V dx} dx is simple to integrate.

This is generally obtained, by keeping the order of u & v as per
the order of the letters in ILATE, where; I-Inverse function,
L-Logarithmic function, A-Algebraic function, T-Trigonometric
function & E-Exponential function.

Partial fraction : Rational function is defined as the ratio of

P(x
two polynomials in the form ﬁ, where P(x) and Q(x) are

polynomials in x and Q(x) # 0. If the degree of P(x) is less than
the degree of Q(x), then the rational function is called proper,
otherwise, it is called improper. The improper rational function
can be reduced to the proper rational functions by long division

g Plx) Pl _ Pi(x)
process. Thus, if oW is improper, then o) =T(x) + A
P1(X)

where T(x) is a polynomial in x and is proper rational

Qx)

function. It is always possible to write the integrand as a sum of
simpler rational functions by a method called partial fraction
decomposition. After this, the integration can be carried out
easily using the already known methods.
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S. No. Form of the Form of the
rational function partial fraction
px? +Qx+r A B C
1. + +
(x—a)(x-b)(x—c) Xx-a Xx-b = x-c
9 BOSES A B C
: (x—a)® (x-b) x-a t (x—a)? * x-b
px%+agx+r A Bx+C
3. (x—a)(x? +bx +c) x—a T xZ+bx+c
where x2+bx + ¢ cannot be factorised further
Note :

In competitive exams, partial fraction are generally found by inspection
by noting following fact :

1 1 [ 1 1 ]
(x-a)x-p) (a-P)lx-o x-B)
It can be applied to the case when x2 or any other function is there in
all places of x.

Example :

s
) x®+1)(x%+3) 2(t+1 t+3

1 g (1 1
(2) X4(X2+1) = 2l k2 xZ241)7 x4 2 x2i1
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DEFINITE INTEGRATION
| —

1. (a) The Fundamental Theorem of Calculus, Part 1 :
If f is continuous on [a, b], then the function g defined by

gx) = [f(tidt, a<x<b
is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x).

(b) The Fundamental Theorem of Calculus, Part 2 :

b
If f is continuous on [a, b], then I f(x)dx = F(b)— F(a) where F is

any antiderivative of f, that is, a function such that F '={.
b
Note : If If(x)dx =0 = then the equation f(x) = 0 has atleast one

root lying in (a,b) provided f is a continuous function in (a,b).

2. A definite integral is denoted by jzf(x)dx which represents the
algebraic area bounded by the curve y = {(x), the ordinates x = a,
X = b and the x-axis. ex. TSinXdX =0

3. PROPERTIES OF DEFIliIlTE INTEGRAL :
(a) Ibf(x)dx = jzf(t) d = jlf(x)dx does not depend upon x. It is

a numerical quantity.

b a
(®) j f(x)dx = — j f(x)dx
a b

b c b
(o) If(x)dx = If(x)dx +J' f(x)dx , where ¢ may lie inside or outside

the interval [a, b]. This property to be used when f is piecewise
continuous in (a, b).
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0 ;if f(x) is an odd function

d Tf(x)dx =T[f(x)+f x)|dx =
0

If( )dx ;if f(x) is an even function
0

b b a a
() If(x)dx = If(a +b-x)dx, In particular If(x)dx = If(a —x)dx
0 0

2a a a 2| {(x)dx 5 if f(2a—-x)=1
® [ f(x)dx = [f(x)dx+ [f(2a—x)dx = {“‘) X e =16
0 0 0 0 ; if f(2a—x)=-f(x)
nT
() I f(x njf , (n e l);where ‘T is the period of the
0
function i.e. f(T + x) = f(x)
T+x T
Note that : J' f(t)dt will be independent of x and equal to I f(t)dt
X 0
b+nT
I f(x I (x)dx where f(x) is periodic with period T & n € L.
a+nT
j f(x j f(x)dx , (n, m e D if f(x) is periodic with period 'a
0

WALLI’'S FORMULA :

n/2 n/2
. n n n-1)n-3).....10or 2)
dx = dx =
@ { o { oS X -2 M or 2)
where K = n/2 if nis even
1 if n is odd

n/2
) j sin” x.cos™ xdx
0

[n-1)(n-3)n-5)...1or 2|[(m-1)(m-3)....1 or 2]
- (m+n)m+n-2)(m+n-4)....1or 2

K
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Where K = g if both m and n are even (m,n eN)
1 otherwise
5. DERIVATIVE OF ANTIDERIVATIVE FUNCTION (Newton-

Leibnitz Formula) :
If h(x) & g(x) are differentiable functions of x then,

h(x)
ixj (t)dt = flh(x).h'(x) — fla(x)].g (x)
g(x)

6. DEFINITE INTEGRAL AS LIMIT OF A SUM :

If x)dx = Limh[f(a) + f(a + h) + f(a + 2h) + f(a+n lh)]

n—oo

—lehZf (a+r1h), where b —a = nh

h—w

1
lfa=0 &b=1then, lehzfrh:jf )dx ; where nh =1
=0 0

n—oo

on L) 511 - foe

7. ESTIMATION OF DEFINITE INTEGRAL :

(a) If f(x) is continuous in [a, b] and it’s range in this interval is [m,

M], then m(b - a) jf )dx < M(b - a)
b
(b) If f(x) < (x)fora <x < bthen jf(x)dx < j¢(x)dx

b
() j f(x)dx

a

b
<[] (x) [dx -
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b
(d) 1ff(x)>0 on the interval [a,b], then [f(x)dx >0.

(e) f(x) and g(x) are two continuous function on [a, b] then

b
Jf(x)g(x)dx

8. SOME STANDARD RESULTS :

n/2 n/2
(@) I logsinxdx=—glog2 = j logcosx dx
0 0

: b-a
®) [xldx=""";abel

a

b
© | %dvlbl—lal-

169



Mathematics HandBook All:.
DIFFERETIAL EQUATION
—
DIFFERENTIAL EQUATION :

An equation that involves independent and dependent variables and
the derivatives of the dependent variables is called a DIFFERENTIAL
EQUATION.

SOLUTION (PRIMITIVE) OF DIFFERENTIAL EQUATION :

Finding the unknown function which satisfies given differential
equation is called SOLVING OR INTEGRATING the differential
equation. The solution of the differential equation is also called its
PRIMITIVE, because the differential equation can be regarded as a
relation derived from it.

ORDER OF DIFFERENTIAL EQUATION :

The order of a differential equation is the order of the highest order

differential coefficient occurring in it.

DEGREE OF DIFFERENTIAL EQUATION :

The degree of a differential equation which can be written as a
polynomial in the derivatives, is the degree of the derivative of the
highest order occurring in it, after it has been expressed in a form
free from radicals & fractions so far as derivatives are concerned,

thus the differential equation :

dmy | d" ! (y) [
f(X, V)LTX} +¢(x,y){ de(l):| o = 0 is of order

m & degree p.
Note that in the differential equation e¥" —xy" + y = 0 order is three

but degree doesn’t exist.
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5.

FORMATION OF A DIFFERENTIAL EQUATION :

If an equation in independent and dependent variables having some
arbitrary constant is given, then a differential equation is obtained
as follows :

(a) Differentiate the given equation w.r.t the independent variable
(say X) as many times as the number of independent arbitrary
constants in it.

(b) Eliminate the arbitrary constants.

The eliminant is the required differential equation.
Note : A differential equation represents a family of curves all
satisfying some common properties. This can be considered
as the geometrical interpretation of the differential equation.

GENERAL AND PARTICULAR SOLUTIONS :

The solution of a differential equation which contains a number of
independent arbitrary constants equal to the order of the differential
equation is called the GENERAL SOLUTION (OR COMPLETE
INTEGRAL OR COMPLETE PRIMITIVE). A solution obtainable from
the general solution by giving particular or initial values to the
constants is called a PARTICULAR SOLUTION.

ELEMENTARY TYPES OF FIRST ORDER & FIRST DEGREE
DIFFERENTIAL EQUATIONS :

(a) Variables separable :
TYPE-1 : If the differential equation can be expressed as ;
f(x)dx +g(y)dy = 0 then this is said to be variable — separable type.
A general solution of this is given by If(x)dx + fg(y)dy =c;
where c is the arbitrary constant. Consider the example (dy/dx)

= eV + xleV.

TYPE-2 : Sometimes transformation to the polar co-ordinates
facilitates separation of variables. In this connection it is
convenient to remember the following differentials. If x = r cos
0, y=rsin 0 then,
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()

©

(i) xdx + ydy = rdr

(ii) dx? + dy? = dr? + r2dp?

(iiii) xdy — ydx = r2 do

Also, if x =rsec 0 & y=rtan 0 then
xdx -y dy = rdrand x dy — y dx = r2 sec 6 d6.

TYPE-3: % = f(ax+by+c), b=0
X

To solve this, substitute t = ax + by + ¢. Then the equation
reduces to separable type in the variable t and x which can be
solved.

d
Consider the example (X + y)2 d_i =a’

Homogeneous equations :

. . . dy  f(xy)
A differential equation of the form —= = v (x y) , Wwhere {(x, y)

dx

& ¢ (x, y)are homogeneous functions of x & y and of the same
degree, is called HOMOGENEOUS. This equation may also be

dy X
reduced to the form = 9[;] & is solved by putting y = vx

so that the dependent variable v is changed to another variable
v, where v is some unknown function. The differential equation
thus, is transformed to an equation which is variables separable.

dy y(x+y)

Consider the example — =0
P dx x?

Equations reducible to the homogeneous form :

dy a;x+by+c

If dx a,x+byy+c,

a;
. . +
H where alb2 - azbl;t O, 1.e. b1 b2

then the substitution x =u+h, y=v+Kk

transform this equation to a homogeneous type in the new
variables u and v where h and k are arbitrary constants to be
chosen so as to make the given equation homogeneous.
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Note :

(i) Ifab,~ab,=0, then a substitution u = a x+b,y transforms
the differential equation to an equation with variables
separable.

@ii) If b,+a, = 0 , then a simple cross multiplication and
substituting d(xy) for xdy + ydx & integrating term by term
yields the result easily.

. dy x-2y+5 dy 2x+3y-1
Consider the examples dx  2x+y-1 dx 4x+6y-5

dy  2x-y+1
& 4x “6x—by+4

(iii) In an equation of the form : yf(xy)dx + xg(xy)dy = O the
variables can be separated by the substitution xy = v.

LINEAR DIFFERENTIAL EQUATIONS :

A differential equation is said to be linear if the dependent variable
& its differential coefficients occur in the first degree only and are
not multiplied together.

The nth order linear differential equation is of the form ;

n n-1
a, (x) jxg +a, (x) jxn}ll +...+a,,(x).y+a,(x)=0,

where a(x), a,(x), ...., a(x) are called the coefficients of the

differential equation.

(a) Linear differential equations of first order :
The most general form of a linear differential equations of first

order is ﬂ + Py =Q, where P & Q are functions of x.
To solve such an equation multiply both sides by integrating

factor eI P

Then the solution of this equation will be yeI Pdx _ I QeI P& 4x + ¢
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(b) Equations reducible to linear form :

d
The equation &y +Py=Q.y" where P& Q are function, of x,

is reducible to the linear form by dividing it by y* & then
substituting y™!=Z. Consider the example (x3y?+xy)dx=dy.

The equation % + Py = Qyris called BERNOULI'S EQUATION.
X

9. TRAJECTORIES :
A curve which cuts every member of a given family of curves
according to a given law is called a Trajectory of the given family.

Orthogonal trajectories :

A curve making at each of its points a right angle with the curve of
the family passing through that point is called an orthogonal trajectory
of that family.

We set up the differential equation of the given family of curves.
Let it be of the form F(x, y, y) = 0

The differential equation of the orthogonal trajectories is of the form

F[x, y,i] =0
Y

The general integral of this equation ¢(x, y, C) = 0 gives the family
of orthogonal trajectories.

Note :
Following exact differentials must be remembered :
@i dx+dy=dx+y) (ii) dx-dy=dx-vy)
dy — ydx
(iii) xdy + y dx = d(xy) (iv) % = d(gj
ydx — xdy X .
v ———= d[—] (i) 2(xdx + ydy) = d(x® + y?)
v v
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It should be observed that :

X* +y } (viii) d[

~ xdy+ydx
0 — =diin)
(i) xdy ydx _d ( n y)
v xdy ydx =d (tan’1 yj
x% +y? X
xdx + ydy
(vii) N d[
e*)  ve'dx—e*dy
(ix) dL ) y2

dx +dy
X+y

(i)

(iv, Xy

(Vi) X + y

ydx xdy d[ 1 i]

)"

= d((fn(x + y))

) (]
v

%

xdy + ydx
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AREA UNDER THE CURVE
| —
The area bounded by the curve v
y = f(x), the x-axis and the ordinates \{)\@
x = a & x = b is given by,
b b
=J;f(x)dx=J;ydx,f(X)20- 4L,

If the area is below the x-axis then A is negative. The convention is

b
to consider the magnitude only i.e. A = Iydx in this case.
The area bounded by the curve vt
x = f(y), y-axis & abscissa y = c, y=d — x = )
x=f(y,
y = d is given by, dyI
d d y=¢
Area = [xdy = [f(y)dy, fly) > 0 5 >
Area between the curves y = f(x) &  y4
y = g(x) between the ordinates x = a
. y=1(x)
& x = bis given by, ~
~ y=g(x)
b b
A = [f(x)dx - [ g(x)dx g
a a (0] X=a x=b

b
= I[f(x) —g(x)ldx , f(x) > g(x) V x € (a, b).

a

Average value of a function y = f(x) w.r.t. xover an intervala <x <

b is defined as : y(av) = —— jf

176

T odk06\B0A-BONKota\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng\Part-2.p65



I odk06\B0A-BONKoto\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng)\Part-2.p65

ALLEN

6.

CURVE TRACING :
The following outline procedure is to be applied in Sketching the
graph of a function y = f(x) which in turn will be extremely useful to
quickly and correctly evaluate the area under the curves.
(@) Symmetry : The symmetry of the curve is judged as follows :
@i If all the powers of y in the equation are even then the
curve is symmetrical about the axis of x.
(ii) If all the powers of x are even, the curve is symmetrical
about the axis of .
(iiii) If powers of x & y both are even, the curve is symmetrical

about the axis of x as well as y.
(iv) If the equation of the curve remains unchanged on
interchanging x and vy, then the curve is symmetrical about

y=X.
(v) If on replacing 'x' by ' and 'y' by -y, the equation of the
curve is unaltered then there is symmetry in opposite
quadrants, i.e. symmetric about the origin.
(b) Find dy/dx & equate it to zero to find the points on the curve
where you have horizontal tangents.
(c) Find the points where the curve crosses the x-axis & also the
y-axis.
(d) Examine if possible the intervals when f(x) is increasing or
decreasing. Examine what happens to ‘y’ when x — o or — .
USEFUL RESULTS :
(a) Whole area of the ellipse, x?/a? + y2/b? = 1 is nab.

(b) Area enclosed between the parabolas y? = 4ax & x%2 = 4by is
16ab/3.

(c) Area included between the parabola y? = 4 ax & the line
y = mx is 8a%/3m3.

(d) Area enclosed by the parabola and its double ordinate P, Q is
two-third of area of rectangle PQRS, where R,S lie on tangent

at the vertex.
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VECTORS

I —

Physical quantities are broadly divided in two categories viz (a) Vector

Quantities & (b) Scalar quantities.

(a) Vector quantities :
Any quantity, such as velocity, momentum, or force, that has
both magnitude and direction and for which vector addition is
defined and meaningful; is treated as vector quantities.

(b) Scalar quantities :
A quantity, such as mass, length, time, density or energy, that
has size or magnitude but does not involve the concept of
direction is called scalar quantity.

REPRESENTATION :

Vectors are represented by directed straight line

segment

ol

magnitude of a = |€1| = length PQ

direction of @ =Pto Q.
(@) ZERO VECTOR OR NULL VECTOR:
A vector of zero magnitude i.e. which has the same initial &
terminal point is called a ZERO VECTOR . It is denoted by O .
(b) UNIT VECTOR:

A vector of unit magnitude in direction of a vector a is called

o

unit vector along a and is denoted by & symbolically 3 = =T

I

(c) COLLINEAR VECTORS

Two vectors are said to be collinear if their supports are parallel
disregards to their direction. Collinear vectors are also called
Parallel vectors. If they have the same direction they are named

as like vectors otherwise unlike vectors.
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Symbolically two non zero vectors 3 & b are collinear if and
onlyif, 3 = Kb, where K <R
(d) COPLANAR VECTORS

A given number of vectors are called coplanar if their supports
are all parallel to the same plane.

Note that “TWO VECTORS ARE ALWAYS COPLANAR ”.
(e) EQUALITY OF TWO VECTORS :
Two vectors are said to be equal if they have
(i) the same length,
(ii) the same or parallel supports and
(iii)  the same sense.
(f) Free vectors : If a vector can be translated anywhere in space
without changing its magnitude & direction, then such a vector
is called free vector. In other words, the initial point of free

vector can be taken anywhere in space keeping its magnitude
& direction same.

(2) Localized vectors : For a vector of given magnitude and
direction, if its initial point is fixed in space, then such a vector
is called localised vector. Unless & until stated, vectors are
treated as free vectors.

4. ADDITION OF VECTORS :
(a) It is possible to develop an Algebra of Vectors which proves
useful in the study of Geometry, Mechanics and other branches
of Applied Mathematics.

G) If two vectors & & b are B C
represented by OA & OB, g XG%
then their sum a+b is a o>
vector represented by OC A

, where OC is the diagonal 0
of the parallelogram OACB.

(i) 3a+b=Db+a (commutative)

(iii) (3 +b)+¢ =3+ (b+¢) (associativity)
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(b) Multiplication of vector by scalars :

(i) m(3) = (3)m = ma (i) m(n3d) = n(ma) = (mn)a

(iii) (n+n)a =ma+na (iv) m(3 +b) = ma + mb
POSITION VECTOR : v B
Let O be a fixed origin, then the position 6
vector of a point P is the vector OP If - A

a

a & b are position vectors of two 0 %

point A and B, then,
AB - b-3=pvof B-pvofA.

SECTION FORMUILA :

If 3 & b arethe position vectors of two points A & B then the p.v.
of a point which divides AB in the ratio m : n is given by :

na+ mb

?:
m+n

VECTOR EQUATION OF A LINE :

Parametric vector equation of a line passing through two point A(&)
& B(b) is given by, ¥ =4 +t(b—3a) wheret is a parameter. If the
line pass through the point A(d) & is parallel to the vector b then

its equation is ¥ =&+ tb, where t is a parameter.

TEST OF COLLINEARITY OF THREE POINTS :

(@) Three points A, B, C with position vectors 3, b , ¢ respectively
are collinear, if & only if there exist scalars x, v, z not all zero
simultaneously such that ; xa +yb +z¢ = 0, wherex+y+z=0

(b) Three points A, B, C are collinear, if any two vectors

AB, BC, CA are parallel.
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9.

SCALAR PRODUCT OF TWO VECTORS (DOT PRODUCT):

(@ a.b=lallblcosd (0<0<mn),0isangle between a & b.
Note that if @ is acute then 3.6 >0 & if @ is obtuse then
a.b<0

®) 3.3 =1aP=3% 3a.b=b.a (commutative) 3.(b+¢)=3.b+3a.¢
(distributive)
() 3.b=0=3alb; (3 b=0)

@ ii=jj=kk=1;1j=jk=ki=0

a

(¢) Projectionof 3 on b =—. ; 2

bl Projection of 3 on b b
Note :
() The vector component of 3 along b i.e.
_ (ab): : 5
a, =| — | b and perpendicular 2
vy
B} & b
=~ a.b |- -
tobie @a,=a- (ab—sz (@a=3a, +a,)

(i) The angle ¢ between a & b is given by

oS =

I"IIbIO b=m

(i) f a=ai+aj+ak & Db=bi+b,j+bk then
a.b=a,b, +a,b, +asb,
3] = ya,® +a,” +a;”, ‘B‘ = b +b,” +b;’

(iv) —1allbl<a.b<lalIbl

(v) Any vector a can be written as, a = @E.Di+ (51.5)]T +(@.k)k
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(vi) A vector in the direction of the bisector of the angle between

~ a b
the two vectors a & b is E |b| . Hence bisector of the

angle between the two vectors a &b is k(é+6), where
L € R*. Bisector of the exterior angle between 3 & b is
Ma-b), »eR"
(vii)) la+bP=13F +I1bl’ £23.b
(vii) |3 +b+cP=1aF +1bP +Icl +2@E.b+b.c+c.3)
10. VECTOR PRODUCT OF TWO VECTORS (CROSS
PRODUCT):

(@ If 3 & b are two vectors &

0 is the angle between them,
then axb=Iallblsin6A ,

where N is the unit vector

perpendicular to both a &

b such that 3, b & 1 forms
a right handed screw system .

(b) Lagranges Identity : For any two vectors 3 & b ;

(@xb)? |a| ‘b‘ =

(c) Formulation of vector product in terms of scalar product : The
vector product 3 x b is the vector ¢ , such that
@) [c|=+a%?-(a.b) (i) ¢.da=0; ¢.b=0and
(iii) 2, b , ¢ form a right handed system

(d a3xb=0<3a & b are parallel (collinear) (3 = 0, b = 0)

i.,e. 3 = Kb , where K is a scalar
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i j ok
5 XB = al a2 a3
bl b2 b3

() Geometrically 13 x bl = area of SoE
the parallelogram whose two adjacent ;‘_
sides are represented by 3 & b. a

(@ (@) Unit vector perpendicular to the plane of a & b is

- axb
n=+ ————
la x bl
(ii) A vector of magnitude ‘v’ & perpendicular to the plane of
a & bis* r(_a )
laxbl
. - - . laxbl
(iii) If 6 is the angle between @ & b then sin® = IaIE]
a

(h) Vector area :
(i) If 3 b & ¢ arethe pv'sof 3 points A, B & C then

the vector area of triangle ABC = % [5 xb+bxc+cx é} .

The points A, B & Care collinearif xb+bxc+cxa=0

(i) Area of any quadrilateral whose diagonal vectors are d, & d,

is given by %‘al xaz‘. Area of Azéléxl—)l
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11.

SHORTEST DISTANCE BETWEEN TWO LINES :

Lines which do not
intersect & are also
not parallel are
called skew lines. In
other words the
lines which are not

coplanar are skew
lines. For Skew lines
the direction of the

shortest distance vector would be perpendicular to both the lines.

The magnitude of the shortest distance vector would be equal to that

of the projection of AB along the direction of the line of shortest
distance, LM is parallel to pxq
i.,e. LM = |Projection of A_)B on LTV[ |

= | Projection of AB on Pxd |

xa)l
I

(a) Thetwo linesdirectedalong p & g will intersect only if shortest
distance = 0

ie. (b—a).(pxq) =0 ie. (b—3) liesin the plane containing
P &a =[(b-a) p dq]=0

() Iftwolinesaregivenby ¥ =&, +K;b < 3, S
& 1, =&, +K,b i.e. they d
bx(d,-a,)| < ——)

are parallel then, d =

bl
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12. SCALAR TRIPLE PRODUCT /BOX PRODUCT / MIXED
PRODUCT :

(@) The scalar triple product of three vectors &, b & ¢ is defined
as: (é XB).E =lallbllgl sin®cos ¢
where 0 is the angle
betweena & b& ¢
is the angle between
axb & ¢. ltisalso
defined as [3 b ¢],

spelled as box product.
() In a scalartriple product the position of dot & cross can be interchanged

ie 3.(bxc)=(axb).c OR[a b ¢l=[b ¢ a] =[c & bl
(©) &.(bx¢)=-a.(cxb) ie [a b ¢ = —[ach]
(dIf3,b,carecoplanar < [3 b ¢ =0= 3, b, ¢ are

linearly dependent.
(e) Scalar product of three vectors, two of which are equal or parallel

isOie. [ab¢=0
(® [ijkl=1;[Ka b ¢]=K@ b c;[@+b) ¢ d=[acdl+bcd
(@) (i) The Volume of the tetrahedron OABC with O as origin & the
pv's of A, B and C being 3 b & ¢ are given by

% =% G b dl
(ii) Volume of parallelopiped whose co-terminus edges are
4,b& cisabdl
(h) Remember that :
@ la-b b-c ¢-3=0

(i) [3+b b+¢ c+al=2E b ¢

(o]
ol oy T

a
(iii) [3 b ¢’ =[axb bxc ¢xa]= b.

ol ol ol
(el eI e!

Ol
Q|
Ol
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13.

14.

VECTOR TRIPLE PRODUCT :

Let 3, b & ¢ beany three vectors, then that expression a x (bx?)
is a vector & is called a vector triple product.

@@ & x (b x ¢&) = (@.6)b-(3.bE

(b) @xb)xc=(E . db-(b . d)a

(© (@ x b) x E=ax(bxqc)

LINEAR COMBINATIONS / LINEAR INDEPENDENCE AND

DEPENDENCE OF VECTORS :
Linear combination of vectors :

Given a finite set of vectors 3, b, €,........... then the vector
F=xa+yb+zC+. .. is called a linear combination of
3, b, ¢ foranyx,y,z....... € R . We have the following resullts :

(@ If x;, X,,....X, are n non zero vectors, & k;, k,,...k, are n
scalars & if the linear combination k;%; +k,%, +....k X, =0
=k, =0, k, =0.....k, =0 then we say that vectors

Xy, X,,...X, arelinearly independent vectors

M) If X, Xpyeennenn X, are not linearly independent then they are
said to be linear dependent vectors. i.e. if
kX, KoX, . k X, = 0 & if there exists at least one k, # 0

then %;, X,,...X_ aresaid to be linearly dependent.

(c) Fundamental theorem in plane : let 3, b be non zero, non
collinear vectors. then any vector ¥ coplanar with 3, b can be
expressed uniquely as a linear combination of @, b i.e. there
exist some unique x, y € R such that xa + yb =7

(d) Fundamental theorem in space:let 3 b, ¢ be non-
zero, non-coplanar vectors in space. Then any vector 7 , can
be uniquely expressed as a linear combination of 3, b, ¢ i.e.
There exist some unique X, y,ze€ R such that

f=xa+yb+zC.
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15.

16.

17.

COPLANARITY OF FOUR POINTS :

Four points A, B, C, D with position vectors 3, b, ¢, d respectively
are coplanar if and only if there exist scalars x, y, z, w not all zero
simultaneously such that xa + yb + z& + wd = 0

where, x+y+z+w=0

RECIPROCAL SYSTEM OF VECTORS :

If 3, b, ¢ & &, b, ¢ aretwo sets of non coplanar vectors such

that 3.3'=b.b'=¢.¢ =1 then the two systems are called
Reciprocal System of vectors.

Note:5'=E)>_<(_:;szafa;a,zéfb
abd’ " @Ebd b
TETRAHEDRON :

(i) Lines joining the vertices of a tetrahedron to the centroids of the
opposite faces are concurrent and this point of concurrecy is called
the centre of the tetrahedron.

(ii) In atetrahedron, straight lines joining the mid points of each pair
of opposite edges are also concurrent at the centre of the
tetrahedron.

(iii) The angle between any two plane faces of regular tetrahedron is

cos™ 1
3
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3D-COORDINATE GEOMETRY

I —
DISTANCE FORMULA :

The distance between two points A (x,, y;, z;) and B (x,, y,, z,) is

givenby AB = \/[(xz —x, )2+ (yy =9, )? + (25 —2,)°]

SECTION FORMULAE :

Let P(x,, y;, ;) and Q(x,, y,, z,) be two points and let R (x, y, z) divide
PQ in the ratio m, : m,. Then R is

(mIXZ +m,X; my, +myy; m;z, + 1’1’1221\

(X7 y7 Z) = ) b
m; +m, m; +m, m; +m,

If (m;/m,) is positive, R divides PQ internally and if (m;/m,) is

negative, then externally.

2 2 7 2

CENTROID OF A TRIANGLE :

Let Az, vy, 2,), B(X,, Vs, 2,), C(Xs, Vs, Z5) be the vertices of a triangle
ABC. Then its centroid G is given by

+ + +
Mid point of PQ is given by [Xl X At 4 ZZ]

G:(xl +XyFXy Y +YytYs Z+2Z +23]
3 ’ 3 ’ 3
DIRECTION COSINES OF LINE :
If a, B, ¥ be the angles made by a line with
x-axis, y-axis & z-axis respectively then Y
cosa, cosP & cosy are called direction
cosines of a line, denoted by I, m & n
respectively and the relation between ¢,
m, nis given by ¢ +m?+n? =1
D. cosine of x-axis, y-axis & z-axis are respectively
1,0,0;0,1,0;0,0,1
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5.

DIRECTION RATIOS :
Any three numbers a, b, ¢ proportional to direction cosines 7, m, n
are called direction ratios of the line.

. / m n
ie. —=—=—
a b c
It is easy to see that there can be infinitely many sets of direction

ratios for a given line.

RELATION BETWEEND.C’S & D.R’S:

/{ m n

a b c

02 _m2 _r12 _(¥2+m2+r12

a? b2 2 a?+bZ+c?

/= ta +b tc

DIRECTION COSINE OF AXES :

Direction ratios and Direction cosines of the line joining

two points :

Let A(x,, y;, z;) and B(x,, y,, z,) be two points, then d.r.’s of AB are
1
Xy —Xq, Yo~ VY, Z,—2; and thed.c.’s of AB are T (%, —%,), T Yy —Yy),

1 _
T (z,—z,) where r = \[[2(x, — x,)?] =| AB|

PROJECTION OF A LINE ON ANOTHERLINE :

Let PQ be a line segment with P(x,, y;, z;) and Q(x,, v, z,) and let L
be a straight line whose d.c.’s are /, m, n. Then the length of projection

of PQonthelineLis I ¢ (x,—x%;) + m (Y, —y;) +n (z,—2;) |
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9.

10.

11.

ANGLE BETWEEN TWO LINES :

Let 6 be the angle between the lines with d.c.’s1;, m;, n;and l,, m,,
n,then cos 6 = 1, I, + mym, + nn,. If a;, by, ¢c; and a,, b, c, be
D.R.’s of two lines then angle 0 between them is given by

(@a;a, +byb, +¢4C5)

J@? +b2 +c2)y (a2 + b2 +c2)

cos0 =

PERPENDICULARITY AND PARALLELISM :

Let the two lines have their d.c.’s given by l;, m;, n, and 1,, m,, n,
respectively then they are perpendicular if 6 = 90°i.e. cos 0 = 0, i.e.
l, L, +mm,+nmn,=0.

/
Also the two lines are parallel if 6 = Oi.e. sin 0 =0, i.e.—* = LU RN
l, m, n,

Note:
If instead of d.c.’s, d.r.’s a;, by, ¢c;and a,, b,, c,are given, then
the lines are perpendicular if a;a, + b;b, + ¢;¢, = 0 and parallel

if a,/a, = b;/b, = ¢, /c, .
EQUATION OF A STRAIGHT LINE IN SYMMETRICAL
FORM :

(@) One point form : Let Ax,, y;, z;) be a given point on the
straight line and 1, m, n the d.c’s of the line, then its equation is

X=X _ Y=Y _2-%
b4 m n

=r  (say)

It should be noted that P(x, + Ir, y; + mr, z, + nr) is a general point
on this line at a distance r from the point Ax,, y;, z;)i.e. AP =r.
One should note that for AP =r; 1, m, n must be d.c.’snot d.r.’s.
If a, b, ¢ are direction ratios of the line, then equation of the line
X=X _Y-Y _z

a b

-z
is c L =1 but here AP =t
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ALLEN

12.

13.

(b) Equation of the line through two points A, , y;, z;) and B, y,, z,)
X=X _ Y% _2-%
Xo=X1 Yo=U1 Z9—7
FOOT, LENGTH AND EQUATION OF PERPENDICULAR

FROM A POINT TO ALINE :
Let equation of the line be

is

X=X _Y=% _2-%

; T T r (say) (i)
and A (o, B, y) be the point. Any point on the line (i) is
P(lr + x;, mr+y,,nr+2z,) .. (ii)

If it is the foot of the perpendicular, from A on the line, then AP is L
tothe line,so ¢ (/r + x;—0o) +m(mr+y,-p)+nnr+z,-y) =0
ie. r=(-x)/+B-y)m+(y-z)n

since (2 +m?+n?=1

Putting this value of r in (i), we get the foot of perpendicular from
point A to the line.

Length : Since foot of perpendicular P is known, length of

perpendicular,

AP = \/[(£r+x1 —a)? +(mr +y, —B)* + (nr +z, —y)?]

Equation of perpendicular is given by

Xx-o  __ y-p __z-y
lr+x;—a mr+y;, - nr+z, -y
EQUATIONS OF APLANE :

The equation of every plane is of the first degree i.e. of the form
ax + by +cz +d =0, inwhich a, b, c are constants, where a2 + b% + c2 #
O (i.e. a, b, ¢ # 0 simultaneously).

(a) Vector form of equation of plane :

If 3 be the position vector of a point on the plane and 11 be a
vector normal to the plane then it’s vectorial equation is given

by (f—a).n=0=7.fi =d where d =a.n = constant.
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©

&)

©

®

()

Plane Parallel to the Coordinate Planes :

(i) Equation of y-z plane is x = 0.

(ii) Equation of z-x planeisy = 0.

(iii) Equation of x-y plane is z = 0.

(iv) Equation of the plane parallel to x-y plane at a distance c is
z = c¢. Similarly, planes parallel to y-z plane and z-x plane are
respectively x = candy = c.

Equations of Planes Parallel to the Axes :

If a = 0, the plane is parallel to x-axis i.e. equation of the plane
parallel to x-axis is by + cz + d = 0.

Similarly, equations of planes parallel to y-axis and parallel to
z-axis are ax + cz + d = 0 and ax + by + d = 0 respectively.
Equation of a Plane in Intercept Form :

Equation of the plane which cuts off intercepts a, b, ¢ from the
axes is §+%+§= 1.

Equation of a Plane in Normal Form :

If the length of the perpendicular distance of the plane from
the origin is p and direction cosines of this perpendicular are (1,
m, n), then the equation of the plane is Ix + my + nz = p.
Vectorial form of Normal equation of plane :

If 1 is a unit vector normal to the plane from the origin to the
plane and d be the perpendicular distance of plane from origin

then its vector equation is *.n=d.

Equation of a Plane through three points :
The equation of the plane through three non-collinear points

x vy z 1
ol x oy oz 1

(Xp Y 21)7 (X27 Yo, 22) (X37 Ys, 23) 1S X: y: z, 1 =0
Xg Vs 2z 1
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14.

15.

16.

ANGLE BETWEEN TWO PLANES :
Considertwo planesax + by + cz+d=0anda'x +b'y+cz+d =0.
Angle between these planes is the angle between their normals.
aa'+bb'+ cc'
Va? +b% +c®Va?+b%+c?
Planes are perpendicular if aa' + bb' + cc' = 0 and they are parallel
ifa/a'=b/b =c/c.

Planes parallel to a given Plane :

cosO =

Equation of a plane parallel to the plane ax + by + cz + d = O is
ax + by + cz +d' = 0. d'is to be found by other given condition.

ANGLE BETWEEN A LINE AND A PLANE :

X—X - z—z
Let equations of the line and plane be 7 1-7 myl = L and

ax + by + cz + d = 0 respectively and 0 be the angle which line

makes with the plane. Then (/2 — 0) is the angle between the line

and the normal to the plane.

>

. al+bm+cn
So sinB = /év
&S

50

\/(a2+b2+c2)\/(£2+m2+r12) .
Line is parallel to plane if 6 = 0 L

ie.ifal+ bm+ cn=0.

Line is | to the plane if line is parallel to the normal of the plane
b ¢

. .. a
je. if —=—=—.
/ m n

CONDITION IN ORDER THAT THE LINE MAY LIE ON THE
GIVEN PLANE :

Theline X;Xl _I7% _27% illlie on the plane Ax + By + Cz+ D= 0

m n

if @ A/+Bm+Cn=0 and (b)Ax, + By, +Cz; +D =0
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17.

18.

19.

POSITION OF TWO POINTS W.R.T. APLANE :

Two points P(x,, y,, z,) & Qlx,, y,, z,) are on the same or opposite sides
of a plane ax + by + cz + d = 0 according to ax, + by, + cz, +d &
ax, + by, + cz, + d are of same or opposite signs.

IMAGE OF A POINT IN THE PLANE : b

Let the image of a point P, y,, z,)

inaplaneax +by+cz+d=0is / Rj

Q(x,, V,, 2,) and foot of perpendicular Q

of point P on plane is R(x,, v, z,), then

(@) X3—X; VY3~V 23—z (ax;+by, +cz +d
c a® +b? +c?

a b

() Xp=X1 _Y2-Y1 _2-2% _ o ax, + by, +cz; +d
a b c a® +b? +c?

CONDITION FOR COPLANARITY OF TWO LINES :

Let the two lines be

‘0 = m, = R (i)
X—a, =P, z-7,
and ’, m, n, e (ii)
a, =0y By—=PBr v2—7y
These lines will coplanar if 4 m, n =0
L, m, n,

the plane containing the two linesis | /1 m, n |=0
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20.

21.

22.

PERPENDICULAR DISTANCE OF A POINT FROM THE
PLANE :
Perpendicular distance p, of the point A(x,, y;, z;) from the plane
ax + by + cz + d = 0 is given by

_lax; +by; +cz; +dl

 J@2 e+
Distance between two parallel planes ax + by + cz + d; = 0

d, -d,

a? +b? +c?

& ax +by+cz+d,=0is-

A PLANE THROUGH THE LINE OF INTERSECTION OF
TWO GIVEN PLANES :

Consider two planes
usax+by+cz+d=0andv=ax+by+cz+d=0.

The equation u + Av = 0, A a real parameter, represents the plane
passing through the line of intersection of given planes and if planes
are parallel, this represents a plane parallel to them.

BISECTORS OF ANGLES BETWEEN TWO PLANES :
Let the equations of the two planes be ax + by + cz + d = 0 and
a;x+bjy+cz+d =0.
Then equations of bisectors of angles between them are given by
ax+by+cz+d =Jra1x+b1y+clz+d1
Ja2+b?+c?)  J@l+bi+cd)

(a) Equation of bisector of the angle containing origin : First
make both constant terms positive. Then +ve sign give the
bisector of the angle which contains the origin.

(b) Bisector of acute/obtuse angle : First making both constant
terms positive,
aa; + bb; + cc; >0 = origin lies in obtuse angle
aa; + bb; +cc; <0 = origin lies in acute angle
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PROBABILITY

—
1. SOME BASIC TERMS AND CONCEPTS

(@) An Experiment : An action or operation resulting in two or
more outcomes is called an experiment.

(b) Sample Space : The set of all possible outcomes of an
experiment is called the sample space, denoted by S. An element
of S is called a sample point.

(c) Event : Any subset of sample space is an event.

(d) Simple Event : An event is called a simple event if it is a
singleton subset of the sample space S.

() Compound Events : It is the joint occurrence of two or more
simple events.

() Equally Likely Events : A number of simple events are said
to be equally likely if there is no reason for one event to occur
in preference to any other event.

(g) Exhaustive Events : All the possible outcomes taken together
in which an experiment can result are said to be exhaustive.

(h) Mutually Exclusive or Disjoint Events : If two events cannot
occur simultaneously, then they are mutually exclusive.

If A and B are mutually exclusive, then A N B = ¢.
(i) Complement of an Event : The complement of an event A,

denoted by A, A' or AS, is the set of all sample points of the
space other then the sample points in A.

2. MATHEMATICAL DEFINITION OF PROBABILITY

Let the outcomes of an experiment consists of nexhaustive mutually
exclusive and equally likely cases. Then the sample spaces S has
n sample points. If an event A consists of m sample points, (0 <
m < n), then the probability of event A, denoted by P(A) is defined
to be m/n i.e. P(A) = m/n.
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ALLEN

Let S=a, a, ... , a_be the sample space
n
(@) P(S) = o= 1 corresponding to the certain event.
0 ) . .
(b) P($) = o= 0 corresponding to the null event ¢ or impossible
event.
() fA =fali=1, ... , n then A is the event corresponding

1
to a single sample point a. Then P(A) =2

d O0<PA)<1
ODDS AGAINST AND ODDS IN FAVOUR OF AN EVENT :

Let there be m + n equally likely, mutually exclusive and exhaustive
cases out of which an event A can occur in m cases and does not
occur in n cases. Then by definition, probability of occurrences of

event A = P(A) = o
m+n
The probability of non-occurrence of event A = P(A) = mrjrn

PA) : PA') =m : n
Thus the odd in favour of occurrences of the event A are defined
by m : ni.e. P(A) : P(A'); and the odds against the occurrence of
the event A are defined by n : m i.e. P(A") : P(A).

ADDITION THEOREM

(@) If A and B are any events in S, then
P(A U B) = P(A) + P(B) - P(A n B)
Since the probability of an event is a nonnegative number, it
follows that
P(A U B) < P(A) + P(B)
For three events A, B and C in S we have
P(AuBuUC)=PA) +PB)+PC)-PANB)-PBnC)

-PCnA +PANBANCQ).

197
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General form of addition theorem
(Principle of Inclusion-Exclusion)

For n events A, A,, A, ...... A in S, we have
PA UA, UA,UA, ... U A)

=SP(A)-TP(ANA) T PLANANA)+. ..

i=1 i<j i<j<k
+ (1P PA A, NA, L NA)
(b) If A and B are mutually exclusive, then P(A n B) = 0 so that
P(A U B) = P(A) + P(B).
CONDITIONAL PROBABILITY :

If A and B are any events in S then the conditional probability of
B relative to A, i.e. probability of occurence of B when A has occured,

is given by
PB/A) = CBOA) by 4 0
P(A)
MULTIPLICATION THEOREM
Independent event :

So if A and B are two independent events then happening of B
will have no effect on A.
(@) When events are independent :
P(A/B) = P(A) and P(B/A) = P(B), then
P(ANB) = P(A). PB) OR P(AB) = P(A) . P(B)
(b) When events are not independent
The probability of simultaneous happening of two events A and
B is equal to the probability of A multiplied by the conditional
probability of B with respect to A (or probability of B multiplied
by the conditional probability of A with respect to B) i.e

P (AnB) =P (A). PB/A) or P (B) . P (A/B)

OR
P (AB) = P(A) . P (B/A) or P (B) . P (A/B)

198

T odk06\B0A-BONKota\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng\Part-2.p65



I odk06\B0A-BONKoto\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng)\Part-2.p65

7.

(c) Probability of at least one of the n Independent events

fp;,py, D3y e p, are the probabilities of n independent
events Ay, Ay A, ... A then the probability of happening of

at least one of these event is

P(A) = P(AB) + P(AB,) +.......+ P(AB) = > P(AB)

= P(A)=PB)PAIB)+PB,)PAIB)+....+PB)PAIB)
=XPB)PAIB)

BAYE'S THEOREM OR INVERSE PBOBABILITY :

LetA, A, ... , A_be n mutually exclusive and exhaustive events

of the sample space S and A is event which can occur with any

A

of the events then P(Klj P(A,)PA/A)

S P(AP(A/A)
i=1
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9.

10.

BINOMIAL DISTRIBUTION FOR REPEATED TRIALS

Binomial Experiment : Any experiment which has only two

outcomes is known as binomial experiment.

Outcomes of such an experiment are known as success and failure.
Probability of success is denoted by p and probability of failure by q.
p+qg=1

If binomial experiment is repeated n times, then

(@) Probability of exactly r successes in n trials = "C p'q” "

(b) Probability of at most r successes in n trails = Y "C,p"q"™
A=0

(c) Probability of atleast r successes in n trails = Y "C,p"q"™*

A=r

(d) Probability of having I+ success at the r'" trials = p g~ 1.

The mean, the variance and the standard deviation of binomial
distribution are np, npq, \/npq -

Note : (p+qr="C q"+"Cpq" ' +"Cp?q" 2 +..+"C p'q" "+ ....
.+"C pr=1

SOME IMPORTANT RESULTS
(@) Let A and B be two events, then
i PA) +PA)=1
(i) PA +B)=1-PAB)

_P(AB)

(iii) P(A/B) ~PB)
(ivy P + B) = PAB) + P(AB) + P(AB)
(v AcB=PA) < PB)

(vij P(AB) = P(B) - P(AB)
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(vii) P(AB) < P(A) P(B) < P(A + B) < P(A) + P(B)
(viii) P(AB) = P(A) + P(B) - P(A + B)
(ix) P(Exactly one event) = P(AB) + P(AB)

= P(A) + P(B) - 2P(AB)= P(A + B) - P(AB)
(®) P(neither A nor B) = P(AB) = 1 - P(A + B)
(xij P(A+B)=1- PAB)

(b) Number of exhaustive cases of tossing n coins simultaneously
(or of tossing a coin n times) = 2"

(c) Number of exhaustive cases of throwing n dice simultaneously
(or throwing one dice n times) = 6"

(d) Playing Cards :
(i) Total Cards : 52(26 red, 26 black)
(ii) Four suits : Heart, Diamond, Spade, Club - 13 cards each
(iii) Court Cards : 12 (4 Kings, 4 queens, 4 jacks)
(iv) Honour Cards : 16 (4 aces, 4 kings, 4 queens, 4 jacks)

(e) Probability regarding n letters and their envelopes :

If n letters are placed into n directed envelopes at random, then

1
(i) Probability that all letters are in right envelopes =

(ii) Probability that all letters are not in right envelopes = 1 Y]

(iii) Probability that no letters is in right envelopes

=l[l_l+l— ..... peapr 1 }
20 31" al (1)
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11. PROBABILITY DISTRIBUTION :

(a) A Probability Distribution spells out how a total probability of 1
is distributed over several values of a random variable.

(b) Mean of any probability distribution of a random variable is
given by :

Zpi

X,
L= P, x (SinceXp =1)

n= Zpl

(c) Variance of a random variable is given by, 62 = X (x.— p)2. p

o2 =X p, x% — 2 (Note that Standard Deviation (SD) = ++/ c”)

(d) The probability distribution for a binomial variate ‘X’ is given
by; P (X= r)= "C, P qr where:
p = probability of success in a single trial, q = probability of
failure in a single trialand p + q = 1.

(e) Mean of Binomial Probability Distribution (BPD) = np ; variance
of BPD = npq.

(f) If p represents a person’s chance of success in any venture and

‘M’ the sum of money which he will receive in case of success,
then his expectations or probable value = pM
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STATISTICS

7
MEASURES OF CENTRAL TENDENCY :

An average value or a central value of a distribution is the value of
variable which is representative of the entire distribution, this
representative value are called the measures of central tendency.
Generally there are following five measures of central tendency :
(@@ Mathematical average
(i) Arithmetic mean (ii) Geometric mean
(ii) Harmonic mean
(b) Positional average
(i) Median (i) Mode
1. ARITHMETIC MEAN/MEAN :
(i) For ungrouped dist. : If x, x,, ...... x_are n values of variate
X then their mean X is defined as

= XX =nX

(i) For ungrouped and grouped freq. dist. : [f x , x,, .... X _are
values of variate with corresponding frequencies f , f,, ... f_then
their mean is given by

%= fx, +Lx,+.. . +fx =) i . where N = zfi
f+f, +...+f N =1
(iii) By short cut method :
Let d=x-a
- >td

=a+ ?‘, where a is assumed mean
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(iv) By step deviation method :

Lot d x-a
¢ YSh Tk
>fu
X=a+| U |h
N
(v} Weighted mean :lfw , w,, ...... w,_ are the weights assigned to
thevalues x,, x,, ..... x_respectively then their weighted mean is
defined as

Weighted mean = =

(vij Combined mean : If X; and X, be the means of two groups

having n, and n, terms respectively then the mean (combined mean)
of their composite group is given by combined mean

n,X; +n,X,
n, +n,
If there are more than two groups then,

n,X; +n;X, +n,X; +....

combined mean =
n, +n, +n; +....

(vii) Properties of Mean :

® Sum of deviations of variate about their mean is always zero
le. I(x —X)=0, Zf(x - X)=0

® Sum of square of deviations of variate about their mean is
minimum i.e. %(x,— X)? is minimum

® I[f X is the mean of variate x then mean of (x, + A)is X + A
mean of (Ax) = A X
mean of (ax, + b)isaX +b (where 2, a, b are constant)

@ Mean isindependent of change of assumed meani.e. it is not
effected by any change in assumed mean.
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2.

MEDIAN :

The median of a series is the value of middle term of the series when

the values are written in ascending order. Therefore median, divides

an arranged series into two equal parts.

Formulae of median :

(i) For ungrouped distribution : Let n be the number of variate
in a series then

n+1

th
] term, (when n is odd)
Median = " "
Mean of [%] and [%+1J terms, (when n is even)

(ii) For ungrouped freq. dist. : First we prepare the cumulative
frequency (c.f.) column and Find value of N then

th
NTH] term, (when N is odd)

Median = N N
N N
Mean of [EJ and [§+1] terms, (when N is even)

(iii) For grouped freq. dist : Prepare c.f. column and find value of

N
5 then find the class which contain value of c.f. is equal or just

greater to N/2, this is median class

2]
.. Median = ¢ +T x h

where ¢ — lower limit of median class
f — freq. of median class
F — c.f. of the class preceding median class
h — Class interval of median class
MODE :

In a frequency distribution the mode is the value of that variate which
have the maximum frequency
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Method for determining mode :

(i) Forungrouped dist. : The value of that variate which is repeated
maximum number of times

(ii) For ungrouped freq. dist. : The value of that variate which
have maximum frequency.

(iii) For grouped freq. dist. : First we find the class which have maximum
frequency, this is model calss

f -1

M =/+—2-1 _xh
ode (+2fo_fl_f2 X

where ¢/ — lower limit of model class
f,— freq. of the model class
f,— freq. of the class preceding model class
f,— freq. of the class succeeding model class

h — class interval of model class
RELATION BETWEEN MEAN, MEDIAN AND MODE :

In a moderately asymmetric distribution following is the relation between
mean, median and mode of a distribution. It is known as impirical
formula.
Mode = 3 Median — 2 Mean
Note : () Median always lies between mean and mode
(i) Forasymmetric distribution the mean, median and mode
coincide.

MEASURES OF DISPERSION :

The dispersion of a statistical distribution is the measure of deviation of
its values about the their average (central) value.

Generally the following measures of dispersion are commonly used.
() Range

(i) Mean deviation

(ii) Variance and standard deviation
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(i)

(iii)

Range : The difference between the greatest and least values of

variate of a distribution, are called the range of that distribution.
If the distribution is grouped distribution, then its range is the
difference between upper limit of the maximum class and lower
limit of the minimum class.
difference of extreme values
sum of extreme values

Also, coefficient of range =

Mean deviation (M.D.) : The mean deviation of a distribution
is, the mean of absolute value of deviations of variate from their
statistical average (Mean, Median, Mode).

If Ais any statistical average of a distribution then mean deviation

about A is defined as

Six —Al

Mean deviation ==L (for ungrouped dist.)
n

Zfl Ix, —Al
Mean deviation = FIT (for freq. dist.)
Note :- It is minimum when taken about the median

Mean deviation
A
(where A is the central tendency about which Mean deviation is taken)

Coefficient of Mean deviation =

Variance and standard deviation : The variance of a
distribution is, the mean of squares of deviation of variate from
their mean. It is denoted by 2 or var(x).

The positive square root of the variance are called the standard

deviation. It is denoted by ¢ or S.D.

Hence standard deviation = + «/variance

207



Mathematics HandBook All:.

6.

Formulae for variance :
(i) for ungrouped dist. :

2 _ 2(x, —X)*

2

>x?2 in2 X,

62 - i )—(2 - — | —+
n

n n

, =d? (zd Y
Oy =—— o whered = x —a

n

(ii) For freq. dist. :

,  h(x -%)?
O, = N

, =fx2 o Ex? (Efx ’
= "N ~ X" =N N

S =N N

fu® ’ d
Gﬁ = h? ~ |'N where u, = F

(i) Coefficient of S.D. =

, =fd? _(Efidif

x| a

(e
Coefficient of variation = § x100 (in percentage)

Note :- 62 = (5)2( = Gs =h? Gﬁ

MATHEMATICAL PROPERTIES OF VARIANCE :
® Var(x + )= Var.(x)

Var.(Ax) = A2.Var(x)

Var(ax, + b) = a?.Var(x)

where A, a, b, are constant
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If means of two series containing n;, n, terms are X,X, and

their variance's are (512 , (55 respectively and their combined mean

is X then the variance o? of their combined series is given by
following formula

n, (6> +d?)+n,(cs +d?)

o?= whered =X, =X, d,=X, =X
(n, +n,)
n,c? +n,c> n,n
i,e, 62= 1-1 22 + 1°7°2 5 (il _22)2
n, +n, (n; +n,)
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MATHEMATICAL REASONING

—

STATEMENT :

A declarative sentence which is either true or false but not both, is called
a statement. A sentence which is an exclamatory or a wish or an

imperative or an interrogative can not be a statement.

If a statement is true then its truth value is T and if it is false then its truth

value is F.
SIMPLE STATEMENT :

Any statement whose truth value does not depend on other statement

are called simple statement.
COMPOUND STATEMENT :

A statement which is a combination of two or more simple statements

are called compound statement.

Here the simple statements which form a compound statement are known

as its sub statements.
LOGICAL CONNECTIVES :

The words or phrases which combines simple statements to form a

compound statement are called logical connectives.

S.N. | Connectives Symbol | Use Operation

1. and A P AQ conjunction

2 or Vv PV q disjunction

3. not ~or' ~porp negation

4 If....then ..... Sor—> | p=q Implication or
or p—q conditional

5. Ifand onlyif (iff) |<ore> | peq Equivalence or
orp & q Bi-conditional
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5. TRUTH TABLE:

Conjunction Disjunction Negation
P|{d|PACQ pPlglpvy
nr T T(T] T pl(=p)
T|F TIF| T T| F
FIT| F FIT| T F
FIFI F FIF| F
Conditional Biconditional
pPl1a|pP—>q plglpsqlagop (p—>a)A(q—p)
T|T| T or p>q
TIF F T|T T T T
FIT| T TIF| F T F
FIE T FIT T F F
F1F T T T

Note : If the compound statement contain n sub statements then its
truth table will contain 2" rows.

6. LOGICAL EQUIVALENCE :
Two compound statements S, (p, g, r...) and S,(p, q, r ....) are said to be
logically equivalent or simply equivalent if they have same truth values
for all logical possibilities
Two statements S, and S, are equivalent if they have identical truth
table i.e. the entries in the last column of their truth table are same. If

statements S, and S, are equivalent then we write S, =S,

ie. |P—=>0=pVv(Q

7. TAUTOLOGY AND CONTRADICTION :
(i) Tautology : A statement is said to be a tautology if it is true for all

logical possibilities
i.e. its truth value always T. it is denoted by t.

211



Mathematics HandBook All:.

(ii) Contradiction/Fallacy : A statement is a contradiction if it is
false for all logical possibilities.

i.e. its truth value always F. It is denoted by c.

Note: The negation of a tautology is a contradiction and negation
of a contradiction is a tautology

DUALITY :

Two compound statements S, and S, are said to be duals of each other
if one can be obtained from the other by replacing A by v and v by A

If a compound statement contains the special variable t (tautology) and
¢ (contradiction) then we obtain its dual replacing t by ¢ and ¢ by t in
addition to replacing A by v and v by A.

Note :
(i)  the connectives A and v are also called dual of each other.
(i) If S*(p,q)is the dual of the compound statement S(p,q) then
() S*(~p, ~@) =~S(p, 9 (b) ~S*(p, q) =S(~p, ~q)
CONVERSE, INVERSE AND CONTRAPOSITIVE OF THE

CONDITIONAL STATEMENT (p — q):

(i) Converse : The converse of the conditional statement
p — qis definedasq —» p

(ii) Inverse : The inverse of the conditional statement p — q is
defined as ~p — ~q

(iii) Contrapositive : The contrapositive of conditional statement
p — qis defined as ~q — ~p.
Note : (p >q)=(~q —>~p)=(~p vq).
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10. NEGATION OF COMPOUND STATEMENTS :

11.

If p and q are two statements then
(i) Negation of conjunction: ~(pAg =~pv~q
(ii) Negation of disjunction : ~(p v g)=~p A ~q
(iii) Negation of conditional : ~(p >qg)=p A ~q
(iv) Negation of biconditional : ~ (p < q)=(p A ~q) v (g A ~p)
=(~p & d=p & ~q
Aswe knowthat p < q=p—>9 Alg—p)
. ~p o d=~lp>gAalq->p)
=~(p—->qgv~@—>p
=(pAr~q Vviga~p)
Note : The above result also can be proved by preparing truth table for
~p « gand(pA~qg)viga~p)
ALGEBRA OF STATEMENTS :

If p, q, r are any three statements then the some low of algebra of
statements are as follow

(i) IdempotentLaws :

@ paAp=p b pvp=p
(ii) Commutative laws :
@ pAg=qap b) pva=qvp

(iii) Associative laws :
@ (@EAgdAr=palgar)
b (pvavr=pvigvr)
(iv) Distributive laws :
@ parl@vr=pPagvipar)
b pvi@ar=pEvanalpvr)
(vy De Morgan Laws :
@ ~@Pard=~pv-~q
b ~pvad=~par~q
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12.

(vi) Involution laws (or Double negation laws) : ~(~p)=p
(vii) Identity Laws : If p is a statement and t and c are tautology
and contradiction respectively then
@pat=p (Gpvt=t (Jparc=c (dpvc=p
(viii) Complement Laws :
(@ pA(~p)=c G pv(~p)=t
() (~t)=c (d) (~c) =t
QUANTIFIED STATEMENTS AND QUANTIFIERS :
The words or phrases "All", "Some", "None", "There exists a" are ex-
amples of quantifiers.
A statement containing one or more of these words (or phrases) is a
quantified statement.
Note : Phrases '"There exists a" and "Atleast one" and the word "some"
have the same meaning.
NEGATION OF QUANTIFIED STATEMENTS :
(1) 'None'is the negation of 'at least one' or 'some' or 'few'
Similarly negation of 'some' is 'none'
(2) Thenegation of "some A are B" or "There exist A which is B"
is "No A are (is) B" or "There does not exist any
A which is B".
(3) Negation of "All A are B" is "Some A are not B".
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SETS
I —
1. SET:
A set is a collection of well defined objects which are distinct from each
other.
Set are generally denoted by capital letters A, B, C, .... etc. and the
elements of the set by a, b, ¢ .... efc.
If a is an element of a set A, then we write a € A and say a belongs
to A.

If a does not belong to A then we write a ¢ A,

2. SOME IMPORTANT NUMBER SETS :

N = Set of all natural numbers
=1{1, 2, 3,4, ...}

W = Set of all whole numbers
=10, 1, 2, 3, ...}

Z or I set of all integers
={..-3,-2,-1,0,1, 2,3, ...}

Z* = Set of all +ve integers
=11, 2,3, ...} = N.

Z~ = Set of all —ve integers
=(-1,-2,-3, ...}

Zo = The set of all non-zero integers.
= {£1, £2, £3, ...}

Q = The set of all rational numbers.
= {B;p,qel,qv&O}

q
R = the set of all real numbers.

R-Q = The set of all irrational numbers
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3. REPRESENTATION OF A SET :
(i) Roster Form : In this form a set is described by listing elements,

separated by commas and enclose then by curly brackets
(ii) Set Builder Form : In this case we write down a property or
rule p Which gives us all the element of the set
A = {x: P)}
4. TYPES OF SETS :
Null set or Empty set : A set having no element in it is called an
Empty set or a null set or void set it is denoted by ¢ or { }
A set consisting of at least one element is called a non-empty set or
a non-void set.
Singleton : A set consisting of a single element is called a singleton
set.
Finite Set : A set which has only finite number of elements is called
a finite set.
Order of a finite set : The number of elements in a finite set is called
the order of the set A and is denoted O(A) or n(A). It is also called
cardinal number of the set.
Infinite set : A set which has an infinite number of elements is called
an infinite set.
Equal sets : Two sets A and B are said to be equal if every element
of A is a member of B, and every element of B is a member of A.
If sets A and B are equal. We write A = B and if A and B are not
equal then A = B.
Equivalent sets : Two finite sets A and B are equivalent if their number
of elements are same
i.,e. n(A) = n(B)
Note : Equal sets are always equivalent but equivalent sets may not
be equal.
Subsets : Let A and B be two sets if every element of A is an element
B, then A is called a subset of Bie. A c B

T odk06\B0A-BONKota\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng\Part-2.p65

216



I odk06\B0A-BONKoto\JEEAdvcncod\Lcader\Maths \Sheei\Handbook Maths (E+LNFormulaBook (Eng)\Part-2.p65

Proper subset : If A is a subset of B and A # B then A is a proper
subset of B. and we write A < B

Note-1 : Every set is a subset of itself i.e. A < A for all A
Note-2 : Empty set ¢ is a subset of every set

Note-3 : Clearly NcWcZcQcRcC

Note-4 : The total number of subsets of a finite set containing n elements
is 21

Universal set : A set consisting of all possible elements which occur
in the discussion is called a Universal set and is denoted by U
Note : All sets are contained in the universal set

Power set : Let A be any set. The set of all subsets of A is called
power set of A and is denoted by P(A)

Some Operation on Sets :

i) Union of two sets : A UB ={x:x €A orx B}

i) Intersection of two sets : A "B = {x : x € A and x € B}

=
NS

(

(

(iii) Difference of two sets : A - B ={x:x € A and x ¢ B}
(ivy Complementofaset: A'={x:x¢ AbutxeU}=U-A
(

<

De-Morgan Laws : A UB)=A'nB;(AnB)=AUB
W) A-BuO=A-B nA-O;A-BnCO=A-Bu@A-0
(vi) Distributive Laws : AUBNC)=(AUB)Nn(AuC);AnBuUC)

=(ANB)UANCQC)

(viii) Commutative Laws : A UB=BUA; AnB=BnA

(ix) Associative Laws : AUB)UC=AUBUC);(AnB)nC
=AnBNC

®X And=0;AnU=A

Aud=A;AuvU=U
x) AnBcA;AnBcB
xi) AcAuUuB;BcAUB
xiii) AcB=>AnB=A
xiv AcB=>AuB=B

=
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Disjoint Sets :

IF AnB = ¢, then A, B are disjoint.
Note : AnA'=¢ .. A, A are disjoint.
Symmetric Difference of Sets :
AAB=(A-B)u(B-A)

e (A=A

® AcBoeBCcA

If A and B are any two sets, then

() A-B=AnB

i B-A=BnA

i) A-B=A<AnNnB=¢

iv A-BfuB=AUB

v A-B nB=2¢

vi A-BfuB-A=AuUB) -(AnB)

Venn Diagram :

U U
A B A B
AuUB AnB
) % ) %
A B A B
A-B B-A

Clearly A-B)uB-A UAuUB =AUB

U u

A B

OO

()
(AAB)=(A-B) L (B-A)

Note : AnA'=¢, AUA =U

Disjoint Sets
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5. SOME IMPORTANT RESULTS ON NUMBER OF ELEMENTS IN
SETS :
If A, B and C are finite sets, and U be the finite universal set, then

(viii) n

(i)
(x)

n(A U B) = n(A) + n(B) - n(A " B)
n(A U B) = n(A) + n(B) & A, B are disjoint sets
(A = B) = n(A) - n(A n B) i.e. n(A - B) + n(A n B) = n(A)
n(A AB) = No. of elements which belong to exactly one of A or B
=n(A-B)uB-A)
=n(A-B)+nB-A) [~ (A-B)and (B - A) are disjoint]
n(A) - n(A n B) + n(B) - n(A n B)
n(A) + n(B) - 2n(A N B)
n(A) + n(B) - 2n(A N B)
n(AuBuCQC)
=n(A) + n(B) + n(C) - nANB)-nBNC)-n(AnC)+ nAnBNC)
Number of elements in exactly two of the sets A, B, C
=nAnNB)+nBnNC)+nlCnA)-3nAnBnQC
number of elements in exactly one of the sets A, B, C
= n(A) + nB) + n(C) - 2n(A N B) - 2nB n C) - 2n(A n C)
+ 3n(A "B n Q)

(A" U B) = n((A n B)) = n(U) - n(A nB)
n(A' " B) = n((A u B)) = n(U) - n(A U B)

fA;, Ay ..o A, are finite sets, then
n[UAi] =Yn(A)- 3 nlA NA)
i=1 i=1 1<i<j<n

+ > nANANA)-...+(1)""nA; NA, LA,
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RELATIONS
I —

INTRODUCTION :
Let A and B be two sets. Then a relation R from A to B is a subset of A xB.
thus, R is a relation from Ato B < R c A xB.
Total Number of Relations : Let A and B be two non-empty finite
sets consisting of m and n elements respectively. Then A xB consists of
mn ordered pairs. So total number of subsets of A xB is 2mn.
Domain and Range of a relation : Let R be a relation from a set A
to a set B. Then the set of all first components or coordinates of the
ordered pairs belonging to R is called to domain of R, while the set of all
second components or coordinates of the ordered pairs in R is called
the range of R.

Thus, Domain (R) = {a : (a, b) e R}

and, Range (R) = {b: (a, b) e R}
It is evident from the definition that the domain of a relation from A to B
is a subset of A and its range is a subset of B.
Inverse Relation : Let A, B be two sets and let R be a relation from a

set A to a set B. Then the inverse of R, denoted by R, is a relation from
B to A and is defined by

R1={(b, a): (a, b) eR}
Clearly, (a,b) e R< (b, a) e R
Also, Domain(R) = Range(R™!) and Range (R) = Domain(R™)
Note : Relation on a set : If R is a relation from set A to A itself then R
is called Relation on set A.
TYPES OF RELATIONS :
In this section we intend to define various types of relations on a given
set A.
Void Relation : Let A be a set. Then ¢ = A x A and so it is a relation
on A. This relation is called the void or empty relation on A.
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Universal Relation : Let Abe aset. Then A x AcA x Aandsoitis
a relation on A. This relation is called the universal relation on A.
Identity Relation : Let Abe a set. Then the relation], = {(a, a): a € A}
on A is called the identity relation on A.
In other words, a relation I, on A is called the identity relation if every
element of A is related to itself only.
Reflexive Relation : A relation R on a set A is said to be reflexive if
every element of A is related to itself.
Thus, R on a set A is not reflexive if there exists an element A € A such
that (a, a) ¢ R.
Every Identity relation is reflexive but every reflexive relation is not
identity.
Symmetric Relation : A relation R on a set A is said to be a symmetric
relation iff

(@a,b)eRe(b,a) eR
ie. aRb<bRa
Transitive Relation : Let A be any set. A relation R on A is said to be
a transitive relation iff

(@a,b)eRand(b,c) e R=(a,c) eR
iie. aRbandbRc=aRc
Antisymmetric Relation : Let A be any set. A relation R on set A is
said to be an antisymmetric relation iff

(a,b)eRand (b,a) eR=a=>b
Equivalence Relation : A relation R on a set A is said to be an
equivalence relation on A iff
(i) itisreflexivei.e. (@, a) e Rforalla e A
(i) itis symmetrici.e. (a,b) e R=(b, a) e R
(i) it is transitive i.e. (a, b) e Rand (b, c) e R=(a, ¢) e R
It is not necessary that every relation which is symmetric and transitive is
also reflexive.
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Important Notes
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